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J.B.S. Haldane is one of the towering figures in the history of twentieth-century 
thought. He had no peer in his foresight about the looming developments in genetics, 
biochemistry, and their intersection. His interests spanned the mathematical theory 
of populations and revolution; the genetic control and kinetics of enzymes; and the 
prospects of space travel and life on other worlds. His foresight was such that his 
writings of a half-century ago still have fresh and exciting portents. Above all, he was 
an unremitting optimist about the human uses of reason and science, a belief that has 
been confounded by ill-informed cartoon images of the evil wizard.

His papers will continue to be used and cited for many decades— a prospect 
assured by this readily accessible compilation.

Joshua Lederberg 
Nobel Laureate 

President, The Rockefeller University
New York, N.Y.
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Foreword
We are all unique; but for Haldane the word seems pallid. A grizzly bear of a 

man, he seemed larger than life. He was a multidimensional outlier. Physically 
courageous to the point of foolhardiness, he did dangerous experiments on himself, 
and paid for it with permanent injuries. He could speak while inhaling, so he didn’t 
have to pause for breath in a conversation. He had a near-perfect memory, and not 
just in English; he could recite long passages from Shakespeare, Virgil, Dante, or the 
Koran. He was one of the best popular science writers; somehow he could strip off 
unessential details without distorting the subject. He showed his contempt for things 
British by emigrating to India late in life. He was a prodigious writer. He contributed 
345 articles to the Daily Worker, many of them written on the commuter train (with 
his memory he didn’t need references). He wrote 23 books, including science fiction 
and children’s stories, and more than 400 scientific papers. Here, alphabetized, are 
some of the topics: air raid protection, animal behavior, anthropology, astronomy, 
biochemistry, blood groups, chemical warfare, dialectics, economics, embryology, 
enzyme kinetics, eugenics, evolution, genetics, Hindu religion, Marxist philosophy, 
mathematics, mechanics, non-violent animal research, nuclear radiation, origin of 
life, origin of the solar system, origins of language, philosophy of science, physiology, 
popular science writing, probability, quantum mechanics, relativity, respiration, 
statistics, technology, underwater survival, zoology.

Haldane enjoyed being a “character.” Stories about him abound, and improve 
with age. Don’t let his astonishing breadth of interest, adventurous life, popular 
writing, politicking, and eccentricity delude you into thinking that he was superficial. 
But he was eclectic. In contrast to many well known, lesser scientists, Haldane’s name 
is not associated with a single great discovery. He did too many things; he was his 
own dilution factor. His work on regulation of blood alkalinity is basic textbook 
material. He was a pioneer in the theory of enzyme kinetics, and wrote a classic book. 
He unified human biochemical genetics, and was the first to use the words “cis” and 
“trans” in a genetic context. He discovered the first case of linkage in a mammal. He 
derived the first gene mapping function. He instigated pioneer work on the 
biochemistry of flower pigments. He derived the equilibrium between mutation and 
selection and used it to measure for the first time the mutation rate of the gene causing 
hemophilia. He even showed that the mutation rate is an order of magnitude higher 
in males than in females, recently confirmed by others. He was the first to suggest 
malaria as the cause of hemoglobin polymorphisms. He pointed out that the Rhesus 
factor was not in stable equilibrium, and that this implied that the European 
population is of hybrid origin. He was the first to measure the selective advantage of 
a gene in a natural population, the evolution of black color in the peppered moth 
following industrialization. He was the first to compute the probability of fixation of 
a new, selectively-favored mutant gene, a finding fundamental to current discussions 
of molecular evolution. He found the remarkable generalization, now called “Haldane’s 
rule,” that when there is lethality or sterility in hybrids, this is in the heterogametic 
sex. This is far from his greatest discovery, but the only one that is routinely referred 
to by his name. His most famous papers, both showing the Haldane touch, are those 
on the mutation load (“The Effect of Variation on Fitness,” 1937) and the substitution



load (“The Cost of Natural Selection,” 1957). In the first he showed that the fitness 
impact of recurrent mutation depends on the mutation rate and not on the severity 
of the individual mutations. In the second, he showed that the amount of reproductive 
excess required to carry out a gene substitution depends mainly on its initial 
frequency and not on the magnitude of its effect.

Haldane’s best known work is in evolutionary genetics. He wrote more than one 
hundred papers on this subject. From 1924 to 1934 he published a series of ten 
papers on “The mathematical theory of natural and artificial selection,” a remarkably 
comprehensive investigation. This work was summarized in his book, The Causes of 
Evolution, a paradigm of simple clarity (in contrast to Fisher’s elegant opacity).

Haldane shares with R.A. Fisher and Sewall Wright the credit for originating the 
field of population genetics. There are three great mathematical theories of evolution. 
Fisher quantified the change of fitness in a large, panmictic population in his 
fundamental theorem of natural selection. Wright emphasized population structure 
and the effects of chance in bringing about favorable gene interactions. Kimura 
developed the mathematical theory of molecular evolution by mutation and random 
drift. The name of Haldane is not associated with any specific theory; he was too 
eclectic, too open-minded to push any particular view.

Haldane’s popular and expository writings are remarkable for their clarity. The 
first article in this book, “A Defense of Beanbag Genetics,” shows him at his best—  
spirited, sprightly, witty, and erudite. His more mathematical papers are difficult for 
contemporary geneticists, mainly because of his notation. Fisher and Wright used 
allele frequency as the basic quantity, and this has become accepted. Therefore, 
Haldane’s use of frequency ratios seems unfamiliar and awkward. A second reason 
is that Haldane used an inelegant, brute-force approach; he didn’t mind heavy 
calculations— he was a speedy calculator and I think he enjoyed them. So his 
mathematical papers, although not intrinsically difficult, appear daunting and 
require more patience than most readers will want to exercise. Nevertheless, the 
Haldane prose is usually clear and a lot can be learned while skipping the 
cumbersome mathematics.

Haldane repeatedly had new ideas. I can’t think of anyone so creative in so 
many diverse areas. His papers abound in speculations. Naturally, many of these 
have turned out to be wrong. But much more remarkable are the ones that have 
turned out to be on target and path-breaking.

How I wish some adventurous publisher would reprint Haldane’s entire output, 
as was done for his great contemporary R.A. Fisher! Perhaps this will happen one day. 
Meanwhile, this book provides a start. Herein are reprinted forty-six of Haldane’s 
genetics papers. Dr. Dronamraju has wisely refrained from long introductions and 
explanations. Haldane is too well known to need an introduction, and no one can 
explain his writing better than himself. Those who learned genetics since Haldane’s 
death in 1964 have a chance to encounter one of biology’s most remarkable minds 
and one of its most remarkable characters. There is a feast ahead. Bon appetit!

James F. Crow 
Genetics Department 

University o f Wisconsin, Madison
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Introduction
John Burdon Sanderson Haldane made important contributions to physiology, 

biochemistry, genetics, statistics, and biometry as well as to a number of other 
scientific and non-scientific disciplines. Of these, his contributions to genetics are 
the most significant. Although he never conducted genetic experiments to any great 
extent, Haldane was one of the few leaders in that field who deeply influenced the 
steady growth of genetics from about 1920 until 1965 .1'3

It is desirable to understand something about his background and career before 
one can fully appreciate Haldane’s papers in genetics in the context of his social 
environment and total scientific output. Haldane was born in Oxford, England, on 
November 5, 1892. He was the son of Dr. John Scott Haldane, eminent respiratory 
physiologist at Oxford, who kindled and nourished his son’s scientific talent from a 
very young age.4The younger Haldane assisted in his father’s physiological experiments 
from the age of four onwards and was rewarded with scientific training and 
encouragement that left a lasting impression for the rest of his life. Haldane’s 
intellectual outlook was shaped in the pre-World War years of Oxford. His closest 
companions includedjulian and Aldous Huxley and his own sister Naomi Gater Lady 
Mitchison). He was educated at Eton and Oxford, graduating with honors in 1914. 
At Oxford, he took up mathematics at first but later switched to the study of classics. 
His further education was interrupted by the outbreak of World W ar I. After the war, 
he resumed his scientific career, becoming a Fellow of New College in physiology. 
However, he earned no degree in science. In 1923, he moved to Cambridge to accept 
the William Dunn Readership in Biochemistry under F. Gowland Hopkins Gater 
President of the Royal Society) and remained there until 1933. He left Cambridge to 
join University College, London, at first as Professor of Genetics and later as the 
Weldon Professor of Biometry. In 1957, Haldane was invited by Prof. P.C. Mahalanobis, 
Director of the Indian Statistical Institute in Calcutta, to become a Research Professor 
at that institution. Promptly resigning from University College, London, Haldane 
accepted that position and continued his research and teaching in India. Although 
at first Haldane immensely enjoyed his work at the Indian Statistical Institute, soon 
differences with Prof. Mahalanobis forced him to resign in 1961 and seek a position 
elsewhere.5 Haldane trained several young scientists in India, and wrote a number 
of popular articles on genetics and other sciences for the popular press. After serving 
a brief period with the Council of Scientific and Industrial Research, he finally found 
peace in Bhubaneswar, Orissa, where he founded the Genetics and Biometry 
Laboratory with the support of Biju Patnaik, the Chief Minister of that State. I was 
closely associated with Haldane both at Calcutta and Bhubaneswar. He died of cancer 
on December 1, 1964, at Bhubaneswar.

Haldane's Scientific Work
Haldane was noted for his versatility of scientific interests and talent. Starting in 

1912, he published a number of papers in respiratory physiology. Almost 
simultaneously, he continued to publish a number of papers in genetics, especially 
on linkage and the mathematical theory of natural selection (summarized in 19326),
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which later became one of the foundations of population genetics along with the 
contributions of R.A. Fisher7 and Sewall Wright.8 While he was Dunn Reader in 
Biochemistry at Cambridge, Haldane also held the part-time position of officer in 
charge of genetical investigations at the John Innes Horticultural Institution (now the 
John Innes Institute at Norwich), where he directed pioneering research on the 
biochemical genetics of plant pigments by Scott-MoncriefPand others. After he joined 
University College, London, his genetical studies continued but his physiological 
and biochemical interests were largely replaced by statistics and biometry. He wrote 
twenty-four books, more than four hundred scientific papers, and numerous 
popular articles in his lifetime. About half his scientific papers dealt with genetics, 
and over one hundred dealt with population genetics. Up to the age of forty, he was 
professionally identified as a “biochemist.” His genetical work never occupied more 
than fifty percent of his time at any given period during the successive phases of his 
life. His early scientific work was deeply influenced by his father’s physiological 
interests. From the inception, Haldane was accustomed to view genetics from a 
physiological point of view. It was this outlook that led him early to discuss gene 
action in terms of biochemical structure as well as enzyme reactions. On the other 
hand, he recognized the necessity of making simplifying assumptions to conduct 
mathematical investigations of selection, mutation, and other aspects of genetics. In 
order to fully appreciate Haldane’s dilemma between these two aspects, the reader 
must start with his combative and elegant essay, “A Defense of Beanbag Genetics,” 
which was written during the last year of his life. Starting with this self-evaluation 
by Haldane, we must then work backwards to examine his early papers to form our 
own opinions. Some twenty-six years after his death and many more years after their 
publication, it should not be surprising if our outlook tends to be quite different from 
his. Although primarily of interest to geneticists, this collection should interest any 
biologist who is curious about how certain biological sciences evolved in the earlier 
decades of this century.

The Influence of William Bateson and R.C. Punnett
As noted in his Bateson lecture, Haldane knew Bateson well, from 1919 until 

Bateson’s death in 1926. His early work in genetics, which was concerned with the 
estimation of linkage, was deeply influenced by Bateson and Punnett. When he 
discovered linkage as an exception in Darbishire’s data on mice (at first in 1911, the 
first known case in vertebrates), Haldane consulted Punnett, who advised him to 
obtain his own experimental evidence for confirmation. This delayed the publication 
of his finding until 1915. When formulating his rule concerning sex-ratio in hybrid 
animals (Haldane’s rule, expressed in “Sex-ratio and Unisexual Sterility in Hybrid 
Animals,” 1922), Haldane consulted Bateson and later wrote that Bateson was the 
first person to believe in that rule, suggesting additional supportive data. In 1924, 
Haldane’s first paper on the mathematical theory of natural selection appeared while 
he was under Bateson’s influence. It was, in fact, stimulated by H.T.J. Norton’s early 
calculations on the intensity of selection, which appeared in Punnett’s l 0 book on 
mimicry. In the following years, Haldane initiated biochemical genetic research on 
anthocyanins at the John Innes Institution, with which Bateson was closely associated.
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Another instance of Bateson-Haldane connection was the Journal of Genetics, founded 
by Bateson in 1911 and continued under Punnett’s editorship until 1946, when 
Haldane took over as its editor. During his last years in India, several of the research 
projects that were pursued under Haldane’s direction dealt with meristic variation 
in nature, which was one of Bateson’s major evolutionary interests.

The papers are arranged into sections, the largest of which are concerned with 
selection and mutation. The classification is often arbitrary. Papers on mutation and 
human genetics are combined into one section because of Haldane’s great interest in 
human mutation rates and his extensive work on the estimation of the impact of 
mutation in human populations. Several of these papers fall under more than one 
category. The study of dysgenic effects of radiation (1947) could be under human 
genetics or mutation or radiation genetics. Finally, everyone has their own favorite 
Haldane papers. The criterion applied in this instance is to include papers that have 
had a major impact on the development of several aspects of genetics and some that 
have suggested lines of research still unresolved. A complete bibliography of 
Haldane’s scientific work is also included.

Haldane’s scientific approach typifies what I have called “intellectual 
hybridization,”11 which appears to have played a vital role in the development of 
biological sciences. In numerous papers, he displayed a great talent for synthesizing 
concepts and methods from several different disciplines combining genetics with 
immunology, biochemistry, statistics, and physics. See, for instance, his discussion 
of meristic variation in the Bateson lecture (p. 25), where he draws analogy between 
the process of vertebrae formation in the tail and Turing’s principle of surface 
tension. His early influence on the development of biochemical genetics, 
immunogenetics, mathematical genetics, behavior genetics, and other branches was 
clearly due to his ability to “cross-fertilize” on the intellectual plane. Much of the 
rapid expansion and evolution of biological sciences in the twentieth century has 
been due to his interdisciplinary synthesis. The phenomenon of so-called paradigm 
displacement (suggested by Kuhn12) does not appear to be valid in this context.

Very few scientists are outstanding writers. Haldane was an exception. He 
belonged to that generation of outstanding popular science writers that included 
Julian Huxley,13 Bertrand Russell, J.D. Bernal, and Lancelot Hogben. Two articles 
included in this collection, “In Defense of Beanbag Genetics” and “An Autobiography 
in Brief,” give us glimpses of his style. Elsewhere writing about his scientific 
contributions, Haldane14 wrote: “1 am a part of nature, and, like other natural objects, 
from a lightning flash to a mountain range, I shall last out my time and then finish. 
This prospect does not worry me, because some of my work will not die when 1 do 
so.”
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Perspectives in Biology
The collection of papers included in this section have a common theme: 

Haldane’s view of the historical perspective of a number of aspects of his life and work 
as well as certain aspects of evolutionary biology. In these papers he dealt with a wide- 
ranging series of subjects in evolutionary biology and biometry. The first one, 
appropriately, sums up his contributions (and those of his co-founders, Sewall 
Wright and R.A. Fisher) to the foundations of population genetics (see Crow1). This 
seems to provide an appropriate rationale to examine Haldane’s genetic contributions. 
The second one is an anicle written for a popular newsmagazine in India, The Illustrated. 
Weekly of India from Bombay, at the time of his resignation from the Indian Statistical 
Institute in Calcutta in 1961. He refers to his falling out with Prof. P.C. Mahalanobis, 
director of that Institute, in the penultimate paragraph of this article. Besides being 
an excellent self-evaluation of his life and work, this article is a fine example of 
Haldane’s lucid style of popular writing for which he was well-known. In the third 
paper, Haldane examines the validity of Bateson’s evolutionary contributions to later 
developments in biology. Of special interest is the role of “meristic” variation in 
producing such discontinuities as what were later called “quasicontinuous” variants 
by Gruneberg.2 Haldane emphasized Bateson’s lapidary phrase “Treasure your 
exceptions,” which subsequently became the foundation for the development of 
medical genetics as well as several other sciences. Finally, in the fourth paper, he 
examines the status of natural selection in his presidential address delivered at the 
Centenary and Bicentenary Congress, which was held at the University of Malaya in 
Singapore in 1958.

1. Crow,J.F., The founders of population genetics. InChakravarti, A. (Ed.): Human 
Population Genetics: The Pittsburgh Symposium, New York: Van Nostrand, 1984, 
pp. 177-194 .

2. Gruneberg, H., Genetical studies on the skeleton of the mouse. IV. Quasi­
continuous variations. J. Genet., 51: 95, 1952.



,4 DEFENSE OF BEANBAC GENETICS

J. B. S. HALDASE*

My friend Professor Ernst Mayr, of Harvard University, in his recent 
book Animal Species and Evolution [i], which I find admirable, though I 
disagree with quite a lot o f it, has the following sentences on page 263.

The Mendelian was apt to compare the genetic contents of a population to a bag full 
of colored beans. Mutation was the exchange of one kind of bean for another. This con­
ceptualization has been referred to as “ beanbag genetics.” Work in population and de­
velopmental genetics has shown, however, that the thinking of beanbag genetics is in 
many ways quite misleading. To consider genes as independent units is meaningless from 
the physiological as wrell as the evolutionary viewpoint.

Any kind of thinking whatever is misleading out of its context. Thus 
ethical thinking involves the concept of duty, or some equivalent, such 
as righteousness or dharma. Without such a concept one is lost in the pres­
ent world, and, according to the religions, in the next also. Joule, in his 
classical papers on the mechanical equivalent of heat, wrote o f the duty 
of a steam engine. W e now write of its horsepower. It is o f course possible 
that ethical conceptions will in future be applied to electronic calculators, 
which may be given built-in consciences!

In another place [2] Mayr made a more specific challenge. He stated 
that Fisher, Wright, and I “have worked out an impressive mathematical 
theory of genetical variation and evolutionary change. But what, precise­
ly, has been the contribution of this mathematical school to evolutionary 
theory, if I may be permitted to ask such a provocative question?” “How­
ever,” he continued in the next paragraph, “I should perhaps leave it to 
Fisher, Wright, and Haldane to point out what they consider their major 
contributions.” While Mayr may certainly ask this question, I may not 
answer it at Cold Spring Harbor, as I have been officially informed that

* Address: Genetics and Biometry Laboratory, Government of Orissa, Bhubaneswar-3, Orissa, 
India.

343

1



I am ineligible for a visa for entering the United States.1 Fisher is dead 
but when alive preferred attack to defense. W right is one o f the gentlest 
men I have ever met, and if he defends himself, will not counterattack 
This leaves me to hold the fort, and that by writing rather than speech.

N ow , in the first place I deny that the mathematical theory o f popula­
tion genetics is at all impressive, at least to a mathematician. On the con­
trary, W right, Fisher, and I all made simplifying assumptions which al­
lowed us to pose problems soluble by the elementary mathematics at our 
disposal, and even then did not always fully solve the simple problems 
we set ourselves. Our mathematics may impress zoologists but do not 
greatly impress mathematicians. Let me give a simple example. W e want 
to know how the frequency o f a gene in a population changes under natu­
ral selection. I made the following simplifying assumptions [3]:

1 ) The population is infinite, so the frequency in each generation is 
exactly that calculated, not just somewhere near it.

2) Generations are separate. This is true for a minority only o f animal 
and plant species. Thus even in so-called annual plants a few seeds can sur­
vive for several years.

3) Mating is at random. In fact, it was not hard to allow for inbreeding 
once W right had given a quantitative measure of it.

4) The gene is completely recessive as regards fitness. Again it is not 
hard to allow for incomplete dominance. Only two alleles at one locus 
are considered.

5) Mendelian segregation is perfect. There is no mutation, non-disjunc­
tion, gametic selection, or similar complications.

6) Selection acts so that the fraction ofrecessives breeding per dominant 
is constant from one generation to another. This fraction is the same in 
the two sexes.

With all these assumptions, we get a fairly simple equation. If qn is the 
frequency of the recessive gene, and a fraction k of recessives is killed off 
when the corresponding dominants survive, then

_ q n — k qn-
<?"+1~ \ - k q, y

1 In spite o f this ineligibility I have, since writing this article, been granted an American visa, for 
which I must thank the federal government. However, I am not permitted to lecture in North 
Carolina, and perhaps in other states, without answering a question which I refuse to answer. Legisla­
tion to this effect does not, in my opinion, help American science.
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Norton gave an equation equivalent to this in 1910, and in 1924 I gave 
a rough solution when selection is slow, that is to say k small. But one 
might hope that such a simple-looking equation would yield a simple 
relation between q„ and n; if not as simple as 5 =  \ gt2 for fall in a uni­
form gravitational field, then as simple as Kepler’s laws of planetary mo­
tion. Haldane and Jayakar [4] have solved this equation in terms of what 
are called automorphic functions o f a kind which were fashionable in 
Paris around 1920, but have never been studied in detail, like sines, loga­
rithms, Gamma and Polygamma functions, and so on. Until the requisite 
functions have been tabulated, geneticists will be faced with as much work 
as if a surveyor, after measuring an angle, had to calculate its cosine or 
whatever trigonometrical function he needed. The mathematics are not 
much worse when we allow for inbreeding and incomplete dominance. 
But they are very much stiffer when selection is of variable intensity from 
year to year and from place to place (as it always is) or when its intensity 
changes gradually with time. If we had solved such problems, our work 
would be impressive.

Let me add that the few professional mathematicians who have inter­
ested themselves in such matters have been singularly unhelpful. They are 
apt to devote themselves to what are called existence theorems, showing 
that problems have solutions. If they hadn’t, we shouldn’t be here, for 
evolution would not have occurred.

Now let me try to show that what little we have done is of some use, 
even if we have done a good deal less serious mathematics than Mayr be­
lieves. It may be well to cite the first formulation of beanbag genetics. 
This was by the great Roman poet Titus Lucretius Cams just over two 
thousand years ago (Dc rerum natura, IV, 1. 1220):

Propterea quia multa modis primordia niultis 
Mixta suo celant in corpore saepe parentes 
Quae patribus patres tradunt ab stirpe profecta, 
lnde Venus varia producit sorte figuras 
Maiorumque refert vultus vocesque comasque.

A free rendering is: “Since parents often hide in their bodies many genes 
mixed in many ways, which fathers hand down to fathers from their an­
cestry; from them Venus produces patterns by varying chance, and brings 
back the faces, voices, and hair o f ancestors.” Very probably the great 
materialistic (but not atheistic) philosopher Epicurus had expressed the
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theory more exactly, if less poetically, in one of his lost books. Lucretius 
elsewhere described genes as “genitalia corpora’’ and claimed that they 
were immutable. W hat is important is that whether he called them pri- 
mordia or even seeds, he always thought of them as a set o f separable ma­
terial bodies. W hen Mendel discovered most o f the laws according to 
which Venus picks out the hidden genes from the mixture, and Bateson 
and Punnett further discovered linkage, we could get going; and it was 
Punnett [5] who first calculated the long-term effect o f a very simple 
program of selection.

Now let me begin boasting. So competent a biologist as Professor L. T. 
Hogben [6] has recently written, “The mutation o f chromosomes or of 
single genes is admittedly the pace-maker o f evolution.’’ A strong verbal 
argument could be made out for this statement. In racing, a “pacemaker” 
runs particularly fast, but I suppose Hogben means that mutation deter­
mines the rate of evolution, which would be faster if mutation were more 
frequent. The verbal argument might run as follows: “Evolution is the 
resultant of a number o f processes, including adaptation of individuals 
during their development, migration, segregation, natural selection, and 
mutation. N ow  in this list the slowest process is mutation. The probability 
that a gene will mutate in one generation rarely exceeds one hundred 
thousandth, and may be much less than a millionth. Whereas selective ad­
vantages o f one in ten are quite common, a species may spread over a conti­
nent in a few centuries, and so on. Since mutation is the slowest process, 
it must set the pace, or be the ‘rate-determining process,’ for the remain­
der.” This is quite as good an argument as those on which most human 
ethical and political decisions are based. W hen Muller had determined a 
few mutation rates, W right and I, around 1930, began to calculate the 
evolutionary effects o f mutation. W e showed that in a species with several 
hundred thousand members mutations could not be a pacemaker. Almost 
all mutations occurred several times in a generation in one member or 
another o f a species. But this again is a verbal argument. Only algebraical 
argument can be decisive in such a case. N o doubt W right’s original 
“ model” or hypothesis was too simple, but it was, I believe, near enough 
to the truth. I put in some rather ugly algebra to show that it made no 
appreciable difference whether selection occurred before or after mutation 
in a life cycle. I do not regret this effort. It is necessary to test all sorts of 
possibilities in such a case. I was trying to build a mathematical theory of
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natural selection. In doing so I calculated the equilibria between mutation o f  
various types o f genes and selection against them. As soon as this was done 
it became possible to estimate human mutation rates, and I did so [7 ]. 
Pater on I improved this estimate, and since then many others have done 
it better. The estimation of human mutation rates, which is a by-product 
of my mathematical work, has since assumed some political importance. 
Had I devoted my life to research and propaganda in this field, rather than 
to expanding the bounds o f human knowledge, I should doubtless be a 
world-famous “expert.” I believe that the estimation o f the rate at which 
X-rays, gamma rays, neutrons, and so on, produce mutations in animals 
could be vastly improved. But what I believe to be the most accurate 
method [8, 9 ] has not been given a serious trial, probably because it in­
volves a good deal o f mathematics. However, the work o f Carter [10] 
and o f Muramutsu, Sugahara, and Okazawa [11 ] show’s that it is practi­
cable, but expensive.

N ow , Professor Mayr might say, “W e must thank Haldane for the first 
estimate o f a human mutation rate, but his argument is very simple in­
deed; in his own wrords, ‘the rates o f production by mutation and elimina­
tion by natural selection [of a harmful gene] must about balance/ So if 
wTe can find out how many people die o f hemophilia or sex-linked muscu­
lar dystrophy per year, wre can find out how many genes for these condi­
tions arise by mutation.” Anyone can understand this argument, and it 
has been used to estimate many human mutation rates, even though one 
estimate, based on years o f careful work, is out by a factor o f 2 through 
an elementary mathematical error. But as it stands it is no better than most 
political arguments. Selection and mutation must balance in the long run, 
but how long is that? In two rather complicated mathematical papers 
[12, 13 ] I showed that while harmful dominants and sex-linked recessives 
reach equilibrium fairly quickly, the time needed for the frequency of an 
autosomal recessive to get halfway to equilibrium after a change in the 
mutation rate, the selective disadvantage, or the mating system, may be 
several thousand generations. In fact, the verbal argument is liable to be 
fallacious. As fewr people have read my papers on the spread or diminution 
of autosomal recessives, and still fewrer understood them, the “ balance” 
method, wrhich I invented, is applied to situations where I claim that it 
leads to false conclusions.

I am in substantial agreement with David Hume when he wrote (A trca-
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ttse o f  human nature, Book i, Part 3, Section 1 ): “There remain therefore 
algebra and arithmetic as the only sciences, in which we can carry on a 
chain of reasoning to any degree o f intricacy, and yet preserve a perfect 
exactness and certainty.” N ot only is algebraic reasoning exact; it imposes 
an exactness on the verbal postulates made before algebra can start which 
is usually lacking in the first verbal formulations of scientific principles.

Let me take another example from my own work. From the records 
o f the spread of the autosomal gene for melanism in the moth Biston hetu- 
laria in English industrial districts, I calculated [3] that it conferred a selec­
tive advantage of about 50 per cent on its carriers. Few or no biologists ac­
cepted this conclusion. They were accustomed to think, if they thought 
quantitatively at all, o f advantages o f the order of 1 per cent or less. Kettle- 
well [14] has now made it probable that, in one particular wood, the 
melanics have at least double the fitness of the original type. As Kettlewell 
very properly chose a highly smoke-blackened wood where selection was 
likely to be intense, I do not think his result contradicts mine. The mathe­
matics on which my conclusion was based are not difficult, but they are 
clearly beyond the grasp of some biologists. In a recent book [15] it was 
stated that this melanism must originally have been recessive, in which 
case even the large advantage found by Kettlewell would have taken some 
thousands of years to produce the changes observed in fifty years. I suspect 
this curious mistake is due to the fact that in an elementary exposition one 
may produce an argument which ignores dominance and gives a result 
of the right order of magnitude. But such an exposition may not stress 
that the argument breaks down w’hen applied to rare recessives. I think 
that in this particular instance Professor Mayr may have unwittingly been 
a little less than fair to us beanbaggers. On his page 191 [ 1 ] he says that 
my “classical” calculations in a book published in 1932 were deliberately 
based on very small selective intensities and implies that I only reached 
the same conclusion for industrial melanism in 1957. In fact, it was not 
till 1957 that biologists took my calculation of 1924 seriously. I did not 
stress it in 1932 because I thought such intense selection was so unusual as 
to be unimportant for evolution. If biologists had had a little more respect 
for algebra and arithmetic, they would have accepted the existence of such 
intense selection thirty years before they actually did so.

When Landsteiner and Wiener discovered the genetical basis of human 
fetal erythroblastosis, I pointed out [16] that the death of Rh-positive
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babies born to Rh-negative mothers could not yield a stable equilibrium 
and suggested that the modern populations of Europe were the result of  
crossing between peoples who, like all peoples then known, possessed a 
majority of Rh-positive genes and peoples who had a majority of Rh-nega­
tive genes. A distinguished colleague had calculated an equilibrium but 
had not dipped far enough into the bag to notice that it was unstable. Since 
then two relict populations have been discovered, in northern Spain and 
in one canton of Switzerland, with a majority of Rh-negative genes. If 
the mortality of the babies were higher, such differences would constitute 
a barrier to crossing, and I do not doubt that differences of this sort play 
a part in preventing hybridization between mammalian species. They can, 
for example, kill baby mules. I therefore regard the above paper as a con­
tribution both to anthropology and to general evolution theory.

Once one has developed a set of mathematical tools, one looks for quan­
titative data on which to try them out. There are perhaps three main lines 
of such machine tool design, which may be called the Tectonic (from 
Greek t I k t u v , a W right), the Halieutic (from Greek aXieur^s, a Fisher), 
and my own. Morton and C. A. B. Smith are developing a fourth, for 
use in human genetics. P. A. P. Moran [17] may be starting a fifth, or 
he may merely have made a hard road into an impassable swamp. A work­
er looks for numerical data on which his own favorite tools will bite. 
Thus Wright has collected data on small more or less isolated populations 
to which his theory of genetic drift is applicable. Fisher was probably at 
his best with samples from somewhat larger populations, for example his 
brilliant demonstration [18] of natural selection in Nabours’ samples of 
wild Paratettix texanus, which is still perhaps the best evidence tor heterosis 
in w'lld populations. Perhaps I am at my best with still larger populations. 
Thus I was, I think, the first to estimate quantitatively the rate of morpho­
logical change in evolving species [19]. My estimates are of the right order 
of magnitude, but based on estimates of geological time less reliable than 
those of Simpson [20]. I therefore fully accept Simpson’s emendations (his 
pp. 10- 17) of mY figures. The question was the rate at which the mean of  
a morphological character changes. For one tooth measurement on fossil 
Equidae, paracone height, the rate of increase of the mean per million 
years ranged from 2.4 per cent to 7.9 per cent; for another, ectoloph length, 
from 0.6 per cent to 3.4 per cent. The rate of increase of the ratio of these 
lengths, which is of greater evolutionary importance, ranged from 0.9
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per cent to 5.$ per cent. The total time covered was about 50 million years. 
On the other hand, I suggested that human skull height had increased by 
over 50 per cent per million years during the Pleistocene. The fossil data 
could have been so analyzed earlier. If I was the first to do so it was because, 
as the result of my mathematical work, such numbers had come to have 
more meaning for me than for others.

W e can now come back to the justification of mathematical genetics. I 
leave out the body of mathematics which has grown up around human 
genetics. Here we cannot experiment and must squeeze all the information 
out o f available figures, whereas where experiment is possible, not only 
is experiment often easier than calculation, but its results are more certain. 
In the consideration o f evolution, a mathematical theory may be regarded 
as a kind of scaffolding within which a reasonably secure theory expressible 
in words may be built up. I have given examples to show that without 
such a scaffolding verbal arguments are insecure. Let me take an example 
from astronomy. I do not doubt that when Newton enunciated his gravi­
tational theory of planetary movement many people said that if the sun 
attracted the planets they would fall into it. This is not so naive as might 
be supposed. Cotes, o f whose early death Newton wrote, “If Mr. Cotes 
had lived, we might have known something,” showed that if the system 
“ o f planets, struggling fierce towards heaven’s free wilderness,” as Shelley 
put it, were attracted by the sun with a force varying as the inverse cube 
o f the distance, they would move in spirals, and either fall into the sun 
or freeze in the free wilderness. Newton felt that he had to show not only 
that the inverse-square law led to stable elliptic motion, but that spheres, 
whose density at any point was a function of distance from their center, 
attracted one another as if they were particles. If he had not done so, he 
was aware that someone might readily disprove his highly ambitious the­
ory. This does not mean that in explaining Newtonian gravitational theory 
to students one need go into these or many other details.

It is, in my opinion, worth while devoting some energy to proving the 
obvious. Thus, suppose a population consists o f two genotypes A and B, 
o f which B is fitter than A so long as it is rare. For example, B could be a 
mimic only advantageous when rare compared with its model, or a self- 
sterile but interfertile genotype of a plant species. It is intuitively obvious 
that B will spread through a population till its mean fitness falls to equal 
that of A, and a stable equilibrium will result. But is it sure that this equi­
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librium will be stable? Every physicist and cybernetician knows that if 
regulation is too intense a system may overshoot its equilibrium and go 
into oscillations of increasing amplitude. Haldane and Jayakar [21] found 
that in several cases investigated by them there was no danger of such 
instability. In a microfilm on population genetics circulated in a.d. 2000 
we may either fmd the statement, “Haldane and Jayakar showed that such 
equilibria are almost always stable,” or, “Haldane and Jayakar believed 
that they had demonstrated the stability of such equilibria. They over­
looked the investigations of X  on termites, where, as Y later showed, the 
equilibrium is unstable.” But even if we have given the wrong answer, we 
deserve a modicum of credit for asking the right question.

I could give many more examples. Thus, posterity may or may not 
think that my concept of the cost of natural selection—that is to say, the 
number of genetic deaths required to bring about an evolutionary change 
[22]— is important. I think it defines one of the factors, perhaps the main 
one, determining the speed of evolution. It has been accepted by some 
and criticized by others. If it is shown to be false, the demonstration of its 
falsity will probably reveal the truth, or at least a closer approximation 
to the truth. And so I could continue on a large scale. If I were on trial 
for wasting my life, my defense would at least be prolonged, even if un­
successful; for I have published over 90 papers on beanbag genetics, of 
which over 50 contained some original statements, whether or not they 
were important or true, besides 200 papers on other scientific topics.

The existing theories of population genetics will no doubt be simplified 
and systematized. Many of them will have no more final importance than 
a good deal of nineteenth-century dynamical theory. This does not mean 
that they have been a useless exercise of algebraical ingenuity. One must 
try many possibilities before one reaches even partial truth. There is, how­
ever, a danger that when a mathematical investigation shows a possible 
cause of a phenomenon, it is assumed to be the only possible cause. Thus 
Fisher [23] showed that if heterozygotes for a pair of autosomal alleles are 
fitter than either homozygote, there will be stable polymorphism, and 
later work has extended this theorem to multiple alleles. Numerous cases 
have been discovered where such heterosis, both at single loci and for 
chromosomal segments, has been observed in nature. It has therefore been 
assumed that, except where rarity confers an obvious advantage, the 
Halieutic mechanism is at work. Now Haldane and Jayakar [24] have
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shown that, without any superiority of heterozygotes, selection of fluctu­
ating direction will sometimes preserve polymorphism. There is no reason 
to think that this often happens, but it may sometimes do so. However, if 
I had made this calculation in 1920, as I might have done, while Fisher 
had published his work somewhat later, my explanation, which I do not 
doubt is more rarely true than Fisher’s, might have been accepted as the 
usual explanation of stable polymorphism. It seems likely that this has 
happened in other cases, though naturally I do not know what these are. 
The best way to avoid such contingencies is to investigate mathematically 
the consequences following from a number o f hypotheses which may seem 
rather farfetched and, if they would lead to observed results, looking in 
nature or the laboratory for evidence of their truth or falsehood.

One such possibility is the origin of “new” genes in higher animals or 
plants by viral transduction from species with which hybridization is im­
possible, conceivably even from members of a different phylum. While 
no doubt exaggerated claims have been made by the Michurinist school, 
some of its claims, such as the facilitation of hybridization by grafting, 
have been verified outside the Soviet Union. Transduction could account 
for some grafting effects which could not be regularly repeated. In terms 
o f orthodox American genetics, such transduction would be described as 
a mutation leading to a neomorph. It is obvious that transduction could 
help to explain some cases of parallel evolution.

Let me be clear that I think the above hypothesis is improbable. But 
it serves to underline a fundamental point. Let us suppose that it had been 
proved that all evolutionary events observed in the fossil record and de­
duced from comparative morphology, embryology, and biochemistry 
could be explained on the basis of the generally accepted “synthetic the­
ory” ; this would not demonstrate that other causes were not operating. I 
think we have come near to showing that the synthetic theory will ac­
count for observed evolution and that a number of other superficially 
plausible theories, such as those of Lamarck, Osborn, and de Vries, will not 
do so. This does not exclude the possibility that other agencies are at work 
too. To take an example from astronomy, it was believed until recently 
that celestial mechanics were almost wholly dominated by gravitational 
forces. It is now believed that cosmic magnetic fields are also important.

O f  course, Mayr is correct in stating that beanbag genetics do not ex­
plain the physiological interaction o f genes and the interaction of genotype
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and environment. If they did so they would not be a branch of biology. 
They would be biology. The beanbag geneticist need not know how a 
particular gene determines resistance of wheat to a particular type of rust, 
or hydrocephalus in mice, or how it blocks the growth of certain pollen 
tubes in tobacco, still less why various genotypes are fitter, in a particular 
environment, than others. If he is a good geneticist he may try to find out, 
but in so doing he will become a physiological geneticist. If the beanbag 
geneticist knows that, in a given environment, genotype P produces io 
per cent more seeds than Q, though their capacity for germination is only 
95 per cent of those of Q, he can deduce the evolutionary consequence of 
these facts, given further numbers as to the mating system, seed dispersal, 
and so on. Similarly, the paleontologist can describe evolution even if he 
does not know why the skulls of labyrinthodonts got progressively flatter. 
He is perhaps likely to describe the flattening more objectively if he has 
no theory as to why it happened.

The next probable development of beanbag genetics is of interest. Sakai 
[25] described competition between rice plants. A plant of genotype P 
planted in the neighborhood of plants of genotype Q may produce more 
seeds than when planted in pure stand, while its neighbors of genotype Q 
produce less. Roy [26] has described cases of this kind but also cases where, 
when P and Q are grown in mixture, both P and Q produce more seed. 
In such a case, if the mixed seed is harvested and sown, P may supplant Q, 
or a balanced polymorphism may result. O f course if P and Q interbreed, 
the results will be very complicated. But I have no doubt that such cases 
occur in nature, and are of evolutionary importance. Given quantitative 
data on yields of mixed crops, a beanbag geneticist can work out the conse­
quences of such interaction, even if he does not know its causes.

Another probable development is this. It is likely [27] that as the result 
of duplications one locus m an ancestor can be represented by several in 
descendants. If so, this is one of the important evolutionary processes, and 
its precise “beanbag” genetics will require investigation, even though the 
relative fitnesses of the various types, and the reasons for them, besides 
the causes of duplication, are matters of physiological genetics.

I would like to make one more claim for beanbag genetics. It has been 
of some value to philosophy. I consider that the theory of path coefficients 
invented by Sewall Wright may replace our old notions of causation. A 
path coefficient answers the question, “To what extent is a set of events
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B determined by another set A?” Path coefficients were invented to deal 
with problems such as the determination of piebaldness and otocephaly in 
guinea pigs, which are beyond the present scope o f beanbag genetics. But 
W right showed how to calculate them exactly in the case of inbreeding, 
which he treated on “beanbag” principles. Again Haldane [28] discussed 
how to argue back from a handful of beans to the composition o f the bag. 
Jeffreys [29] made this paper the basis o f his theory o f inverse probability. 
Jeffreys is generally regarded as a heresiarch and takes my theory more 
seriously than I do myself. Nevertheless, there is presumably some measure 
of truth in it, and even if Bimbaum [30] has shown how to do without it, 
I may take some credit for stimulating him to lay a stronger foundation 
than my own for the theory of inverse probability.

The dichotomy between physiological and beanbag genetics is one of 
the clearest examples of the contrast between what my wife, Spurway [31], 
calls Vaisnava and Saiva3 biology. Modem Hindus can, on the whole, be 
divided into Vaisnavas— that is to say, worshippers of Visnu, usually in 
one or other o f his most important incarnations, Rama and Krisna— and 
Saivas, or worshippers of Siva. Visnu has, on the whole, been concerned 
with preservation and Siva with change by destruction and generation. 
This is a very superficial account. Spurway may be consulted for further 
details. Devotees of Visnu do not deny the existence of Siva, nor converse­
ly are they necessarily exclusive in their worship, and many state that 
both deities are aspects of the same Being. Neither sect has actively perse­
cuted the other. Roughly speaking, Darwin was a Saiva when he wrote on 
natural selection and a Vai§nava when he wrote on the adaptations of 
plants for cross-pollination, climbing, and so on. A biologist who is always 
a Saiva, and does not worry about how living organisms achieve internal 
harmony and adaptation to their environment, is as narrow as a Vaisnava 
who takes an organism as given and does not interest himself in its evolu­
tionary past or its success in competition with other members of its species. 
It is very difficult to combine the two approaches in one’s thought at the 
same moment. It may be easier a century hence. Thus, we know that hu­
man sugar metabolism depends on the antagonistic action of pancreatic 
insulin and one or more diabetogenic hormones from the anterior pitui­
tary. Insulin production and anterior pituitary function are both under 
genetic control, but we do not know enough about this even to speculate
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fruitfully on the level of beanbag genetics, except to say that several differ­
ent genotypes may achieve good homeostasis, while other combinations 
of the genes concerned are less well adapted for homeostasis, though they 
may have other advantages. Even this is a mere speculation. There may be 
only one adaptive peak in W right’s sense.

As I happen to be responsible for some of the mathematical groundwork 
of enzyme chemistry [32], I can say that the mathematical basis of physio­
logical genetics is about fifty years behind that of beanbag genetics. If a 
metabolic process depends on four enzymes acting on the same substrate 
in succession, one can calculate what will happen if the amount of one of  
them is halved, provided that one is working with enzymes in solution in 
a bottle. W e know far too little of the structural organization of living 
cells at the molecular level to predict what will happen if the amount is 
halved in a cell, as it is in some heterozygotes. If the enzyme molecules 
are arranged in organelles containing just one of each kind, the rate of the 
metabolic process will probably be halved. But if they are in a random or 
a more complicated arrangement, it may be diminished to a slight extent, 
or even increased; for the activities of some enzymes are inhibited by an 
excess of their substrate. This is a conceivable cause of heterosis, though I 
do not think it is likely to be common.

Now let me pass over to a counterattack. One of the central theses of 
Mayr’s book is that speciation is rarely if ever sympatric. One species can 
only split into two as the result of isolation by a geographic barrier, save 
perhaps in very rare cases. Let me say at once that Mayr’s arguments have 
convinced me that sympatric speciation is much rarer than some authors 
have believed, and a few still believe. But wrhen, in his chapter 15, he dis­
cusses other authors’ hypotheses as to howr sympatric speciation might oc­
cur, his arguments are ahvays verbal rather than algebraic. And sometimes 
I find his verbal arguments very hard to follow. Thus, on page 473 he 
makes seven assumptions, of which (1) is “Let A live only on plant species 
1,’’ and (4) is “Let A be ill adapted to plant species 2.” These two assump­
tions seem to me to be almost contradictory. If A lives only on species 1, 
the fact that it is ill adapted to species 2 is irrelevant. If emus only live in 
Australia, the fact that they are ill adapted to the Antarctic has no influence 
on their evolution. If the assumptions had been “ (1) Let A females only 
lay eggs on species 1,” and “ (4) Let A larvae (not all produced by A 
mothers) be ill adapted to species 2,” I could have applied mathematical
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analysis to the resulting model. I propose to do so in the next few years. 
But I hope I have given enough examples to justify my complete mistrust 
o f verbal arguments where algebraic arguments are possible, and my skep­
ticism when not enough facts are known to permit o f algebraic arguments.

In earlier chapters Mayr seems to show a considerable ignorance of the 
earlier literature of beanbag genetics. Thus, on page 215 he writes that 
“the classical theory o f genetics took it for granted that superior muta­
tions would be incorporated into the genotype of the species while the 
inferior ones would be eliminated.” The earliest post-Mendelian geneti­
cists, such as Bateson and Correns, wrote very little about this matter. 
Fisher [23] pointed out that if a heterozygote for two alleles was fitter 
than either homozygote, neither allele would be eliminated. He may well 
have been anticipated by W right or some other geneticists, but at least 
since 1922 this has been a well established conclusion o f beanbag genetics. 
In my first paper on the mathematical theory of natural selection [3], I ig­
nored Fisher’s result as I was dealing with complete dominance; in my 
second [33] I referred to it and, as I think, extended it slightly. As Mayr 
cites neither of these papers of mine, he can hardly mean that the first was 
classical and the second post-classical! I agree with him that when I first 
read Fisher’s 1922 paper I probably did not think this conclusion as impor­
tant as I now do, and that many writers on beanbag genetics ignored it 
for some years. But were they classical?

Mayr devotes a good deal of space to such notions as “genetic cohesion,” 
“the coadapted harmony of the gene pool,” and so on. These apparently 
became explicable “once the genetics of integrated gene complexes had 
replaced the old beanbag genetics.” So far as I can see, Mayr attempts to 
describe this replacement in his chapter 10, on the unity of the genotype. 
This does not mention Fisher’s fundamental paper [34] on “The correla­
tion between relatives on the supposition of Mendelian inheritance,” in 
which, for example, epistatic interaction between different loci concerned 
in determining a continuously variable character was discussed. This chap­
ter contains a large number o f enthusiastic statements about the biological 
advantages of large populations which, in my opinion, are unproved and 
not very probable. The plain fact is that small human isolates, whether de­
rived from one “race,” like the Hutterites, or two, like the Pitcairn Is­
landers, can be quite successful. I have no doubt that some o f the statements 
in Mayr’s chapter 10 are true. If so, they can be proved by the methods of
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beanbag genetics, though the needed mathematics will be exceedingly 
stiff. Fisher and Wright have both gone further than Mayr believes toward 
proving some o f them. The genetic structure of a species depends largely 
on local selective intensities, on the one hand, and migration between dif­
ferent areas, on the other. If there is much dispersal, local races cannot de­
velop; if there is less, there may be dines; if still less, local races. The “suc­
cess of a species can be judged both from its present geographical distri­
bution and numerical frequency and from its assumed capacity for surviv­
ing environmental changes and for further evolution. I do not think that 
in any species we have enough knowledge to say whether it would be 
benefited by more or less “cohesion” or gene flow from one area to an­
other. W e certainly have not such knowledge for our own species. If 
inter-caste marriages in India become common, various undesirable re­
cessive characters will become rarer; but so may some desirable ones, and 
the frequency of the undesirable recessive genes, though not of the homo­
zygous genotypes, will increase. Since there is little doubt that extinction 
is the usual fate of every species, even if it has evolved into one or more 
new species, the optimism of chapter io does not seem justified. Sewall 
Wright has been the main mathematical worker in this field, and I do not 
think Mayr has followed his arguments. Here Wright is perhaps to blame. 
So far as I know', he has never given an exposition of his view's which did 
not require some mathematical knowledge to follow. His defense could 
be that any such exposition would be misleading. I have given examples 
above to illustrate this possibility.

I am review'ing Mayr’s book in the Journal o f  Genetics, and my review' 
wrill, on the w'hole, be favorable. But if challenged, I am liable to defend 
myself, and have done so in this article. If I have not defended Sewall 
Wright, this is largely because I should like to read his defense. In my opin­
ion, beanbag genetics, so far from being obsolete, has hardly begun its 
triumphant career. It has at least proved certain far from obvious facts. 
But it needs an arsenal of mathematical tools like the numerous functions 
discovered or invented to supply the needs of mathematical physics. O f 
course, it also needs accurate numerical data, and these do not yet exist, 
except in a very few cases. The reason is simple enough. Suppose wre 
expect equal numbers of two genotypes, say, normal males and color­
blind males, from a set of matings and find 51 per cent and 49 per cent; 
then if we are sure that this difference is meaningful, it will have evolu­
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tionary effects which are very rapid on a geological time scale. But to 
make sure that the difference exceeded twice its standard error (which it 
would do by chance once in twenty-two trials), we should have to ex­
amine 10,000 males. To achieve reasonable certainty, we should have to 
examine 25,000. W e often base our notions of the selective advantage of 
a gene on mortality from some special cause. Thus babies differing from 
their mothers in respect of certain antigens are liable to die around the 
time o f their birth. But this may well be balanced wholly or in part by 
greater fitness in some other part of their life cycle. If it were found that 
color-blind males had a 10 per cent higher mortality than normals from 
traffic accidents, this could be balanced by a very slightly greater fertility 
or frequency of implantation as blastocysts. One of the important func­
tions of beanbag genetics is to show what kind of numerical data are need­
ed. Their collection will be expensive. Insofar as Professor Mayr succeeds 
in convincing the politicians and business executives who control research 
grants that beanbag genetics are misleading, we shall not get the data. 
Perhaps a future historian may write, “If Fisher, W right, Kimura, and 
Haldane had devoted more energy to exposition and less to algebraical 
acrobatics, American, British, and Japanese genetics would not have been 
eclipsed by those of Cambodia and Nigeria about a . d . 2000.” I have tried 
in this essay to ward off such a verdict.

Meanwhile, I have retired to a one-storied “ ivory tower” provided for 
me by the Government of Orissa in this earthly paradise of Bhubaneswar 
and hope to devote my remaining years largely to beanbag genetics.
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AN AUTOBIOGRAPHY IN BRIEF

J. B. S. HALDA.XE*

A number of inaccurate statements have been published about me in 
the press—quite as many in articles favoring me as in hostile statements. 
So I propose to give a brief account of my scientific career. I was bom 
in 1892. I owe my success very largely to my father, J. S. Haldane. He 
was perhaps best known as a physiologist, but he was so far from being 
a specialist that in later life he was elected president of the Institution of 
Mining Engineers and delivered the Gifford lectures on the “Existence 
and Attributes of God.” I suppose my scientific career began at the age 
of about two, when I used to play on the floor of his laboratory and 
watch him playing a complicated game called “experiments”— the rules 
I did not understand, but he clearly enjoyed it.

At the age of eight or so I was allowed to take down numbers which 
I called out when reading the burette of a gas-analysis apparatus and 
later to calculate from these numbers the amounts o f various gases in a 
sample. After this I was promoted to making up simple mixtures for his 
use and, still later, to cleaning apparatus. Before I was fourteen, he had 
taken me down a number of mines, and I had spent some time under 
water both in a submarine and in a diving dress. He had also used me 
as the subject in many experiments. In fact I spent a good deal of my 
holidays from school in learning my father’s trade. Most Indian boys do 
this, but not the sons of scientists. After I was twelve, he discussed with 
me all his research before publication, and sometimes tried out a lecture 
course on me before delivering it to students.

At school I deserted “classics,” that is to say, the study of Latin and 
Greek, at the age of fourteen and studied chemistry, physics, history, 
and biology, with my father’s full backing but to the annoyance of the
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headmaster, who said I was becoming “a mere smatterer.” The teaching 
of chemistry was good, and by the age of sixteen I had learned some 
facts discovered since my father had studied that subject, so that I could 
help him and C. G. Douglas; and my first scientific paper was a joint 
one with them, read to the Physiological Society when I was seventeen.

I went to Oxford on a mathematical scholarship in 1911 and took first- 
class honors in mathematical moderations (roughly the Indian B.Sc. 
level). But as nobody can study mathematics intensively for more than 
about 5 hours daily and retain sanity, I also attended the final honors 
course in zoology in my first year. One of my fellow students was the 
late Professor Narayan K. Bahl, who later did so much for the teaching 
of zoology in India. At a seminar for zoology students in 1911, 1 announced 
the discovery, from data published by others, of the first case o f what is 
now called linkage between genes in vertebrates. My evidence was con­
sidered inadequate, and I began breeding mice with A. D. Sprunt, who 
was killed in 1915. In 1912 I switched over to literate humaniores, a course 
based on Latin and Greek classics, but including the study of a good deal 
of modem philosophy and ancient history. I took first-class honors in 
this subject in 1914 and had intended to go on to study physiology. But 
in 1914 I joined the British army and have, therefore, no scientific degree. 
In 1916 my mouse work with Sprunt and my sister, Mrs. Mitchison, 
was published.

During World W ar I, I was wounded twice, in France and in Iraq, 
after which I spent 16 months in India. I determined to come back as 
soon as I could associate with Indians on a footing of equality.

On returning to Oxford after the war, I wTas elected a Fellow of New  
College and began teaching physiology while myself attending Sher­
rington’s advanced practical course in that science. Indian readers who 
find it incredible that I was appointed without a degree in physiology, 
or any other science, would do well to remember that Srinivasa Rama­
nujan, India’s greatest mathematician since Aryabhatta, had no degree and 
would thus be disqualified from teaching in an Indian University were 
he alive today. I may not have been a good teacher, but I wras a successful 
one. In 1922 there were about sixty candidates for honors in physiology, 
three from New College. These three were one-half of the six who 
secured first-class honors. I had 20-30 hours a week of teaching and other 
university duties. Flowever, I managed to get 10 hours of private tuition

2 0



done at night after 8:oo p . m . and to concentrate 9 hours on Wednesday, 
so I got some time for research and reading.

I worked on human chemical physiology and on genetics. Perhaps my 
most important discovery in physiology was that when I drank ammo­
nium chloride solution I developed various symptoms of severe acid 
poisoning, including breathlessness. My main genetic discovery was the 
rule as to the sex of hybrid animals. In 1921 I put in a term as biochemist 
in the Edinburgh Royal Infirmary and learned a little medicine in the 
wards.

In 1922 Professor Hopkins (later president of the Royal Society, Nobel 
laureate, etc.) invited me to Cambridge as reader in biochemistry. I was 
his second-in-command for 10 years and supervised the work of about 
twenty graduate students—much of which was first rate. Perhaps my 
own most important discovery was that a substance for which carbon 
monoxide competes with oxygen, now called cytochrome oxidase, was 
found in plant seedlings, moths, and rats. The most remarkable thing 
about this discovery was that I was able to find out a good deal about a 
substance in the brains of moths without cutting them up or killing them. 
However, my enunciation of some of the general laws of enzyme chem­
istry may have been more important.

In 1924 I published what my colleagues generally think my most im­
portant paper, the first of a series on the mathematical theory of natural 
and artificial selection. Five of these papers have been reprinted in the 
United States and are available to libraries which do not possess the 
Proceedings o f  the Cambridge Philosophical Society. They contained calcula­
tions showing great intensity of natural selection in favor of dark color 
in a British moth species. This was regarded as ridiculously high, but 
30 years later Kettlewell found a slightly higher figure in field studies. 
In 1930, in my book The Causes o f Evolution, I published the first estimate 
of a human-mutation rate. Since then, this has become a matter of inter­
national politics in connection with atom-bomb tests.

Toward the end of my period at Cambridge I spent some time at the 
John Innes Horticultural Institution in a London suburb, directing re­
search on plant breeding, and continued to do so after I became part- 
time professor of genetics in University College, London, in 1933. My 
most important work was with Miss de Winton on an ornamental plant, 
Primula sinensis. W e were the first, for example, to study linkage in a
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plant with double the usual number of chromosomes. I also showed that 
0ne of the genes responsible for its color acted by changing the acidity 
of the petal sap.

I have always been of some use to my colleagues because I knew what 
w’as going on in several different branches o f science, and it was, I think, 
in the autumn of 1933 that I did what posterity may regard as the best 
and most important action o f my life. I found posts for several Jewish 
refugees from Germany, and I did my best to help others. One evening 
Or. Boris Chain dined in my house. W e talked about the work he had 
done in Germany, and I said, “There is a man named Florey at Oxford 
who is interested in that sort o f thing. I advise you to visit him.” Later 
Florey and Chain isolated penicillin, which has saved hundreds o f times 
more lives than atomic bombs have caused deaths, a fact often forgotten 
by critics of science. Florey and Chain have been rewarded for this work. 
They shared a Nobel prize, and Florey is now president of the Royal 
Society. Perhaps all my discoveries will be forgotten and I shall be re­
membered only in the words o f the ancient Greek poet Pindar: “He 
once nourished the contriver o f painlessness, the gentle limb-guardian 
Asklepios (Dhanvantari), the heroic conqueror of manifold diseases.” 
Bacteriologists, by the way, are heroic: bacteria are much more dangerous 
than tigers. For such activities I had the honor of figuring on the list o f  
persons to be arrested if German armies conquered England in 1940.

In 1936 I became professor of biometry in London but never got a 
building for my own use. Some o f my colleagues in this department did 
very fine work, and two became Fellows of the Royal Society, as I had 
in 1932. I participated in a little of their work and made some contribu­
tions to mathematical statistics, of which perhaps the most labor-saving 
is my calculation of the cumulants of the binomial distribution.

In 1939 the British submarine “Thetis” sank on her trials with the loss 
of over one hundred lives. About one-half the dead were civilians; two 
unions asked me to investigate the disaster. I did some experiments on 
myself and friends, no more drastic than I had done at Cambridge, and 
shed enough light on what had happened to convince the British Ad­
miralty that their “experts” knew very little. They asked me to continue 
the experiments, and when war broke out I was given various assign­
ments. E. M. Case and I, for example, were the first people to pass 48 
hours shut up in a miniature submarine with apparatus which we had
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correctly calculated would renew the air for that time. My wife and I 
worked out methods for the rapid ascent of divers, and so on. During 
this work I made a curious discovery. Oxygen, when breathed at a pres­
sure over about 6 atm., has quite a taste. Nevertheless, since textbooks 
have priority over truth, students of chemistry are well advised, when 
examined, to state that “oxygen is a colorless, inodorous, and tasteless 
gas.” I advise even M.Sc. students against stating that Case and Haldane 
reported to the contrary in a letter to Nature in 1941. After breathing 
oxygen for five minutes or so at such pressures, one has violent convul­
sions; and my frequent demand for a soft chair or a cushion is due to the 
fact that I fractured my backbone in such convulsions.

Among the papers I wrote during the 12 years between the end 
of the war and my departure to India is one published in 1956 on a method 
for estimating the number of lethal mutations produced in mice by 
gamma rays and other agents causing mutation. A clear answer to this 
question would allow us to give a partial answer to the question, “How 
many human babies in future generations "will die as the result of atomic- 
bomb tests?” I was not, of course, offered facilities for such work. G. S. 
Carter at HarweU began to use my method. He then resigned his post, 
for an undisclosed reason, and took a job with a poultry-breeding firm. 
However, Sugahara, Okazawa, Tutikawa, and Muramatsu have used 
heavy doses, like those absorbed by the survivors of Hiroshima and 
Nagasaki. The Japanese workers have used much smaller doses, such as 
might be given to workers in atomic-energy establishments or to radiolo­
gists who took precautions. They naturally got rather few mutations and 
cannot yet estimate the rate very accurately. According to my method, 
about 500 rs are needed to produce a lethal mutation, while two other 
methods give a somewhat lower figure of about 300, which was what I 
guessed in 1956. If the Japanese workers are right, the damage done to 
future generations by the tests so far carried out is a bit less than Pauling 
and Russell have stated but very much more than American official 
spokesmen have claimed.

In 1957 I came to India to work at the Indian Statistical Institute, and 
I have to thank Professor P. C. Mahalanobis for making this possible. 
My most important work there was, beyond doubt, starting S. K. Roy, 
K. R. Dronamraju, T. A. Davis, and S. D. Jayakar on their scientific
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careers, which are likely, in my opinion, to be illustrious. At least twenty 
of my pupils have become Fellows o f the Royal Society, so I can prob­
ably judge fairly well. At the Indian Statistical Institute I personally pub­
lished two pieces of theoretical wrork which may be of lasting value, 
besides many which are unlikely to be so. Since leaving it, and while 
employed by the Council of Scientific and Industrial Research, I have 
published jointly with Jayakar one paper on human relationships. I am 
grateful to Mahalanobis for giving me the opportunity o f working in 
the Indian Statistical Institute, where I learned a great deal about what 
can and cannot be done in India, even though it gradually became clear 
that I could not carry out the kind o f work I had wanted to in that in­
stitute.

I have of course done a good deal more than appears in this summary. 
I have taken part in politics, written a book of stories for children, and 
put my Latin and Greek learning to some use by commenting on bio­
logical passages in ancient writings. I may have been the first to ask the 
cosmological question, “Is space-time simply connected?”— though only 
a man of the stature of Einstein is likely to answer it. And I have made 
several bad mistakes. But I think this article gives some notion o f my 
contributions to scientific knowledge.
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THE THEORY OF EVOLUTION, BEFORE AND AFTER
BATESON

The Bateson Lecture, delivered on Ju ly  18th, 1957, at the 
John  Innes Horticultural Institution

By  J .  B. S. H A L D A N E
Indian Statistical Institute

(Received Ju ly  20, 1957)

W illiam  Bateson, as his widow emphasized, was a  naturalist. H e was therefore  
interested in the grandest of all natural processes which a biologist can con tem p late, 
nam ely evolution. His work on Balanoglossus was an im portant contribution to its study. 
But he was then led to the study of variation, and interested himself particularly in w hat 
he called m eristic variation, that is to say variation in the num bers of sim ilar parts in like 
organisms. It becam e clear to him that m uch variation occurs in definite steps w ithout 
interm ediates, or with verv rare interm ediates. And he saw th at this kind of variation  
m ust have been very im portant in evolution. In fact it was even m ore im portant than  
he knew. Tw o very sim ilar species, all of whose taxonom ic differences are , in his phrase, 
substantive rath er than meristic, m ay yet differ sharply in their chrom osom e num ber, 
and this latter difference m ay account for the sterility of their hybrids.

Now m any of the differences between domestic races of plant and anim al species do 
not blend in the hybrids or in their progeny. A study of differences of this kind led
inevitablv to the d iscover/ of M endelian inheritance. But Bateson was far too honest/ /
a m an not to see at a fairly early stage that his discoveries did not solve the problem  of  
evolution. T h e differences between different domestic breeds are  often far m ore strik­
ing than those between related species; but they usually only affect a lim ited n um ber of  
organs or functions, and they do not hinder hybridization. Thus a  white silkie fowl 
differs far m ore from the wild Gallus gallus as regards its feathers than do Gallus sonnerati 
or Gallus varius. But it does not differ in m any other im portant respects, p articu larly  
in crossability. Thus Mendelism appeared to h a v e .n o  im m ediate bearing on the 
problem  of evolution, except to show that the explanations given sixty years ago of how  
evolution had occurred were alm ost certainly false.

Bateson was alm ost unique am ong great m en of science in being able to form ulate his 
m ajor contribution to scientific m ethod in the lapidary phrase “T reasu re  your excep ­
tions” . I t was this which led him to be m ore interested in one polydactylous ca t than  
in ninety and nine with rath er large feet. I t  was this which led him , though a staunch  
M endelian, to investigate the exceptions to M endel’s laws which provided their exp lan a­
tion. T h e first of these exceptions was linkage, or a failure of the independent assortm ent 
of factors which M endel had discovered. But Bateson was particularly  interested in the 
exceptions which he classed under the heading of anisogam y. I t  is generally found th at  
reciprocal crosses between two herm aphrodites give indistinguishable results. W hen  
thev do not, after transient effects due to differences in the nutrition of seeds after
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fertilization have passed off, the female and male gam etes o f one or both m ust differ in 

some w ay as regards their genotype. In fact anisogam v can  be due to a t least five 

different causes.
1 . Plastids or plasm agenes m ay be transm itted wholly or m ainly on the fem ale side.
2. A virus m av be whollv or m ainlv so transm itted. No sharp line can  be draw n  

between these first two causes. It m ay or may not be possible to do so in future.
3. T h e  chrom osom e num ber m ay be different on the two sides, as in the camnae group  

of roses.

4 . Selection m ay ac t in a different way on male and female gam etes or haploid cells 
of different genotype. This covers such cases as pollen lethals and the R en n er pheno­
menon in Oenothera. E x tra  chrom osom es are often transm itted by nearly half the ovules 

and by few or no functional pollen tubes.
5. Linkage intensity between a pair of loci m ay differ in female and m ale gam eto- 

genesis.
In fact Miss Saunders hit on the genetics of double stocks (Matthiola incana) w hich  

involves both anisogam v due to a pollen lethal, and linkage, at a very early stage; and  

this was not fully elucidated during Bateson’s lifetime. I w ant to em phasize how broad  
is the field opened up, once one starts system atically studying w hat was a t first sight a  
single type of exception.

Besides treasuring his exceptions, Bateson was very sceptical of explanations of m any  
facts which he accep ted  w ithout question. And in p articu lar he never accep ted  the 
word “ gen e” with its rath er wide connotations. M endel had used the phrase  
“ differendierendes M erk m al” , or differentiating ch aracter, for his genetical units. H ere  
he was probably influenced by his Thom ism . It is m uch easier for a T hom ist than for 
adherents of most other philosophies to think of a  quality being transm itted. H ad  
M endelism  been discovered and accepted in m ediaeval Europe an atom istic theory o f  
substantial forms m ight have been developed. Bateson used the neutral w ord “ facto r” . 
This word has been dropped, partly because it was used in a num ber of different ways. 
I think it could and should be revived, with a m ore precise definition. L a te r  I shall try  
to show why it is needed for an adequate accoun t of evolution.

G enetics is the study o f a class of differences between related organism s, nam ely  
those differences which turn out to be determ ined genetically , th at is to say n ot by the 
environm ents of the individuals showing them . It is how ever a postulate of  
physiological genetics that any difference which is usually determ ined genetically can  
also be determ ined by non-genetical causes. I f  that w ere not the case, genetics would 
be an inscrutable m ystery. W e could never know the causal p ath  between a gene and  
the scorable ch aracter.

I suggest th at the word factor be used for the cause of an observable difference which  
shows M endelian segregation. This is often, but not alw ays, a difference between two 
allelom orphic genes. Thus, a round pea differs from a wrinkled one in the following 
w ay. Both contain m uch the same am ount of carb oh yd rate  a t corresponding stages. 
In  their early stages both contain stachyose, a sugar com posed of two glucose and two 
galactose residues. In a round pea this is converted into starch  in the final stage, in a
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wrinkled pea it is not; so the pea contains a lot of soluble sugar, and collapses on drying. 
V ery likely the wrinkled pea, like a  galactosuric baby, lacks an enzym e concerned in 
transform ing galactose into glucose. T h e synthesis of this enzym e in round peas is 
controlled by a gene at a locus in a certain chrom osom e, though there m ay be several 
steps between the gene and the enzyme. T he wrinkled pea a t the same locus contains 
a gene which does not make this enzyme, though it m ay make a sim ilar but inactive  

protein. T h e wrinkled ch aracter is therefore recessive. It m ay be found, as has been  
found in sim ilar cases in anim als, that the homozygous round pea contains twice as 
m uch of this enzvme as the heterozvgous. If  so the factor would be detectable at various 
different levels, though it is a  difference between two allelom orphic genes.

Now a  gene is a m aterial structure, and is roughly localized: but it is not exactly  
definable. I f  w hat seem to be the most active parts of it are transferred to a different 
p art of a  chrom osom e, it m ay alter its functions. Even if we had a precise knowledge 
of the chem ical structure of a nucleus we could not say that changes in some parts would  
affect one gene and one only, and thus draw sharp boundaries between genes. T h e  
situation is quite com parable to th at regarding cerebral localization. O n the other 
hand we could define a factor exactly. W e could say that because in a p articu lar  
chrom osom e an adenine residue has been substituted for a guanine, in, say, the 2 5 4 7 3 —  
rd nucleotide counting from the free end of the longest chrom osom e, the plant makes a  
polyphenoloxidase with rath er different properties. A factor, I suggest, can be an y ­
thing from a difference of a few atom s in a single nucleotide, to an inversion or the 
presence of an extra  chrom osom e; for these too are inherited in a M endelian m anner. 
If  this is so, and a similar analysis of extranuclear factors is possible, all evolution is the 
accum ulation or loss of factors. I think the early M endelians perhaps w ent astray in 
taking too m aterialistic a view of the nature of a factor. Suppose th at, as in Suskind, 
Yanovsky, and Bonner’s (1955) work, a m utation causes the replacem ent of an enzym e 
by another protein no longer enzym atically active, but like enough to the enzyme to 
unite with the same antibodies. T he new protein m ay be larger or sm aller than  the 
enzym e. T h e factor, which is the difference between the genes producing them , m ust 
be given a  conventional sign, but is probably rarely a  m ere addition or substraction. I t  
could be exam ple be the substitution of N for C, O and H , which converts thym ine into  

cytosine.

W hile, then, factors are units, though not necessarily or even usually m aterial units, 
genes are not necessarily units. I do not go as far as G oldschm idt, and say th at a  gene 
can only be detected because it has m utated, and th at therefore an  unm utated gene is 
in principle unobservable, and so an hypothesis which should be elim inated from  
biology'. O n the con trary , I think that if we could isolate a norm al hum an X  ch rom o­
some and keep it in a  suitable medium, we could observe the synthesis by it or under its 
influence of the globulin which is lacking in haem ophilics. I f  we could do th e s a m e  
with a  rabbit X  chrom osom e we should be entitled to say that this chrom osom e, like 
those of m en and dogs, carried  a locus which, if it m utated, m ight be responsible for 

haem ophilia.
T h e pre-Batesonian theories of evolution were, as wc now see, excessively vague.
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D arw in ’s theory was substantially co rrect, so far as it w ent. But he did not distinguish 

between phenotype an d  genotype; and  we now know th at within a  pure line, or within  
w hat Bateson called an eversporting variety and we now call a balanced lethal system , 
such as double-throw ing stocks, selection can  continue indefinitely w ithout evolutionary  
effect. W h at was worse, D arw in (1 8 7 8 , p. 10) stated th at “ if strange and rare deviations 

of structure are  really inherited, less strange and com m on er deviations m ay be freely 
ad m itted  to be inheritable” . T h e opposite is the case. If  I find a  Drosophila in an  

inbred line with m any bristles lacking, it probably carries a m u tan t gene. If  I find one 
with a  ra th er sm aller num ber than the average, it is probably due to an environm ental 

effect which is not inherited. B ateson’s principle of treasuring the exceptions is fully 

justified. D arw in also realised th at heritable variations m ust have a cause; but he 

sought for this in the direct effects of use and disuse, w hich are  rarely , if ever, so op erative  
in the case of n u clear factors, though disuse can  certainly  produce extran u clear factors, 

such as absence of chloroplasts in algae, and adaptations due to use can  be tran sm itted  

bv b acteria  a t least for hundreds of generations.
4 O

G alton and W eism ann helped to m ake the distinction between genotype and pheno­
type, but they did not achieve it, as they w ere unaw are of the facts of dom inance and  
epistasy. A nd G alton , with his emphasis on m easurable ch aracters , actu ally  deflected  

genetics from its most im m ediately fruitful sub ject-m atter. K a rl Pearson exaggerated  

this emphasis, but fortunately forged m ath em atical tools w hich have been of im m ense 
value to geneticists. Bateson never used them , and it was left to Fisher and W rig h t to 

in corp orate them  into genetical m ethodology.
L e t us now see how the theory of natural or artificial selection looks in its new guise. 

If  we consider one of the simplest possible cases, the change w hich m ay take p lace in a  
single generation of sexually propagated  annual higher plants or anim als, we shall find 
th at we have to consider five distinct populations. W h ere generations overlap m atters  
are m ore com plicated . I shall further assume herm aphroditism  or equality in the 

num bers of the sexes, and th at the populations studied are  large. A nd I shall consider 
a closed area, into w hich there is no im m igration. In three of these five populations  
we shall distinguish phenotypes and genotypes. T h e  first of them , S, consists of all the 

organism s of the species in the area considered. Ideally we should like to score them  
a t the m om ent of fertilization. I assume th at they are actu ally  described as early in 
the life cycle as is possible w ith the ch aracters under consideration. T h ey  are  classified 
by their phenotypes, and, ideally, by their genotypes. T h e  last of our five populations, 
S , consists of the progeny of S, counted and classified a t the sam e stage in their life cycle  
as was S.

T h e second population, which I call the p aren tal population P, is fictitious. I t  consists 
only of those m em bers of S  which are  parents of one or m ore m em bers o f But each  
is represented as m any times as it has offspring in £  So its total n um ber is twice the 

num ber in £  Thus a herm aphrodite plant w hich had two offspring in ^ a s -a  seed 
parent and three as a pollen parent would be represented five times in P. W h ere  
generations overlap, Fish er’s (1930 ) notion of reproductive value can  be used.

Now P  m ay differ from S  in the frequency of phenotypes, genotypes, or both. These
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differences m ay be so small as to be explicable by random  sam pling, th at is to say 
chance. If  not they are attributable to selection. I f  a p articu lar genotype or pheno­
type is significantly com m oner in P than in 5  this can be due to three different kinds o f  
selection. This type m ay have survived better than the average in the interval between  
the time when S  was scored and the time when P  produced progeny. It m ay have been 
better represented in P  because each individual in it was, on the average, m ore fertile 
than other types. O r it may have been so because its progeny, on the whole, survived 
better between the m om ent when they were formed as zygotes and that when they were 
scored as members of If  we could score S and £  a t once after fertilization we could  
elim inate this last kind of selection. W e can sometimes, as with the ch aracters round  
and wrinkled, yellow and green cotyledons, in the pea, get rath er close to doing so.

T h e parents P  produce a population G of gam etes. W e cannot score them  except o cca ­
sionally on the basis of their carbohydrates, but we can often estim ate the frequencies of  
various genotypes am ong them  with considerable precision. T h ere is probably little selec­
tion am ong gam etes in higher animals, but there is a great deal in higher plants, espe­
cially am ong pollen tubes, and in them we should consider a selected gam etic population  
H. G will contain a few gam etes of types not expected from the parental genotypes, 
due to m utation in the widest sense of that word, including such accidents as prim ary  
non-disjunction. M utation can occur at any stage of the life cycle, but it is m ost 
convenient to consider it as concentrated in gametogenesis. T he genotypic composition  
of G is so m uch simpler than that of S or P  that it is desirable, where possible, to use it
as a measure of evolutionary change. T he genotypic composition of the next generation  *
S  depends not only on H  but on the m ating system. A large change in this, for exam ple  
m ating between two previously separate populations, or the introduction of inbreeding  
in a previously outbred population, can produce great changes in S. I assume that the 
m ating system is not, in fact, changed.

Now if S  and S could be classified at once after fertilization, then any differences in 
gene frequencies between them could only be due to selection, that is to say to differences 
between S and P, or G and / / ,  ap art from the very small differences due to m utation and  
random  sampling, provided M endelian inheritance occurs. Genotype frequencies can  
change through some generations towards w hatever equilibria are given by the m ating  
system. F o r exam ple genes which were originally in coupling m ay gradually  
separate. Such secondary effects are rarely im portant. T h e effects of selection arc  
hardly ever reversed except by counter-selection. Now this is not obviously true. It is a  
deduction from M endelism, as I think Fisher (1930) first clearly pointed out. K arl  
Pearson showed that if, as he believed, G ab on ’s law of ancestral heredity were correct, 
there would be a  very considerable swing back after selection ceased. And in the rare  
cases where M endelian segregation does not occur, for exam ple in rye plants carrying  
a chrom osom e fragm ent whose descendants get into m ore than half the gam etes, it is 
not true.

U nfortunately in p ractice there has always been some natural zygotic selection  
before S and £  are  scorable. However, all artificial selection is concerned in creating  
differences between P  and S. It is also clear that only indirect methods based on
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genetics can  reveal the nature of the selection of H  from G, or th at actin g between  
fertilization and the scoring o (S .

I t  is hard enough to com p are phenotype and genotype frequencies in S and P, except 
in anim als and plants whose breeding is artificially controlled. Even if we could find 
how m anv eggs each  female m oth in a n atural population laid, we could not estim ate  
the relative success of different phenotypes as fathers. O nly in men can we get d ata , 

still very rough, on this im portant question.
D arw in inevitably considered selection on the basis of phenotypes. It is, I think, 

im p ortant to distinguish between selection and evolution based on phenotypes and on 

genotypes, and my w'ife has suggested that, so far as possible, a different term inology  

should be used in the four fields. I shall therefore use Sim pson’s (1953 ) term inology  

for phenotype selection. Selection which alters the m ean of any ch a ra cte r between  

S  and P  he called linear. (I should prefer a word w hich expressed his m eaning m ore 

clearly). If  it reduces the variance of a ch aracter, weeding out extrem es, he called  
centripetal. I f  it increases the variance he called it centrifugal. C entripetal selection is 

very com m on, (cf. H aldan e, 1953). It is often to some extent also linear. K arn  and  

Penrose (1951) found th at the m ean hum an birth weight was ab ou t 1%  higher in 

children who survived the hazards of birth and of the first m onth of life than in the 

population originally at risk, while the variance was reduced by about l 0 ° o. C en tri­
fugal selection is m uch rarer. It occurs, how ever, when any polym orphism  is being 

established. If, for exam ple, black moths are  rare in a population, and owing to 
selection there are m ore blacks in P  than in S, the variance of any index of colour or 

brightness is increased, so selection is centrifugal as well as linear.
G enotypic selection requires little special term inology. W e must, how ever, dis­

tinguish between selection which alters gene frequencies and that which does not. I 
call the form er effective, and the latter ineffective, even though is often strong. Selection  

based on heterosis, th at is to say favouring heterozygotes for a pair of allelom orphic genes 
or chrom osom al arrangem ents, m ay be effective for a while, but leads to a stable equili­
brium  where it is ineffective, even if, as in structurally heterozygous Drosophila species, 
it is very intense. Selection based on negative heterosis is always effective, since one 
allel or the other is elim inated. I t  is perhaps legitim ate to describe selection against 
m utants as ineffective when it just balances m utation.

F o r the phenotypic evolutionary effects of selection we m ay use the term inology of 
M ath er (1953) and W addington (1 9 5 3 ). If  the m ean of §  differs from th at of S  and 
we think this is not due to environm ental change, we m ay speak of directional evolution. 
I f  the variance of £  is reduced, because there are fewer m em bers of genotypes whose 
m ean differs widely from the population m ean, we speak of normalizing evolution. I f  it 
is reduced because genotypes w hich vary greatly in different environm ents are  

elim inated, we speak of stabilizing evolution. If  it is increased, for w hatever reason, 
we speak of disruptive evolution. I am  not quite happy ab ou t this w ord, for the establish­
m ent of a stable polym orphism  is not, in my opinion, a disruption, though it m av  
sometimes precede one. It must also be rem em bered th at, as T h od ay  (1953 ) has 
pointed out, evolution which stabilizes one ch aracter necessarily destabilizes another.
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T o  attain  uniform ity in different environm ents organisms must react differently. I f  
some hum an genotypes have a  stabler tem perature in a variety of environm ents than  

do others, it m ay be because their sweating is m ore increased by high tem peratures and  

therefore m ore variable in a range of clim ates.
Finally, we have to consider genotypic evolution. And here the essential is very  

simple. E ither gene frequencies change, or they do not. Changes in relative  

frequencies of genotypes without change of gene frequency are of little im portance. T h e  
unit process of evolution is the substitution of a Batesonian factor.

I have used the word evolution for the difference between S and O f course a 
m ajor evolutionary change is the resultant of millions of such differences. But it is the 
resultant of nothing else. I think that w hat W addington calls norm alizing selection is 
better called norm alizing evolution. T h e weeding out of phenotypicallv extrem e  
genotypes, for exam ple homozygotes at a locus, can be wholly ineffective. I f  so it does 
not norm alize.

I do not wish my terminology to be adopted without full discussion. I can  only 
hope to contribute to the terminology which will be adopted ten years hence, and  
perhaps be useful for another thirty years, after which it m ay becom e a m enace to 

original thinking.
W ithout a knowledge of genetics we can  never say that selection will be effective. Thus  

in all plant species the num ber of seeds produced is very variable, as Salisbury (1943)  
has shown. T h ere must always be linear selection in favour of the plants producing  
most seeds. But the main cause of high seed production is a favourable environm ent. 
And evolution is probably as often directional towards the production of fewer seeds as 
towards the production of more. Further, selection is usually centripetal. Extrem es  
for most characters are generally eliminated. But it m ay be ineffective for three  
reasons. M ost of the variation m ay be due to the environm ent, as in a pure line or a 
clonal population. O r selection m ay favour heterozygotes or m erely elim inate m utants. 
If  so an equilibrium is reached, and evolution is neither stabilizing nor norm alizing. 
W e can, however, say with confidence that in all species selection against most m utants 
is occurring. If  there were no selection against them  the m utations would produce  
disruptive evolution. T he selection against them  is always centripetal and m ay be 
linear.

N atural selection, then, m ay or may not change gene frequencies. But nothing else 
can do so anything like as fast. Chance effects m ay be im portant in small populations, 
but will rarely m atter to a whole species, though they m ay be im portant when one or 
two individuals cross a geographical barrier such as the sea between a continent and an 
island, and m ay found a new species. And they m ay allow for the sim ultaneous 
establishment of several factors which are harmful singly, but adaptive in com bination. 
M utation is at best slow, and could not usually overcom e a selective disadvantage of  
one in ten thousand.

W e are left, I think, with no alternative but to believe th at natural selection has been 
the main evolutionary agency, and also with surprisingly little evidence for effective 
selection. Fortunately we have such evidence, particularly as to effective selection of

3
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insects for resistance to insecticides, and for cryp tic coloration where hum an industrialism  

has changed the colour of a landscape. But in m an , the best observed species, the 
observed selection is usually if not alw ays a t least largely ineffective, preserving an  
existing equilibrium  either by the elim ination of m utants or by favouring m ed iocrity , 
w hether in intelligence, stature, or blood pressure.

I f  natural selection is effective, one can  calcu late  the rate of change of gene frequencies. 
If  an autosom al gene A is being favoured by selection, and the relative fitnesses and  

frequencies of the three genotypes are :—

Fitness

Frequ en cy

AA Aa aa
- r K 1 1 l 1 —k
u- l 2 m 1 ,

then if K  and k are  positive, the num ber of generations n. needed to change the ratio  u 
from u0 to u„ is

n  —  h '~ ltn
k -f  A m„ -A - 1 In

h‘ ~rkun~l
K  -rk u 0- 1 )

nearly, provided K  and k are sm all.*
If  is very small and un very large, say 10-4  and 101, w hich are frequencies such as 

would be kept in being by m utation, this becomes

« =  A* '1 In uH- k ~ l In u0 + { h ~ l - k - 1) /w(A'jfc_1)

nearly, which if un = u 0~x =  101, is about 9 .2  (AT- 1  -j-Ar1), or about 500 0  generations if 
K  and k are each .001 . If, however, K  or k is zero, th at is say a or A is fully recessive, 
the time needed is very m uch longer, even if there is some inbreeding. 50 0 0  generations  
is a short tim e on a  geological scale.

H ow ever, an oth er consideration limits the rate a t which n atural selection can  a c t  
(H aldan e, 1957). Consider K ettlew ell’s (1956 ) d ata  on the spread by n atu ral selection  
of the dom inant gene for m elanism  in Bistort betularia. O n releasing equal num bers of 
dark and light m oths in a sm oke-polluted wood in the m orning, and trapping on the 
following night, he found about two dark moths to each light one. This was due to 
predation of the conspicuous light form by birds. T h e  reproductive cap acity  of the  
light moths was reduced to about a half of w hat it would have been in an unpolluted  
w ood. This m ust have happened about 1800 A .D ., in a few areas w here the m elanics  
w ere then very rare . So effectively the reproductive cap acity  of the species was halved. 
T h e species did not becom e extinct. But if selection of the sam e intensity had been  
going on for nine other genes it would certainly have done so, for only one m oth  in a  
thousand would have survived for a day.

I f  selection is by death (or relative sterility which com es to the sam e thing) we can  

calcu late  the total num ber of deaths needed to replace one gene by an oth er, or to  
change the species by one Batesonian factor, or, to use his earlier phrase, one dis­
continuity (H aldan e, 1957). This is independent of the intensity of selection when  
this is small, and is about equal to the population num ber multiplied by In p  and by a

* In means natural logarithm, or decimal logarithm multiplied by 2.3.
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further factor varying from about 1 to 10  or so with the am ount of dom inance and  
inbreeding, where p  is the factor by which the frequency of the originally rare gene is 
increased. If  this is 1 0 ’ as in the exam ple given, the num ber of deaths is about 10  to 
10 0  times the population num ber. I suggest 30 as a fair average. I repeat that ab ou t 
as many deaths are needed to establish, by Darwinian selection, a factor with very slight 

selective value or phenotypic effect, such as the difference between the AL and A> 
agglutinogens in m an, as a factor with a striking effect and high selective value, such as 
the difference between winged and apterous forms in an insect. T h e deaths are spread  
over more generations, but their num ber is, in fact, slightly larger. T h e factor is the  

unit of evolution by natural selection.
If  selection were such as to reduce the mean reproductive value of the population  

1 0 %  below that of the fittest genotypes, this would mean that an evolving species could  
incorporate, on the average, about one new factor in every 300 generations. This  
figure is, of course, a guess a t the rate of evolution. But such a rate as one factor in 
thirty generations would only be likely when conditions were changing very rapidly  
(as of course, they arc  a t present through hum an interference with nature) or when an  
organism  had recently colonised a new environm ent. In both these cases the original 
type would be in fairly serious danger of extinction.

T he next step in an account of natural selection would perhaps be a guess a t the 
num ber of factors by which two fairly closely related species differ. This num ber is 
probably not very different from the num ber by which each of them differs from their 
latest com m on ancestor, perhaps in the Pliocene. I have guessed that this num ber m ay  
be of the order of a thousand for two closely related m am m alian species. This would 
accord  well with the time, of the order of half a million years, which seems to be needed  
to form such a species. I suspect the num ber m ay be less in higher plants. Even so, 
Blake (1793) was nearly correct in his statem ent that “ T o  create a little flower is the 
labour of ages” , though he should perhaps have added “ except by allopolyploidy” .

I think that by the year 2050  or so we m ay be able to estim ate these num bers, and  
I wish to suggest how it m ay be done. T h ere is a strong suggestion that some proteins 
in living cells are very’ closely causally related to genes, that is to say that a change in 
the gene will cause a change in the protein without changes in m ore than a few in ter­
m ediate molecules a t the most, even if ribonucleic acid  always acts as such an in ter­
m ediate. W hether other large molecules such as antigenic polysaccharides are equally  
close to genes, or w hether the genes control their synthesis by making special enzymes 
we do not yet know. T he latter hypothesis seems to me a little m ore likely.

W e know that some factors, or gene substitutions, produce quite small changes in 
protein molecules, even when they alter their properties a great deal. T hus, In gram  
finds that norm al haemoglobin and the insoluble haem oglobin of sickle cell anaem ia  
only differ in one of the thirty peptides into which he can  break both up with trypsin. 
T he difference m ay be of a single am ino-acid*. T h e work of H arris, Sanger, and  
N aught (1956) gives us an idea of what we m ay expect. Insulin is a fairly simple

* Since the lecture was delivered, Ingram (1957) has confirmed this guess.
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protein consisting of 48  am ino-acid  residues. T h e  hom ologous insulins from five 
m am m alian  species have been com pletely characterised . Those of the pig and whale 
(species not stated) are identical. T h e others differ from them  in respect of one or m ore  
o f three ad jacen t am ino-acid  residues. In one threonine is an alternative to alanine, 
in the second serine to glycine, in the third isoleucine to valine. A t this level the factor, 
or difference between two residues, is a carbon atom  either with two hydrogens, or 

with two hydrogens and an oxygen. If, as is a t least possible, they are form ed by 
different but very sim ilar genes, the chem ical differences between these genes m ay also 

consist of a few atom s.
I suggest th at about the year 20 0 0  biochem istry and genetics m ay have progressed  

so far as to make the following program m e possible. T w o species will be chosen  
sufficiently close to give fertile hybrids, but yet undoubtedly differing accord in g to the 

usual criteria . All the proteins, and perhaps other large molecules, of each will be 

isolated and exam ined in detail. Some will be found to be identical while others differ. 
T h e genetics of these differences will be determ ined bv sim ilar exam inations of the 

F x, F i , and back-crosses. W e shall then know at least most of the factors by w hich  
these species differ, and at least roughly w hat effects they have on the chem ical m akeup  

of the species. I suggest that a  hundred or so workers could carry  out such a p ro­
gram m e in thirty years. W h ether such a program m e will be carried  out depends on 
the interests of future generations. I can  at least im agine a society, perhaps in A frica, 
sufficiently interested in biology as such to carry  it through. It would be as interesting  
to bet on the results of such an investigation as on those of the investigation of the 

relative speeds attain ed  by the m em bers of a group of perissodactyls.
Bateson would, I am  sure, have endorsed Blake’s (1820) statem ent “ F o r A rt and  

Science cann ot exist but in m inutely organized P articu lars, And not in generalizing  
D em onstrations of the R ation al Pow er” . Some of Bateson’s adversaries, such as K arl  
Pearson, held the opposite view, and Bateson was a little too sceptical ab ou t generalizing  
dem onstrations for my own taste. His references to Blake in letters, by the w ay, are  
enough to show th at he would not have objected to a citation  of his opinions on scientific 
m ethod. Bateson’s (1 8 9 4 , p. 17) own form ulation concerning the processes of evolution  
was as follows :— “ W e know m uch of w hat these processes may be; the deductive m ethod  
has been tried, with w hat success we know. I t  is time now to try if these things can n ot 
be seen as they are, and this is w hat variation  m ay show us” .

I doubt w hether, even a hundred years hence, we shall be in a  position to describe all 
the factors by which two species differ in exact biochem ical term s as differences between  
gigantic molecules of desoxyribonucleic acid . But some of them , a t least, should be so 
describable. And the m ere discovery of how m any factors there are, and how they are  

related to the factors which differentiate the m em bers of a species from one an oth er, will 
tell us a very great deal about the detail of evolution.

I believe, then, that a precise and com plete answer to the m ain problem  with w hich  
Bateson was concerned can be given, and I hope will be given at least in some cases. I t  
can  be precise and com plete because a gam ete contains a finite num ber of atom s, of 
which only a fraction are arranged in self-replicating patterns. Such an answer would
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not necessarily imply that an account of life had been given in chem ical term s. I f  I 
can state the precise differences between two texts of the same poem  I have not described  
the poem com pletely, much less elucidated its full m eaning. But I m ay have elucidated  

the history of its transmission.
But supposing this problem had been solved, we should be a very long way from  

having solved the problem  of evolution. O ne cannot see all the questions which  
posterity will ask. But already wc can ask two kinds of question. W h at advantage, 
if any, did this factor confer ? And why did this factor arise; or if you prefer a different 
phrasing, why did this gene change in this particular w ay ? I shall try to show that 
these questions are not quite separate.

In Bateson’s day Darwinism , as generally taught, showed signs of degenerating into 
Paleyism or Panglossism. Darwin (1878 , p. 428) himself was not quite guiltless. 
‘ 'A nd as natural selection works solely by and for the good of each being, all corporeal 
and mental endowments will tend to progress towards perfection” , he w rote in the 
penultim ate paragraph of the O rigin. Bateson was by no means convinced that all 
was for the best in the best of all possible worlds.

I will mention one piece of recent work which supports Bateson’s scepticism as to the 
efficiency of natural selection. Sakai (1957) studied the com petition between two 
varieties of rice, Red and U pland. T h e former is a weed, the latter an agricultural 
variety. A pure crop of U pland gives a m uch higher yield, by several different criteria, 
than one of Red. But Red is highly com petitive. A Red plant lowers the yield of 
its neighbours, whether they are U pland or R ed, but if surrounded by U pland, gives 
a higher yield than U pland in pure stand. It follows from Sakai’s d ata  that if we had  
a m ixed crop and selected the highest yielding plants, we would usually select R ed , and  
the end result of the selection would be a crop with a lower yield than that of the original 
mixed crop, or of pure U pland. T he same result would occur if n atu ral selection were 
based on the yields. I do not think that results of this kind are likely to be so com m on  
in com petition within a species as in com petition between species, but they can and do 
occur. T h e ecology of com petition should be an im portant subject of genetical research  
in the future.

T h e second question is, I think, m ore fundam ental. D arwin (1878 , p. 125) quoted, 
though without reference, W alsh’s (1863) "L a w  of equable variability” . V avilov and  
others have shown in m ore detail that com parable variations occur in related species. 
It was thought that, at least when their genetical determ ination was sim ilar, they were 
usually due to m utations at homologous loci. H arland played the m ain p art in dis­
proving this unduly simple hypothesis, which is nevertheless, I think, fairly often true. 
Homologous organs m ay however depend on genes a t different loci in closely related  
species. Spurway (1949) discussed this question in some detail. She pointed out th at 
though m utations with similar phenotypic effects m ay, and often do, occur in related  
species, they m ay be rare or absent in one such species, and com m on in another. T h e  
simplest explanation of this fact is that the disturbance of a p articu lar developm ental 
process is m ore or less harmless in one species, but lethal or sublethal in another closely 
related one. Thus in Drosophila subobscura three recessives on different chrom osom es
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give white bristles between the om m atidia, usually with some slowing down of larval 
developm ent. In the very sim ilar species Drosophila pseudoobscura no such m utation  

has been reported. Perhaps the interruption of this p articu lar developm ental process 

slows down developm ent in Drosophila pseudoobscura so m uch as to be effectivelv lethal. 
If  so one species but not the other has the possibility of evolving a form with bristles of 

this type. Again although millions of mice have been observed, no recessive yellows 

have been found (if we discount an ancient acco u n t by H agedoorn) like those w hich  
are well known in guineapigs, rabbits, dogs, and so on. T h e  dom inant yellow is lethal 
when homozygous and gravely upsets m etabolism  even in heterozygotes. It seems 

possible th at the locus which gives yellow m utants in the guineapig and Rattus rattus also 

m utates in m ice but gives lethal recessives.
I f  an organism  w ere com pletely integrated developm entally in one sense of that very  

vague w ord, any m utation would be grossly harm ful or even lethal. I t  is not in the 

least obvious why, for exam ple, two genes a t different loci which block the developm ent 
of yellow pigm ent in mouse hairs also block the reabsorption of bone by osteoclasts. I f  
developm ent w ere m ore integrated, such cases would be com m oner. In tetrap od  verte­
brates polydactyly is a com m on variation . But only once, in the ichthyosaurs, has it 
been used in evolution, though one m ight exp ect to find it in other swimming groups. 
I t  is presum ably harm ful, perhaps because, for the reason given later, it is very hard  to 

stabilize phenotypically. Digits and even entire limbs, can , on the other hand, be lost. 
Sim ilarly the num ber of limbs in insect imagines is extrem ely constant, though Drosophila 
m utants with extra  legs are known, and in m y lab oratory M rs. T re n t has recently found 
one which occasionally has only four, though such anim als have not yet lived to 
breed.

I t  seems th at in the course of evolution capacities for further evolution are constantly  
being lost. But they m ay be gained. F o r exam ple the birds have a  rem ark able  
cap acity  for the evolution of com bs, ceres, w attles, and such-like structures, the  
O rch id aceae for fantastic changes in floral m orphology. I need not here rep eat 
other exam ples w hich Spurw ay gave, nor her suggestions for research  on this 
problem .

T h e vast m ajority of m am m alian species have seven cervical vertebrae. Som e sloth  
species have m ore or less than seven, and w hat is m ore, as Bateson (1894 ) pointed out, 
the num ber can  vary within such a  species. H ere it would seem likely th at the cap acity  
for variation  has been gained in evolution. I t  is unfortunate th at the giraffe and cam el, 
for exam ple, did not possess this capacity .

T h e cap acity  for genetic variation o f which I have spoken is very sim ilar to w h at 
T h od ay (1953) m eant by genetic flexibility. I have not previously used this phrase  
because I am  not sure th at he and I are discussing quite the sam e fact. A nd a  species 

m ay be very flexible as regards one group of variations, and very inflexible as regards  
another, so one must be careful of stating th at one species is m ore genetically flexible 
than another.

U ntil com parative genetics have been studied from this point of view, genetics will 
be able to m ake very little contribution to the understanding of the b road  outlines o f

The theory o f evolution, before and after Bateson

36



23
evolution. T h e fossil record, like the hum an historical record , appears a t first sight 
as a story of missed opportunities. I think this ap pearance is probably deceptive in 
both cases. W e can probably see why the ancient Greeks could not develop a pan- 
Hellenic federal governm ent, or the ancient Rom ans a d em ocratic system for their 
em pire, if it is less obvious why the Chinese did not develop science from their m agni­
ficent technology. W e cannot yet see why the bipedal Dinosaurs failed to develop  
brains which would have made their hands as useful as our own or even those of a 
monkey, while the Synapsids did so after a hundred million years of eclipse and another 
hundred million of progressive evolution. W e cannot guess why a num ber of groups 
in at least three different anim al phyla, and a very few dioecious plants, have inde­
pendently evolved morphologically differentiated sex chrom osom es, while other groups 
have not. O ne can  point to the advantages of this system of sex determ ination, and  
one can guess with some plausibility as to how it was evolved. But if the advantages  
arc  as great as has been suggested, and the evolutionary steps as simple, why is it absent, 
for exam ple, in fish and in most N em atocera ?

M y own guess is that in a few thousand years our successors m ay know enough  
genetics to be able to say that many of the m ajor features of evolution were due to the 
fact that some groups kept possibilities open which others did not. This is fairly obvious 
at the m orphological level. Tortoises and snakes have obviously fewer evolutionary  
possibilities than the less specialized reptilian groups, horses and whales than the less 
specialized m am m alian groups. Sexuality seems to be an advantage because it allows 
for greater possibility of variation, and perhaps for no other reason. But even so I have  
no idea why in the vertebrates and arthropods self-sterile herm aphrodites are  wholly 
exceptional, whereas they are the rule in the higher plants and some m olluscan groups.

W e have got to ask, at a higher level, the questions which Bateson asked in “ M aterials  
for the study of variation” . W e cannot even frame our questions correctly  as yet. 
T h e suggestion which I have m ade here that the possibilities of genetically determ ined  
variation, and of evolution based on it, are m uch wider in some groups than in others, 
m ay turn out to be false. It is conceivable, say, that a single m utation perhaps with  
little effect by itself, could unlock the developmental processes in a lily flower, and m ake 
it as plastic under further m utations as an orchid. It is quite characteristic of genetics 
th at the study of a single individual and its progeny m ay open up entirely new prospects. 
I think particularly of Bridges’ X  X  Y  Drosophila females which he used to prove the 
chrom osom e theory of heredity.

One a t least, of the questions which Bateson (1894 , p. 27) put in the introduction to 
“ M aterials for the study of variation” has been definitely answered. “ T h e question”  
he w rote “ which the Study of V ariation  m ay be expected to answer, relates to the origin  
of that Discontinuity of which species is the objective expression. Such D iscontinuity  
is not in the environm ent; m ay it not, then, be in the living thing itself” . Thanks to 
the work of Bateson and others, we can now answer this question, a t least in p art. 
T h ere are two reasons (and perhaps more than two) for this discontinuity between  
species and varieties. Living things are m ade up of small and large molecules. M an y  
of the small ones are com m on to all living things, others to most of them . But the large
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ones, such as proteins and polysaccharides, are ch aracteristic  of species or of genotypes  
within a species, though some m ay be found in several, or even m any, different species. 
And their form ation is controlled by large molecules or sections of large m olecules, 
w hich we call genes. These are built up from the ubiquitous types of small m olecule, 
and can onlv vary discontinuouslv. M any of the discontinuities observed bv naturalists

4 4 4 • *  «

depend on discontinuities in the possible patterns of genes. VVe do not vet know why 
the num ber of these possible patterns is restricted, as it is; why, for exam ple, nucleic 
acids do not appear to include xanthine residues. But even if they did, the atom ic  

structure of m atter forbids continuous variation at the genic level. Bateson’s question  

has therefore been answered in principle.
T h ere is, however, a second answer, which often applies to m eristic variation . W hen  

the num ber of like parts, for exam ple, teeth, vertebrae or petals, can vary, it is usual 
to find a whole num ber of such parts and unusual to find a m iniature or incom plete  
m em ber of the m eristic series. Bateson (1 8 9 4 , pp. 2 7 0 -2 7 2 ) discussed the problem  of  
“ T h e least size of p articu lar teeth” , but cam e to no very firm conclusion, though he 
foreshadowed the conclusion of Gri'ineberg. G runeberg (1952) has studied this pheno­
m enon in the third upper molars of a p articu lar pure line of m ice. These teeth arc  
sometimes missing. But when they are present they are variable in size and can  be 
decidedly sm aller than the norm al, though in no way rudim entary or incom plete. He 

concluded that the m ean size of the tooth rudim ent in this line was small and som e­
w hat variable. W hen, a t a certain  critical stage, the rudim ent fell below a threshold, 
it regressed or did not develop further. Sim ilarly we m ay suppose th at when a rudim ent 
is too large a t a critical stage of developm ent it m ay divide into two or even m ore parts, 
giving an extra  limb, for exam ple.

T h e physical principle a t  work m ay in some cases be surface tension, though this 
theory has been heavily criticized. T h e m echanism  m ay often be that propounded by 
T u rin g (1 9 5 2 ). H ow ever th at m ay be, the formal physical principles, and therefore  
the m ath em atical analvsis, of the form ation of vertebrae in a  tail m av be not unlike 
th at of drops in a liquid filam ent, even if the forces concerned are of quite a  different 
n atu re. T h ere  m ay be yet other physical causes of discontinuity, but they are to be 
looked for, I think, in the m inute particulars of the chem istry and physics of living 
m atter. T his was, I think, Bateson’s view. H e took the com parison of a zeb ra ’s 
m arkings with ripple m arks quite seriously.

F ro m  a broad philosophical point of view these two causes of discontinuity are  not 
different. M atter consists of atonic not because electrons and atom ic nuclei are the only 
possible forms into which it can aggregate, but because the other forms, such as mesons, 
are unstable and short-lived. T h e forces which hold an atom ic nucleus together or 
disrupt it are like enough to those operative in a drop of w ater to allow argum ent from  
the latter to the form er. So, I suggest, are those operative in a tooth or petal rudim ent.

I t  is interesting th at these two causes of discontinuity are  independent. Genes 

producing m eristic variation  are not usually constant in penetrance and expression. 
This is so for exam ple for most genes causing polydactyly and ectrod actyly . A nd it 
is to be expected. M andeville’s (1950) gene for absence of upper lateral incisors in
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m an m ay reduce their size or cause their disappearance. Presum ably the norm al 
genotype produces a rudim ent which hardh ever disappears or splits, and gives a tooth  
of a fairly uniform size. M andeville’s gene, in heterozygotes, gives a rudim ent near 
the critical size, which m ay either disappear or give a small though not always obviously 
abnorm al tooth. If, to take a possible cause, as the result of the form ation of an 
abnorm al protein, the average time between cell divisions in the rudim ent is increased  
by five per cent, it is not to be expected that this will just be enough to bring down the 
size of the rudim ent in question below its critical level in all cases, without any effect 
on the neighbouring teeth. T h e evolution of a hum an species, all of w hom  lacked this 
p articu lar tooth and nothing else, would presumably require a  p articu lar com bination  
of factors, M eristic variation is seldom strictly M endelian just because these two 
different causes of discontinuity are operating. Bateson’s (1894) generalizations about 
sym m etry in meristic variation are a contribution to biology which is independent of  
his genetical work, and deserves further study and development.

T o  sum up, a few of Bateson’s questions about evolution have been answered in some 
detail. T h e general question of the efficacy of natural selection has, I believe, been 
answered, though my answer involves more m athem atics than Bateson would have liked, 
if less than K arl Pearson would have liked. But we can now begin to form ulate further 
questions. Some of these questions can be answered on the biochem ical level. F o r  
exam ple to the question “ W hy are most desert beetles black, instead of being cryptically  
coloured ?”  K alm us (1941) after a study of Drosophila m utants, answered that the 
blackening process is a tanning of the cuticular proteins which prevents the beetles from  
losing w ater through their cuticles. It m ay be that our successors will be able to give 
equally satisfactory answers at this level to questions which still elude us, such as “ W hy  
was there a trend to reduce the formation of cartilage bones in the evolution of the 
Stegocephalia ? ” , or “ W hy are the m orphological characters of the Solanaceae  
correlated with low resistance to virus infections ?”

H ow ever, as I have said, the explanation of the m ajor features of evolution will be 
m uch m ore com plicated, even if, as I think it will, it involves a great deal of biochem istry. 
It will also involve palaeogeography and palaeoclim atology. It is difficult to think 
that the em ergence of our ancestors from the w ater in the Devonian was unrelated to 
the frequency of lagoons in that period, if in fact they were as frequent as is com m only  
stated. On the other hand it is not yet possible to correlate the extinction of the 
dinosaurs in the upper Cretaceous with any geological events. As we begin to learn  
about the genetics and evolution of behaviour we shall begin to ask meaningful questions 
on the psychological level as well as on the m orphological and physiological levels. 
And these questions will be as im portant to botanists as to zoologists. T h e flowering 
plants are , on the whole, symbiotic with insects, especially H ym enoptera and  
Lepidoptera, and with m am m als and birds. T he insects m ainly assist them in pollina­
tion, the m am m als and birds in seed dispersal. It is, therefore, advantageous to plants 
to produce brightly coloured and characteristically smelling flowers and fruits, parts  
of which can be eaten or drunk. T he origin of these structures however depended on 
the possibility of simultaneous m orphological and biochem ical evolution in plants, and  
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psychological evolution in anim als. W ere the Carboniferous insects incapable o f  
developing an instinct to visit the sam e kind of flower, and the Ju rassic  dinosaurs in cap ­
able of developing an instinct to pluck sweet fruits ? O r did the limited variability  of 

plants lim it the possibility of such evolution ? W e m av have to ask questions on still 
higher levels. But there is little chan ce of asking them correctly , let alone of answering  

them , before we have answ'cred some of the sim pler ones.
No doubt in a few thousand years, when all the questions which have yet been put 

have either been answered or shown to be meaningless, the theory o f evolution will be 
as unlike D arw in’s form ulation of it as relativistic q uantum  m echanics are unlike the 

m echanics of G alileo and N ewton. Bateson’s discontinuities in evolution m ay be 
capable of description in other term s, as N ew tonian particles can  be described as wave 

packets. But I think that Bateson’s fundam ental notion of discontinuity in the evolu­
tionary process, which he enunciated seven years before the rediscovery of M endel’s 

work, will rem ain, though doubtless with some m odifications, a com ponent of any  
theory of evolution.

I wish that tim e had been given me to describe Bateson as I knew him from 1919 till 
his death. H e could be described as an angry and obstinate old m an. But his anger 
was largely reserved for in accu racy  and loose thinking, and for certain  types of injustice. 
His obstinacy m ade it difficult to convince him of the truth  of theories which had  
previously been asserted w ithout adequate evidence and were now being substantiated. 
C orrens (1902)  in a brilliant guess embodied in a diagram  w ithout adequate exp lan a­
tion, had put forw ard the theory of the linear arran gem en t of genes on chrom osom es. 
Bateson, quite rightly, had not accep ted  the hypothesis. W hen Bridges and S tu rtev an t 
proved it, he was hard. to .con vin ce, though he was finally convinced of the fact that 
genes were associated with chrom osom es. O n the other hand he instantly accep ted  
new generalisations provided they were statem ents of fact not involving th eoretical 
superstructures. T h us, he was, I think, the first person to believe my own generalisation  
about sex ratio  and unisexual sterility in hybrid anim als, though not, o f course, the  
rath er incoherent explanation  of it which I gave. H e then displayed a ch aracteristic  
com bination of anger a t m y ignorance with great generosity in helping m e w ith his 
immense knowledge o f the by-ways of entom ological literatu re. T o  m e, a t least, he 
showed no signs w hatever of a senile failure of original thought. O n the con trary  his 
last posthumously published paper on the genetics of bolting in root crops initiated a  
line of research  w hich was later developed by W addington in his studies on genetic  
assim ilation.

I t  would be stupid to suggest that all geneticists should model themselves on Bateson. 
Edw ard  L e a r ’s autobiographical line “ His mind is concrete and fastidious”  applies very  
well to him . This m ade him, I think, unduly suspicious of generalizations. B u t it 
gave him an eye for detail such as perhaps only Calvin B. Bridges am ong his con ­
tem p orary  geneticists possessed. Genetics need workers of very different tem peram ents. 
B u t we could all benefit from  im itating Bateson’s good points, and above all his respect 
for facts, although they told, and even because they told, against the theories which he 
had adopted.
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(Reprinted from Nature, Vol. 183, pp. 710- 713 , March 14,  1959)

THE THEORY OF NATURAL 
SELECTION TO-DAY*

By Prof. J. B. S. HALDANE, F.R.S.
Indian S tatist ica l In st itu te ,  C a lc u t t a

E constantly hear that Linnaeus is out-of-date,
that his ideas are a danger to clear thinking, 

and so on. Why, then, do we not relegate them to a 
place in the history of science, like those of his 
contemporary Scheele on phlogiston ? The answer is 
quite clear. Whatever we may think of Linnaeus’s 
theories, we continue to use his methods. In science, 
methods are much more important than theories, 
because a theory is an attempt to describe reality in 
terms of symbols made by the human vocal apparatus 
or on paper. I f  we think that the properties even of 
an electron are inexhaustible, theories can never be 
adequate. But a method, that is to say, a way of 
dealing with reality, may be adequate for the purpose 
for which it was designed, even if it is based on a 
false theory. The transition from a fluid to a particle 
theory of electric conduction in metals, and the 
partial return to a degenerate gas theory, had no 
effect on the design of galvanometers.

Linnaeus invented the method of describing every 
animal or plant in terms of two, and only two, words. 
A group sharing the same two names is called a 
species. A group sharing the first only is called a 
genus. Genera are grouped together in higher 
categories, such as families, orders, classes and, more 
recently, phyla.

It is worth comparing this with some other methods 
of classification. To identify a particular star we 
give its right ascension and declination. In order to 
group stars which are judged to be similar, we use 
another two-dimensional classification. One co­
ordinate is the surface temperature or a character 
highly correlated with it, such as the spectral type 
or colour. The other is the absolute luminosity. We 
then find that stars which agree in both these respects 
usually agree in others, for example, their period if 
they pulsate, their probable age, and so on. Linnaeus 
tried such a two-dimensional classification of flowering 
plants, and it was one of his least-valuable contribu­
tions to biology.

The Linnaean system of classification is much more 
valuable in the tropics than in temperate or arctic

• S u b s ta n c e  o f  th e  p re s id e n t ia l a d d re ss  d e l iv e re d  a t  th e  C e n te n a r y  
a n d  B ic e n t e n a r y  C o n g re ss , U n iv e r s i t y  o f  M a la y a ,  S in g a p o re , o n  
D e c e m b e r  2, 1958. (S e e  a lso  p. 723.)
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climes, for the simple reason that there are many- 
more different species of animals and plants. Lin- 
rnxus’s flora of Lapland was probably fairly complete. 
I am sure that nobody supposes that we have yet a 
complete list even of the flowering plants, let alone 
the ferns, mosses and liverworts, of Malaya. So it is 
no reproach to tropical biologists that they are still 
at the Linnaean stage when those of temperate 
climates have gone beyond Linnaeus. One might as 
well reproach students of proteins because they 
cannot yet describe the structure of proteins with 
the accuracy possible for sodium chloride. I t  is 
therefore entirely fitting that we should be com­
memorating Linnaeus on the equator.

I f  Linnaeus’s method of assigning every living 
organism to a species is so useful, why do we attack 
his species concept ? The species concept, like the 
concept of a molecule, is not always true ; but even 
where not true, both can be useful. Sodium chloride 
does not exist as molecules either in crystals or in 
solution. But it is convenient to use the same 
terminology to describe sodium chloride and carbon 
tetrachloride, though the latter is a true moleoule. 
Similarly, we can describe a silicate the anion of 
which is a lattice of indefinite extent in terms appro­
priate to a small molecule. By the end of this century 
I expect that our chemical vocabulary will be brought 
up to date. I do not think the Linnaean terminology 
will be abandoned for several centuries.

The Linnaean species concept often breaks down 
when we extend our studies over a large enough 
space. Classical cases are the circum-Tibetan dis­
tribution of Parus  and the circumpolar distribution 
of Larus. Here differences, which are at best sub- 
specific, add up to a specific difference. The 
principal postulate of evolutionary theory is that all, 
or almost all, specific differences disappear if we 
trace the ancestry of two species far enough back. 
Thus, the horse and ass are behaved to be descended 
from one ancestral species in the Pliocene, the horse 
and any bird from a common ancestral species in the 
Carboniferous. Finally, recent work on the transfer 
of substances (perhaps always deoxyribonucleic acid) 
responsible for hereditary differences, between bac­
teria not only of the same but also of different species, 
suggests that the species concept is only roughly 
applicable to bacteria.

But most biologists, and particularly experimental 
biologists, are dealing with organisms living in the 
present and obtained in a particular locality. The 
determination of their Linnaean species is a pre­
requisite to description of other observations. I t  
may be said that the Linnaean system is merely a 
convenience of human communication. This is
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perhaps true, but it raises the question whether any 
scientific theory, or for that matter any philosophical 
theory, is anything more than such a convenience.

It is not a trivial fact that Linnaeus worked on the 
periphery of the area where science was studied in 
his time. This meant that rather few of the plants 
and animals of his native country had been described 
either by the scientists of the ancient Mediterranean 
culture such as Aristotle and Theophrastus, or by 
such men as Aldrovandus and Gessner. Two cen­
turies earlier, when Britain was similarly peripheral, 
Turner had realized that the plants and animals of 
his country required special study and special names.

It is not trivial that Darwin and Wallace were 
stimulated to formulate the theory of evolution as 
they did by observing the plants and animals of 
countries very distant from their own. A four-year 
voyage around the world gave Darwin enough facts 
inexplicable without a theory of evolution to last 
him a life-time, but in his case the theory germinated 
slowly. Wallace had spent much longer in the tropics, 
and produced a theory equivalent to Darwin’s in a 
shorter time. It is not impossible that some resident 
in a scientifically peripheral area such as Singapore 
or Calcutta may to-day be making observations 
which will form the basis of an advance in biology 
comparable to those made by Linnaeus two centuries 
ago, and by Darwin and Wallace a hundred years 
since. I shall later suggest reason to hope that 
Calcutta may be the locus of such a discovery.

Darwin and Wallace not only championed the 
notion of evolution, but also produced a coherent 
theory as to how it had occurred. To-day almost 
all biologists believe in evolution, that is to say, 
they believe that the plants and animals alive to-day, 
including men, are descended from ancestors very 
unlike themselves, and that many very different 
living forms are descended from one ancestral species. 
However, by no means all living biologists believe 
that the main agency of evolution has been natural 
selection. Indeed, Wallace in his old age concluded 
that a decisive step in the evolution of man could 
not be so explained.

Darwin thought that evolution occurred by imper­
ceptibly small steps. To-day we know that some of 
the steps have been fairly abrupt ; and this is the 
main modification to which the account of evolution 
given a century ago must be subjected. These steps 
are of three main kinds. Mendel showed that on 
crossing races of peas certain characters showed no 
blending. Even when a character disappeared in the 
first generation it might reappear in a fraction of 
the next. We know that some evolutionary steps 
are due to the selection of characters inherited
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acoording to Mendel’s law. About seventy species of 
British Lepidoptera have evolved black varieties 
since the industrial revolution, and some have almost 
completely replaced the original light form in the 
smokiest areas. In the best-studied case, Biaton 
betularia, the dark form differs from the light by a 
single dominant gene. I shall later describe why the 
population evolved as it did. At present I merely wish 
to point out that the evolutionary process was not 
gradual, in the sense that the population did not 
pass through a phase of intermediate colour.

Secondly, the chromosomes, on which the genes 
responsible for Mendelian inheritance are carried, 
change abruptly. The number in a species is usually 
constant, and must be an integer, usually an even one. 
Not only does the number change, but also when a 
new species evolves, parts of two different chromo­
somes can be exchanged, so that in the hybrid the 
normal process of gamete production by meiosis is 
disturbed. This is not the only cause of hybrid 
sterility, perhaps not the main one, but it is one 
cause of this important biological fact.

Thirdly, and most important, we now know that 
a new species can arise in one step by the formation 
of a sterile or nearly sterile hybrid followed by a 
doubling of the chromosomes which renders it fertile 
but still vigorous. Such hybrids, which are called 
allopolyploids, breed very nearly true. While Winge 
and others must take much credit for this discovery, 
the most decisive steps were probably taken by the 
Japanese botanist Kihara, who recently crowned his 
life’s work by discovering growing as a weed in 
wheat fields in Afghanistan the grass which, by 
crossing with a wheat like the macaroni wheats of 
to-day, gave rise to the bread wheats in or near 
Afghanistan about 6,000 years ago. I t  is probable 
that Kihara has made the most important amend­
ment to Darwin and Wallace’s account of evolution 
as a historical fact.

Finally, Garstang, Bolk, de Beer, and others have 
pointed out an evolutionary process at which Darwin 
and his immediate successors had not guessed. Many 
animals pass through a larval stage, and this may be 
highly specialized for its own kind of life. You have 
only to think of such familiar larvae as a caterpillar 
and a tadpole. I f  the timing of development is 
shifted so that reproduction occurs when some or 
most of the non-reproductive organs are still in the 
larval stage, this may lead to the evolution of a 
wholly new adult type. Such are, for example, the 
Larvacea, or swimming tunicates, which resemble the 
larvae of the sessile forms, but never attach them­
selves to rocks. I t  is probable that the Copepod 
Crustacea, a very successful order, are essentially
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larvae of prawns or crabs which never grow up. A 
similar process has played a great part in human 
evolution. The development of our nearest relatives 
is very slow. A chimpanzee is not mature until 
about eight years. A human being is not mature 
until about sixteen, and never develops many of the 
characters of adult apes, let alone adults of other 
mammalian groups. In particular, we have kept the 
embryonic character of cranial flexure, so that our 
eyes are directed forwards and not upwards or even 
backwards. A change in the timing of sexual 
maturity may occur quite suddenly, as it does in 
the axolotl, and have very great evolutionary effects.

Nevertheless, palaeontological research has, on the 
whole, fully confirmed Darwin and Wallace. Among 
the more spectacular ‘missing links’ which must have 
lived if their account of evolution is substantially 
correct, and are no longer missing, though they were 
so in Darwin’s time, are amphibians with four legs 
but a fish-like tail with bone-supported fins, birds 
with long tails, teeth, and many other primitive 
features, and later short-tailed but still toothed 
birds. Char picture of vertebrate evolution is now so 
complete that one can make a list of dozens of dis­
coveries, any one of which would go far to disprove 
the theory of evolution. For example, if the skeleton 
of a man or a horse were discovered in the Cretaceous, 
or that of a reptile or a bird in the Devonian, I, for 
one, would regard most of my life’s work as having 
been as futile as that of an astrologer. Every year in 
which such discoveries are not made strengthens the 
evidence for the theory of evolution, and makes it 
less possible for biologists to accept any other theory.

Although both Darwin and Wallace made major 
contributions to the study of variation (and Darwin 
did some very important genetical work), we now 
know so much more than they did on these matters 
that their account of how evolution occurs must be 
restated. In my opinion, most of what they wrote 
is true ; but the fact that they reached the truth on 
the meagre evidence before them is a proof of their 
genius.

Let me try to state the theory of natural selection 
as I hold it in language which they would have under­
stood. “All species vary. But not all variation is 
inherited. Natural selection discourages most varia­
tions from the structures and functions normal in a 
species. It encourages a few variations ; and if these 
are inherited, evolution will take place.”

The main objection to this formulation is to the 
word ‘inherit’, which is applied to property and to 
characters. For example, I have inherited my 
father's watch, his baldness, and a growth of bristles 
on the nose. We could not both possess the watch
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simultaneously, but we were simultaneously bald. It 
may be incorrect to speak of possessing baldness, 
but we certainly possessed the nasal bristles simul­
taneously. A character is not an object like a watch, 
and it is misleading to use the same word about it. 
The physical basis of heredity is now fairly well 
understood. Certain patterns in cells are copied with 
great fidelity when a cell divides. The most important 
are the molecular patterns which we call genes, and 
which determine what kinds of proteins will be built 
in the new cells, and thus may have a great effect on 
the structure and function of descendant cells and 
organisms. However, a character, such as tallness, 
hairiness, or capacity for distinguishing between 
green and grey, can only be said to be inherited if it 
depends in a fairly simple way, either on genes in 
the nucleus, or on the rarer copiable molecular 
patterns outside the nucleus. A change in one of 
these copied patterns, whether it is due to copying 
error or alteration between copyings, is called 
mutation.

Heredity can be defined statistically as a positive 
correlation between characters in a group of ancestors 
and their descendants, which is not due to a positive 
correlation between the environments of ancestors 
and descendants. My skin colour is hereditary in 
the biological sense, my linguistic habits are not. 
My mother taught me to speak English ; but if I 
had been handed over to a Malay foster-mother as 
an infant, I coidd just as easily have learned to speak 
Malay.

An example of a biological and genetically de­
termined character which is not inherited is the 
complete sterility of some so-called double-flow'ered 
plants such as the double Matthiola incana. Other 
characters, such as size within a pure line, are not 
inherited, because they are not genetically determined 
any more than are human languages.

Natural selection may be defined as a statistical 
difference between the parents of the next generation 
and the population from which they are drawn, each 
parent being counted once for each of its progeny. 
Darwin and Wallace thought mainly in terms of 
selection by survival, but fully recognized selection 
by fertility, parental care, and other means. We 
now see that selection, whether natural or artificial, 
is not always effective. For example, roan cattle 
(which, by the way, are common in England and 
very rare in India, though they exist, but may be 
unknown in Singapore) do not breed true, and 
select ion in favour of roan may increase the frequency 
of roan to about 50 per cent, but cannot raise it 
above this level.

But as soon as biologists began to study natiual
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selection they found something much more sur­
prising. Natural selection is generally centripetal, 
that is to say, it favours individuals near the norm 
of the population in question, at the expense of those 
which deviate from it. In other words, the parents of 
the next generation are usually less variable than the 
generation of which they form a part. This is difficult 
to prove formally, because one cannot often determine 
parenthood in animals or plants under natural con­
ditions, but it has been abundantly proved for many 
episodes of selection by killing. Perhaps the first 
case was Bumpus’s observation in the late nineteenth 
century that of a -number of sparrows picked up 
immobile with cold after a blizzard, those which did 
not recover were more variable in several measurable 
characters, such as wing-span, than those which did.

In the human species, centripetal selection occurs 
at all stages. For example, babies which are lighter 
or heavier than the average have a higher death-rate 
than the average. So have adults with very high or 
low weight or systolic pressure. When it comes to 
intelligence, the very stupid, who are classed as 
mental defectives, have a much higher death-rate 
than the average, and the survivors are less fertile 
than others, as they are largely confined in special 
institutions or in prisons. The very intelligent are 
probably longer-lived than the average, but are less 
fertile.

Centripetal selection acts partly by eliminating 
mutant genes, and partly by eliminating homo­
zygotes, that is to say, organisms which have a like 
pair of genes, instead of an unlike pair, in a par­
ticular region of a chromosome. Thus, the first 
observations certainly confirmed Darwin and Wallace 
that natural selection occurs, but showed, contrary 
to their belief, that its main effect was to prevent 
species f r om changing. Only much later was natural 
selection with an evolutionary effect discovered.

The reason for this is clear enough. Evolution is a 
very slow process, how slow' only Darw’in guessed. 
He estimated the age of the Wealden, or upper 
Jurassic, at about 300 million years. His contem­
poraries. if they believed the theologians, put it at 
0 . 0 0 0  y e a r s  ; if they believed the physicists, at about 
a million. The correct figure is about 130 million. 
In a fairlv steadily evolving line such as the ancestors 
of horses ,  the average rate of change of a character, 
such as  length  of tooth, is about 4 per cent per 
million years .  In 1924 I calculated the intensity of 
selection needed to make stich changes. An advantage 
of one-t housandth for one type over another would 
be much m o r e  than enough ; and this could only be 
detected <>n a  sample of several millions, whereas a 
10 per cent advantage could be detected on a sample 
of a few hundred.

7

4 9



In fact, natural selection with evolutionary con­
sequences has only been observed where men have 
created drastically new conditions which impose a 
heavy selection pressure. The most striking is the 
use of insecticides such as DDT. This causes intense 
selection in favour of resistance to it, and relatively 
resistant races of mosquitoes arise in a few years. 
The best-studied case is that of the moth Bistort 
betularia. In the smoke-polluted parts of Britain the 
original light form is conspicuous when resting on 
tree trunks, as these moths do during the day. In 
the unpolluted areas the dark form is equally con­
spicuous. Kettlewell found that birds ate the form 
which is conspicuous to human eyes at such a rate 
that if equal numbers of the two forms are released 
at dawm, the ratio of inconspicuous to conspicuous 
moths caught in flight the next night is 2 : 1. Thirty 
years earlier I  had calculated, from the rate at which 
the numbers of the black form had increased, that 
the fitness of the light form in smoke-polluted areas 
was about 70 per cent of that of the black. This 
may well be true on an average, for Kettlewell chose 
a highly blackened wood near Birmingham for his 
experiment.

I have no doubt that natural selection of much 
less intensity, but yet with an intensity far greater 
than that which has been usual in the past, is going 
on in many species. But it would be difficult for a 
single worker to collect the data.

Can natural selection explain evolution ? I f  
Darwin thought that it could, this was perhaps 
because he thought that members of a species varied 
in all possible directions, and natural selection could 
favour any kind of variation. This is probably not 
so. Only certain kinds of heritable variations seem 
to be possible in any particular species. The course 
of evolution is not (except perhaps in very rare 
cases) determined by the frequency with which a 
particular type of mutation occurs ; and the vast 
majority of mutations are rejected as useless, the 
process of rejection being called centripetal selection. 
Xo important event has only one cause. Houses 
would not be burned down if they were all made of 
ferroconcrete, or if the air only contained 17 per cent 
of oxygen. If  there were no mutation, natural selec­
tion would be ineffective ; if there were no natural 
selection, every species would become a collection of 
freaks. Only in this rather restricted sense can it be 
claimed that natural selection explains evolution.

However, it does not follow that the claim is true. 
In contradistinction to Wallace, I think it probably 
is true. Let us take such an organ as the eye of a 
man or a bird. It has been argued that it could not 
have evolved by natural selection, because it would
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seem that any improvement, in the later stages at 
least, would require simultaneous changes in several 
of its measurable magnitudes. I think a careful study 
of the eyes of living molluscs greatly weakens this 
argument, as we can find among them a dozen or so 
stages from a mere light-sensitive spot to an eye with 
a lens and retina much like our own. Wright has 
shown how, in small animal or plant communities, 
several changes, each slightly harmful, but beneficial 
in combination, may occur together.

Wallace regarded the origin of certain characters 
which he considered to be specifically human as in­
explicable by natural selection. Many such charac­
ters, including a disposition to monogamy and a 
respect for property, both of which human moralists 
might envy, have since been found in animals. I 
have also shown, or at least suggested, how a mode 
of behaviour originated by the initiative of a single 
individual, and then converted, by imitation, into a 
tradition, may become instinctive as the result of 
natural selection. Until it has been shown that my 
arguments are worthless, it may be rash to say that 
natural selection cannot account for such changes. 
It is equally rash to assert dogmatically that it can.

If  this celebration were merely concerned with 
eulogies of three great men, it would be worse than 
useless. If  it helps us to imitate them, it is of the 
greatest value. Linnaeus, Darwin and Wallace had 
this in common, that they did not use complicated 
apparatus. Any student to-day would turn up his 
nose at Darwin's microscope. Now we in India find 
it difficult to get apparatus. This discourages us 
from some lines of biological research. We cannot 
get electron microscopes, highly purified amino-acids, 
and so forth. But we can get land and labour to 
grow plants or keep animals, we can collect them on 
a large scale, and we can at least travel all over 
India. I want to tell you what I am trying to do in 
these circumstances.

I have already acted as a catalyst in getting one 
of the world's leading palaeontologists (Dr. Pamela 
L. Robinson, University College, London) over here ; 
and, with Indian colleagues, she has, in about ten 
weeks work, obtained reptilian and fish fossils, some 
of which are new to science, while others date some 
mesozoic formations with considerable precision 
(X a t t i r e . 182, 1722 : 1958). Similarly, I hope
shortly to catalyse the visit of one of the world's 
leading systematist6 to attack a group of animals 
the Indian representatives of which are practically 
unknown. My own junior colleagues are at last con­
tinuing the study of variation where Karl Pearson 
and Bateson left it fifty years ago.

Perhaps I may begin with a discovery made by a
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colleague, Mr. K. Dronamraju. Darwin directed 
attention to hetefostylism in P rim ula  and other 
genera. In many species there are two types of 
plant, in one of which the flowers have long styles, 
in the other short. The position of the anthers also 
differs. The phenomenon is called heterostylism. 
Darwin found that crosses between flowers of the 
different types gave far more seed than the so-called 
illegitimate unions between plants of the same 
morphological type. As no work of this kind has 
been done in the tropics, I  asked Mr. Dronamraju to 
look for a suitable plant near the Indian Statistical 
Institute ; for the assessments of fertility and of the 
viabilities of seeds in such caeee raise some inter­
esting statistical problems. Mr. Dronamraju dis­
covered something much more important. He found 
both long-styled and short-styled flowers growing 
together on each of five trees of B auhinia  acuminata. 
So far, his results are merely statistical. In a year 
or two I hope that he will have physiological results 
also. This observation would most certainly have 
excited Darwin, who did not attempt to hide his 
emotions, so that his books are full of such adjectives 
as ‘wonderful’ and ‘beautiful’. It  is at least possible 
that heterostylism started as a variation between 
flowers on the same plant, and that, later, genes 
which controlled it were evolved.

Another colleague, Mr. S. K. Roy, is also almost 
slavishly imitating Darw'in’s interests. He has 
measured the amount of earth brought up by earth­
worms in Bengal and Bihar, and his measurements 
are the first to be made in Asia. A proper under­
standing of Asian soils demands that they be repeated 
in a thousand different places. I hope that some will 
be in Singapore or Malaya. He is now 'working, 
among other things, on variation in the like parts of 
the same plant. In a number of individuals of three 
different species he has reached the startling con­
clusions that while the mean number of petals per 
flower does not alter much during a season, the 
variance usually increases, and may be doubled. I f  
the size of pots made by a potter became more 
variable at the end of a day, we should say that he 
was getting tired. I  do not know what we are to say 
about a plant. To reach this conclusion, Mr. Roy 
has examined about 200,000 flowers. It  is an inter­
esting coincidence that Dr. A. K. Sharma, with his 
wife and other colleagues in the University of Cal­
cutta. are working on differences in chromosome 
number in different organs of the same plant.

The point which I want to make is this. Apart 
from genetics, which can scarcely be understood 
without <ome special knowledge, no work is going on 
under inv supervision which Darwin or Wallace

10

52



would not have readily understood, and which is not, 
in fact, a continuation of a line of work started by 
one of them. Nevertheless, most of it is original in 
the sense that it is not an attempt to extend to 
tropical animals and plants principles which have 
already been established as holding in Europe, North 
America or Japan. I t  was Wallace, above all, who 
saw that certain biological problems are forced on 
one by a study of tropical life, which are by no 
means so obvious in temperate climates. The con­
verse is, of course, true. Many ecological questions 
are fairly simple in the arctic regions, where a biotic 
community may consist of only twenty or thirty 
species ; more difficult in the temperate zone, where 
a hundred or more species must be considered ; and 
extremely complicated in a tropical rain forest, where 
it might be necessary to consider thousands of species, 
many as yet undescribed.
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Selection
Haldane’s early papers in population genetics typified what has been called 

“beanbag” genetics. In his first paper on the mathematical theory of natural selection, 
Haldane (1924) derived formulae for measuring the intensity of selection operating 
in a population under various biological situations. Prior to Haldane’s work, H.T.J. 
Norton1 conducted some simpler studies of this nature but Haldane, through a series 
of systematic studies of the intensity of selection, established an elaborate selection 
theory. From 1924 to 1934, he published a series of papers on different aspects of 
this subject. Four of these papers, which were published in 1924 (part I), 192 7a (part 
IV), 1927b (part V), and 1931 (part VIII) are included in this section. In part IV, he 
analysed the effects of selection when generations overlap, stating that Norton had 
independently arrived at similar results. This paper’s importance lies in the fact that 
Haldane was the first to integrate mode of selection into demographic structures. He 
considered the problem of selection in the context of population growth, showing 
that the oscillations of the population number around an exponential function of the 
time. The significance of this paper has been recognized by those working in 
demographic genetics.2

In part V he showed that the probability that a single mutation with selective 
advantage k will not be lost by accidents of sampling but will ultimately become 
established is only about 2k, if more or less dominant, and only of the order k/N if 
completely recessive, where N is the population size. In part VIII Haldane (1931) 
investigated situations where mutant genes are disadvantageous singly but become 
advantageous in combinations. This paper, dealing with “metastable” populations, 
anticipated Wright’s shifting balance theory.3

Among a number of diverse evolutionary studies, Haldane dealt with both the 
statics and the dynamics of natural selection. In one interesting paper (1932), he 
considered the evolutionary implications of the time of action of genes, citing several 
examples where the time of action of a gene may be distributed over more than one 
life-cycle. He made the interesting suggestion that selection tends to make life-cycles 
more and more variegated, thus increasing the possibility of fixing the time of action 
of genes, as in the case of parasites that live in widely different hosts. Throughout his 
life, Haldane continued to make suggestions for quantitative studies of evolution, 
and suggested the unit darwin (1949) for measuring evolutionary rates. Papers 
written during the last two decades of his life include an update of his early 
calculation in the light of Kettlewell’s work on melanism and the conflict between 
inbreeding and selection. The most notewonhy paper of that period was that dealing 
with the cost of natural selection, in which he showed that, in horotelic evolution, 
the mean time taken for each gene substitution is about 300 generations, the number 
of deaths needed to secure the substitution being about 30 times the number of 
organisms in a generation. Haldane’s cost estimate provided a rationale for Kimura’s 
neutral theory of evolution.4

1. Norton, H.T.J., in Punnett, R.C.: Mimicry in Butterflies, Cambridge: Cambridge
University Press, 1915.



2. Sutter, J., Haldane and demographic genetics. In: Dronamraju, K.R. (Ed.), 
Haldane and Modem Biology, Baltimore: Johns Hopkins University Press, 1968.

3. Wright, S., Evolution in Mendelian populations. Genetics, 16: 9 7 -1 5 9 , 1931.

4. Kimura,M., Evolutionary rate at the molecular level. Nature, 217:6 2 4 -6 2 6 ,1 9 6 8 .



II. A  Mathematical Theory o f Natural and Artificial Selection.

P A R T  I.

By J. B. S .  H a l d a n e , M.A.
Trinity College, Cambridge.

A s a t is f a c t o r y  theory of natural selection must be quantitative. In order to establish the 
view th at natural selection is capable of accounting for the known facts of evolution we must 
show not only th at it can cause a species to change, but that it can cause it to change at a rate  
which will account for present and past transmutations. In any given case we must specify:

( 1 ) The mode of inheritance of the character considered,
(2 ) The system of breeding in the group of organisms studied,
(3 ) The intensity of selection,
(4 ) Its  incidence (e.g. on both sexes or only one), and
( 5 ) The rate a t which the proportion of organisms showing the character increases or 

diminishes.

I t  should then be possible to obtain an equation connecting (3 ) and ( 5 ).
The principal work on the subject so far is that of Pearson ( 1 ), W arren ( 2 ), and Norton. 

Pearson’s work was based on a pre-Mendelian theory of variation and heredity, which is certainly 
inapplicable to many, and perhaps to all characters. W arren has only considered selection of an 
extrem ely stringent character, whilst Norton’s work is as yet only available in the table quoted 
by P u n n ett(3 ).

In this paper we shall only deal with the simplest possible cases. • The character dealt with 
will be the effect of a single completely dominant Mendelian factor or its absence. The system  
of breeding considered will be random mating on the one hand or self-fertilization, budding, etc. 
on the other. Moreover we shall confine ourselves to organisms such as annual plants, and many 
insects and fish in which different generations do not interbreed. Even so it will be found th at 
in most cases we can only obtain rigorous solutions when selection is very rapid or very slow. 
A t intermediate rates we should require to use functions of a hitherto unexplored type. Indeed 
the mathem atical problems raised in the more complicated cases to be dealt with in subsequent 
papers seem to be as formidable as any in mathematical physics. The approximate solutions 
given in this paper are however of as great an order of accuracy as th at of the data hitherto  
available.

I t  is not of course intended to suggest that all heredity is Mendelian, or all evolution by 
natural selection. On the other hand we know that besides non-Mendelian differences between 
species (e.g. in chromosome number) there are often Mendelian factor-differences. The former 
are im portant because they often lead to total or partial sterility in crosses, but their somatic 
expression is commonly less striking than that of a single factor-difference. Their behaviour in 
crosses is far from clear, but where crossing does not occur evolution takes place according to 
equations ( 1 *0 )— ( 1 '2 ).
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S p e c if ic a t io n  o f  t h e  in t e n s it y  o f  s e l e c t io n .

I f  a generation of zygotes imm ediately after fertilization consists of two phenotypes A and B  
in the ratio pA  : IB ,  and the proportion which form fertile unions is pA  : ( 1  — k )B ,  we shall 
describe k  as the coefficient of selection. Thus if k =  0 1 , a population of equal numbers of A and 
B  would survive to form fertile unions in the proportion 1 0 0 A : 9 9 B, the A ’s thus having a slight 
advantage, k  may be positive or negative. W hen it is small selection is slow. W hen k  =  1  no 
B ’s reproduce, when k  =  — oc no A ’s reproduce. I t  will be convenient to refer to these two cases 
as “ complete selection.” They occur in artificial selection if the character is well marked.

If  the character concerned affects fertility, or kills off during the breeding period, we can use 
ju st the same notation. In this case each B  on the average leaves as many offspring as ( 1  — k)  A ’s, 
e.g. if k  =  ’01 then 1 0 0  B ’s leave as many as 99 A ’s. The effect is clearly ju st the same as if one 
of the B ’s had died before breeding. I t  will be observed th at no assumption is made as to the 
total number of the population. If  this is limited by the environment, natural selection may cause 
it to increase or diminish. I t  will for example tend to increase if selection renders the organism  
smaller or fitter to cope with its environment in general. I f  on the other hand selection increases 
its size, or merely arms it in the struggle with other members of its species for food or m ates, the 
population will tend to diminish or even to disappear.

W arren ( 2 ) considered the case where the total population is fixed. H e supposes th at the 
parents produce l times their number of offspring, and th at type A is p  tim es as numerous as

type B, but — as likely to die. In this case it can be shown th at

, =  ( l - I ) Q  -  1 ) ( p +  1 )
Im -  l +  p  +  1

Hence the advantage of one type over the other as measured by k  is not independent of the 
composition of the population unless m — 1  is very small, when k = (l — l ) ( m  — 1 ) approximately. 
Hence when selection is slow— the most interesting case— the two schemes of selection lead to 
similar results. On the other hand the m athem atical treatm ent of selection on our scheme is 
decidedly simpler.

F a m il ia l  s e l e c t io n .

The above notation may easily be applied to the cases, such as Darwinian sexual selection, 
where one sex only is selected. There is however another type of selection which so far as I know 
has not been considered in any detail by former authors, but which m ust have been of con­
siderable importance in evolution. So far we have assumed that the field of struggle for existence 
is the species as a whole, or at least those members of it living within a given area. B u t we have 
also to consider those cases where the struggle occurs between members of the same family. Such 
cases occur in many mammals, seed-plants, and nematodes, to mention no other groups. Here 
the size of the family is strictly limited by the food or space available for it, and more embryos 
are produced than can survive to enter into the struggle with members of other families. Thus 
in the mouse Ibsen and Steigleder (4 ) have shown that some embryos of any litter perish in 
utero. Their deaths are certainly sometimes selective. In litters from the m ating yellow x yellow 
one-quarter of the embryos die in the blastula stage, yet as Durham ( 5 ) has shown, such litters 
are no smaller than the normal, because the death of the Y Y  embryos allows others to survive 
which would normally have perished.
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The above is a case of complete selection. W here the less viable type of embryo, instead of 
perishing inevitably, is merely at a slight disadvantage, it is clear th at selection will only be 
effective, or a t any rate will be much more effective, in the mixed litters. Thus let us consider 
3 litters of 20 embryos each, the first consisting wholly of the stronger type, the second c o n -, 
taining 1 0  strong and 1 0  weak, the third wholly of the weaker type. Suppose th at in each case 
there is only enough food or space for 1 0  embryos, and that the strong type has an advantage 
over the weak such that, out of equal numbers, 50 ° ) 0 more of the strong will survive, i.e. k  =  .̂ 
Then the survivors will be 1 0  strong from the first litter, 6 strong and 4 weak from the second, 
and 1 0  weak from the third, or 16 strong and 14 weak. If  the competition had been free, as with 
pelagic larvae, the numbers would have been 18 strong and 1 2  weak. Clearly with familial 
selection the same advantage acts more slowly than with normal selection, since it is only effective 
in mixed families.

The “ family ” within which selection acts may have both parents in common, as in most 
mammals, or many different male parents, as in those plants whose pollen, but not seeds, is spread 
by the wind. In this case the seeds from any one plant will fall into the same area, and unless 
the plants are very closely packed, will compete with one another in the main. In rare cases 
familial sexual selection may occur. Thus in Dinophilus the rudimentary males fertilize their 
sisters before leaving the cocoon. Clearly so long as every female gets fertilized before hatching  
selection can only Occur in the male sex between brothers, and must tend to make the males 
copulate a t as early a date as possible.

The survival of many of the embryonic characters of viviparous animals and seed-plants must 
have been due to familial selection.

S e l e c t io n  in  t h e  a b s e n c e  o f  a m p h im ix is .

The simplest form of selection is uncomplicated either by amphimixis or dominance. I t  
occurs in the following cases :

( 1 ) Organisms which do not reproduce sexually, or are self-fertilizing.
( 2 ) Species which do not cross, but compete for the same means of support.
(3) Organisms in which mating is always between brother and sister.
(4 ) Organisms like Bryophyta  which are haploid during part of the life cycle, provided th at 

selection of the character considered only occurs during the haploid phase.
( 5 ) Heterogamous organisms in which the factor determining the character selected occurs 

in the gametes of one sex only. For example Renner ( 6 ) has shown that Oenothera m uricata  
transmits certain characters by the pollen only, others by the ovules only. Schm idt (7 ) has 
found a character in Lebistes transm itted by males to males only, and Goldschmidt (8 ) has postu­
lated sex-factors in Lym antria  transm itted only by females to females. As far as the characters  
in question are concerned there is no amphimixis, and these organisms behave as if they were 
asexual. Other species of Oenothera which are permanently heterozygous for other reasons would 
probably be selected in much the same way.

L et the ?ith generation consist of types A and B  in the ratio unA : 1 B, and let the coefficient 
of selection be k, i.e. ( 1  — k) B ’s survive for every A. Then the survivors of the nth generation, 
and hence the first numbers of the (n + l)th , will be unA : ( 1  — k) B.

■■■ u- - - i - i ............................................................. <i">

and if u0 be the original ratio un =  ( 1  — k)~nu0.
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Now if we write yn for the proportion of B ’s in the total population of the ??th generation,

1 1 .VoVn 1-+  un 1 4- (1 -  y0 +  (1 -  * ) - “ (1 -  2/o) *

or if we start with equal numbers of A  and B, y0 =  and
1

Vn = \—ni  +  ( i  — ky
If  k  is very small, i.e. selection slow, then approximately

1
Vn =

.(1 1 )

or *" = loge (Hf)
.(1 -2)1 + e**

1 z J A  
y1

Hence the proportion of B ’s falls slowly at first, then rapidly for a short time, then slowly 
again, the rate being greatest when y =  \. Before y =  \ ,n  is of course taken as negative. So 
long as k  is small the tim e taken for any given change in the proportions varies inversely as k. 
The curve representing graphically the change of the population is symmetrical about its middle 
point, and is shown in Fig . 1  for the case where k  =  ‘001, i.e. 999  B ’s survive for every 1 0 0 0  A ’s. 
9,184  generations are needed for the proportion of i s  to increase from 1  °/0 to 99 % . Equation  
(1*2) gives an error of only 4 in this number.

- 5000 0 + 5000
Fig. 1. Effect of selection on a non-amphimictic character. A- = -001. 

Abscissa = generations.
Ordinate = percentage of population with the favoured character.

As will be shown below, selection proceeds more slowly with all other systems of inheritance. 
In this case the speed must compensate to some exten t for the failure to combine advantageous 
factors by amphimixis. W here occasional amphimixis occurs, as for example in wheat,‘Conditions 
are very favourable for the evolution of advantageous combinations of variations.

S e l e c t io n  o f  a s i m p l e  M e n d e l ia n  c h a r a c t e r .

Consider the case of a population which consists of zygotes containing two, one, or no “ doses” 
of a completely dominant Mendelian factor A, m ating is at random, and selection acts to an equal 
degree in both sexes upon the character produced by the factor. Pearson (9 ) and H ardy (10) 
have shown th at in 'a  population m ating a t random the square of the number of heterozygotes is 
equal to four times the product of the numbers of the two homozygous classes. L e t unA : 1 a be
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Ilk

the proportion of the two types of gametes produced by the (n — l)th  generation. Then in the 
?ith generation the initial proportions of the three classes of zygotes are :

UnAA : 2 unA a  : 1 aa.
The proportion of recessives to the whole population i s :

yn =  ( i +  ««)-».........................................................................( 2 -0 )
Now only ( 1 —&) of the recessives survive to breed, so that the survivors are in the pro- 

Portions : un2 A A : 2 unA a  : ( 1  - k )  aa.

The numbers of the n ext generation can be most easily calculated from the new gam etic  
ratio un+1. This is immediately obvious in the case of aquatic organisms which shed their gam etes 
into the water. I f  each zygote produces N  gametes which conjugate, the numbers are clearly :

So the ratio

(N un2 + N un) A, and (N-un + N 1 —k) a.

Un (1 "1“ .(2-1)
1 û i — k

I t  can easily be shown th at this result follows from random mating, for m atings will occur in 
the following proportions:

A A x A A u 2 x u n' or Un j

A A x  Aa and reciprocal ly, 2 x v ,2 x 2u n
AA x aa M >> 2 X U 2 x (1 - k) i) 2(1 ~ k )u n\
Aa x Aa 2 u n x 2u n n 4^„2,
Aa x aa and reciprocally, 2 x 2u n x (1 —■k) n 4 (1 - k )  un,
aa x aa (1 — k) x (1 — k) n ( \ - k ) 2.

Hence zygotes are formed in the following proportions: 
A  A  u n* + 2 u n3 +  u n2
Aa 2 + 2(1 — k )  u n2 + 2u , 2 +  2 (1 — k )u n 
aa u  2 + 2 (1 -  k) un + ( 1 — k)2 

These ratios may be w ritten :

or u 2 (1 + u n)2,
» 2wn(l + un) (1 + u n -  k), 

» (1 + wn — k)2.

Un (1 "I" Un')
1  “I" un — k

AA 2 Un (1  +  Un )

or U?n+1

where

1 +  un — k  
A A : 2un+i A a : 1 aa,

Un (Id " Un)

A a : 1 aa,

Ufl+l .(2-1)
1 un — k

as above. I t  is however simpler to obtain « n+1 directly from the ratio of A to a  among the 
gametes of the population as a whole, and this will be done in our future calculations.

Now if we know the original proportion of recessives y0, we start with a population:
v^AA  : 2u0A a  : 1 aa,

where u0 =  y0~ - — 1 ,

and we can at once calculate «i =  ^  + U°) ,
1 +  u0 -  k

and thence u2 and so oh, obtaining yu y2, etc. from equation (2*0). Thus if we start with 25 0/ o of 
recessives, and k  =  '5, i.e. the recessives are only half as viable as the dominants, then u0 =  1, and

1(1 +  1) _ 4
l  +  i - i

U l =

y. = (1 + = A = -184. or 18-4 7„.
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Sim ilarly y2 =  1 3 7 5  % ,  y> =  1 0 '9  % ,  and so on. S tartin g  from the same population, but with 
k - ~  l ,  so th at the recessives are twice as viable as the dominants, we have y, =  3 6 % ,  y2 =  4 9 '8  / 0 , 
2/s =  64-6 % ,  y . =  7 7 - 5 % , yt =  8 7 '0 % ,  and so on. I f  k  is small this method becomes very tedious, 
but we can find a fairly accurate formula connecting yn with n.

The case of com plete selection is simple. I f  all the dominants are killed off or prevented  
from breeding we shall see the last of them in one generation, and yn — 1. P u n n e t t ( l l )  and 
H ardy have solved the case where the recessives all die. H ere k  =  1 , and

.*. un =  n + u 0\

.-. yn =  (n +  1 +  M0)-2

= (™ + 2/o~ V 2
= 2/0 (i + ny$ )~ i...............................................................(2'2)

Thus if we start with a population containing J  recessives the second generation will contain

the third j 1̂ , the nth ^  - .  Thus 999 generations will be needed to reduce the proportion

to one in a million, and we need not wonder th at recessive sports still occur in most of our 
domestic breeds of animals.

W hen selection is not very intense, we can proceed as follows:

_  un ( 1  +  un)
Wn+i~ i + « „ - * ’ ........................................................( ’

. A  -• . — ^n+i — -I ? •
1 rC

W hen k  is small we can neglect it in comparison with unity, and suppose th at un increases
du

continuously and not by steps, i.e. take Aun =  .

dun kun .
. ‘. - j— = -------- approximately;

(til -L “|" lift
} [ “» 1 +  U j

. *. kn  =  I ------- au
Juo U

= un - u 0 +  loge { ^ j ...............................................................( 2 -3 )

I f  we start from or work towards a standard population containing 25 °/0 of recessives, and 
hence n0 = 1 , we have

kn — un +  loge un -  1 .................................................................. ( 2 -4 )

This equation is accurate enough for any practical problem when | k  \ is small, and as long as 
k  lies between + 0T , i.e. neither phenotype has an advantage of more than 10 %> it may be safely 
used. W hen | k  | is large the equation

kn =  un + ( 1  — k)  logg wn — 1 ....................................................... ( 2 -5 )

is fairly accurate for positive values of n. Thus when & =  the error is always under 4 % .  For 
large values of J  A: | and negative values of n the equation

kn =  un +  ^1 - 1  j  logg un -  1 ....................................................... ( 2 -6 )

gives results with a very small error. B u t for every case so far observed equation ( 2 *4 ) gives 
results within the limits of observational error.

24  Mr  H A L D A N E , A  M A T H E M A T IC A L  T H E O R Y
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In  the above equations we have only to make k  negative to calculate the effects of a selection  

which favours recessives at the expense of dominants. F o r the same small intensity of selection 
the same tim e is clearly needed to produce a given change in the percentage of recessives 
whether dominants or recessives are favoured. Fig. 2 shows graphically the rate  of increase of 
dominants and recessives respectively when k =  + ‘0 0 1 , i.e. the favoured type has an advantage 
of one in a thousand, as in Fig . 1 . In each case 16,582 generations are required to increase the 
proportion of the favoured type from 1 °/0 to 9 9 ° /0, but dominants increase more rapidly than  
recessives when they are few, more slowly when they are numerous. The change occurs most 
rapidly when yn, the proportion of recessives, is 56*25 C/ Q. W hen selection is ten times as intense, 
the population will clearly change ten times as fast, and so on.

Fig. 2. Effect of selection on an autosomal Mendelian character. k =  -001.
Upper curve, dominants favoured; lower curve, recessives favoured.

Abscissa = generations. Ordinate = percentage of population with the favoured character.

T A B L E  I.
Effect o f  slow selection on an autosomal M endelian character.

1
k n  (number of generations x k )  . . .  . . .  j — 1000 -  100 - 5 0  j - 2 0 -  15 -  10
°/o of recessives when dominants are favoured j . . . |  . . .  J

l1 ... 99*9998 99-975
„ ,, ,, recessives ,, ,, , -0001 •0105 •0427 •2773 *4215 1-036

- 9 - 8 i - 7 - 6 -  5 | -  4-5 -  4
i
i - 3 - 5 -  3 - 2 - 5 - 2 -  1 5

99*933 99*82 1 99-50 98-68 96-50 94 38 91-14 86-36 79-71 71*24 61 *53 50-68
1-254 1-545 ! 1-940

1
2-497

1
1

3-308 ! ...
'

4-537 ! .. .i 6-528 9-718 ! 12-11
i

- i  !! - 0 - 5
1
• 0 0*5 1 ; 1-5 2 2*5 3 3 5 4 4-5

40-98 32-05 ! 25 0 19-53 15-30 1 12-11 9-718 . . . 6-528 4*537
15-30 19-53 25*0 32-05 jj 40-98

1
50-68

1
61-53 71*24 79-71 86-36 91-14 94-38

5 6 i 7 i 8 9 10 , 15 20 50 100 1000
3-308 2-497 i 1 9 4 0 1 545 1-254 1 036 •4215 •2773 •0427 •0105 ! •0001

96-50 98-68 ! 99-50 99*82 99-933 !! 99-975 j 99-9998 ... i ...

In Table I  the values of yn calculated from equations (2*4) and (2 *0 ) are given in term s of kn. 
In Table I I  kn  is given in term s of yn. The number of generations (forwards or backwards) is 
reckoned from a standard population containing 75 °/0 ° f  dominants and 25 °/0 of recessives. A  
few examples will make the use of these tables clear.
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1 . Detlefsen ( 1 2 ) has shown th at in a mixed population of mice about 95*9 without the 

factor G, causing light bellies and yellow-tipped hair, survive for every 1 0 0  with it. H ence  
k  =  ‘041. I t  is required to find how many recessives will be left after 1 0 0  generations, starting  
from a population with 90 °/0 of recessives, and assuming th at different generations do not 
interbreed.

From  Table II , when y =  '9 , kn = — 3 '863 , . *. n =  — 9 4 *2 . So 94*2 generations of selection will 
bring the recessives down to 2 5 ° /0. The remaining 5 '8  generations give k n = " 238, and from 
Table I by interpolation we find y =  '224, i.e. only 22*4 °/0 of recessives rem ain.

2 . In the same case how many generations are needed to reduce the num ber of recessives to 
1 °/o ? yn — -0 1 , hence, from Table I I , kn — 10*197, .*. n =  248*7. So 248*7.generations after 25 ° / 0 

is reached, or 343  in all, will be required.
3. The dominant melanic form cloubledayaria  of the peppered moth Amphidcisys betularia  

first appeared a t M anchester in 1848. Some tim e before 1901 when B arre tt (1 3 ) described the 
case, it had completely ousted the recessive variety in M anchester. I t  is required to find the 
least intensity of natural selection which will account for this fact.

T A B L E  II .

Effect o f  slow selection on an autosom al M endelian character.

° /o of favoured type ! -oooi •001 •01 i -05 •1 •2 •5
k n  when dominants are favoured — 15 51 -  13*21 -  10*90 -  9 -294 -  8 -600 -  7-905 -  6*996
k n  ,, recessives ,, ,, -  1005 - 3 2 0  0 i -  10*2*60i

- 4 5 - 5 0 - 3 3  04 - 2 3 * 4 2
i
- 1 4 - 7 2

i

1
-  6-286  
-  10-197

2
-  5-580  
- 6 - 8 7 5

i

3
- 5 - 1 6 1
- 4 * 9 7 6

i

5 j 10 i  15 
-  4-624 ! - 3 - 8 6 3  1 - 3 - 2 9 0  
- 3 * 7 1 7  1 -  1*933 ! -  1*041

i I

20
- 2 - 9 7 9  
-  -448/

25
- 2 * 7 1 2

0

30
- 2 * 4 3 9  
+ *366

35
- 2 * 1 8 0  
+ *681

40
- 1 * 9 6 4  
+ -962

45
-  1-708  
+ 1-220

50
-  1-467 
+ 1 -467

55 , 
-  1 *220 
+ 1-708

60 | 65  
-  -962 ! -  -681 
+ 1*964 + 2-180

70
-  -366  
+ 2-439

75
0

+ 2-712

80
+ -448  
+ 2-979

85
+ 1-041 
+ 3*290

90  | 95 
+ 1-933 j + 3-717 
+ 3-863 ' + 4-620

97 i 98 99 : 99-5 99*8 99-9 99-95 99-99 99-999 99-9999
+ 4*976 | +6-875 + 10-197 ! + 14-72 + 23-42 + 33 04 + 45*50 + 102-60 + 320*0 + 1005
+ 5*161 • +5-580 + 6-286 i + 0-996i + 7-905 + 8-600 + 9-294 + 10-90 + 13*21 + 15*51

Assuming that there were not more than 1 °/o of dominants in M anchester in 1848, nor less 
than 99 ° /Q in 1898, we have, from Table II , kn =  16*58 as a minimum. B u t n = 5 0 ,  since this 
moth usually has one brood per year. .*. k  =  *332 a t least, i.e. a t least 3  dominants m ust survive 
for every 2 recessives, and probably more; or the fertility of the dominants m ust be 50 °/0 greater 
than th at of the recessives. D irect calculation step by step from equation ( 2 *1 ) shows th at 48 
generations are needed for the change if k  =  *3. Hence the table is sufficiently accurate. After 
only 13 generations the dominants would be in a majority. I t  is perhaps instructive, in view of 
the fact that attem pts have been made to explain such cases by epidemics of m utation due either 
to the environment or to unknown causes, to note th at in such a case one recessive in every five 
would have to m utate to a dominant. Hence it would be impossible to obtain true breeding 
recessives as was done by B ate (14). A nother possible explanation would be a large excess of 
dominants begotten in mixed families, as occurs in human night-blindness according to Bateson 
(15). B u t this again does not agree with the facts, and the only probable explanation is the not 
very intense degree of natural selection postulated above.
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F a m il ia l  s e l e c t io n  o f  a s im p l e  M e n d e l ia n  c h a r a c t e r .

Consider the case of a factor A  whose presence gives any embryo possessing it an advantage 
measured by k  over those members of the same family which do not possess it. In  this case the 
Pearson-H ardy law does not hold in the population. Each family may have both parents in 
common, as in mammals, or only the mother, as in cross-pollinated seed-plants. In the first case 
let the population consist of

p nA A  : 2 qnA a  : r naa, where p n +  2 qn + rn =  1 .

Then in a mixed family where equality was to be expected the ratio of dominants to recessives 
will be 1 : 1  — Ic. B u t since the total is unaltered, the actual number of dominants will be to the 
expected as 2 : 2  — k, of recessives as 2 — 2 k :2  — k, and similarly for a family where a 3 :1  ratio 
was to be expected. The nth generation mating at random will therefore produce surviving 
offspring in the following proportions:

A A
i1

A a \i
1

i! aai
1

From mating AA x A A  ... Pn2 o 0

>> AA x Aa ... '2P n 9 n ^pnq,i 0

n >> A A x aa 0 '2pnr n 0

n n Aa x Aa 4 ? n 2 8 ? n 2 ; ( 4 - 4 k) q „ 2

4 — k 4  - k i - k

Aa x aa 0
!\ ( 2 - 2 k )q .r .

>> n 2 - k \ 2 - k
>>

i

aa x aa 0 0
j

V  2 ' n
i

.-. [ A A ] = p n+1 =  (p n + qny + ^ q/ jc 

\[Aa\ =  qn+l =  ( p n +  qn) (qn +  rn) +  kqn ( 4-3 ^ +  2 ^ )  ' 

[cm] =  r n+i =  (qn +  rny  -  kqn ( ^ Z L  +

(3-0)

W ith complete selection, when k  =  1 , we have r n+1 =  r n2, so the proportion of recessives, starting  
from will be T̂ , etc., in successive generations, provided of course th at all-recessive families 
survive, as in Oenothera. So recessives are eliminated far more quickly than in the ordinary type 
of selection. Clearly however dominants are not eliminated at once when k = — 00 (provided that 
they survive in all-dominant families), for

Pn+1 = Pn( 1 -  r n) =  Pn Pn-1 (2  -  p n-i)-

Starting from the standard population, successive proportions of recessives are 25 °/0, 56 '25  %> 
66-02 % , 84-25 % , etc.

In the more interesting case when k  is small we can solve approximately, as follows. From  
equation ( 3 0 )  we see th at q\ +1 — p n+1r n+1 and hence qn2 —p nr n is a small quantity of the order

T) ~\~ Q . VL
kqA, i.e. is less than 1c. Hence if we write un = - — — , then qn only differs from —— - —^ by a 

small quantity of the order of k.
V ol. X XIII. No. II. 4

65



28 M r  H A L D A N E , A  M A T H E M A T IC A L  T H E O R Y

Now Pn+i “f" tfn+i 
Qn-\-1 “H T'n+i

P n  + gn + kqn ( 4  _̂nk  +  2 _  A:) 

qn +  r n -  kqn +  gTTjfc)

= Pn +  qn ± i k q A q n  + r_n) im ately
qn +  r n ~~ \kqn (qn + r n)

_Un ’k kqn
1 \kqn

=  un +  \kqn ( 1  +  un) approxim ately  

_  kun
2 ( 1 + Un)

(3-1)

Solving as for equation ( 2 T ) we find
■2 k ix  =  l lf i  +  l o g g i a  1 .......................... ...........................................................( 3  Lj )

And since as above r n (the proportion of recessives) =  ( 1  +  un)~2, it follows th at the species 
changes its composition at half the rate a t which it would change if selection worked on the 
species as a whole, and not within families only.

If  each family has its m other only in common, but the fathers are a random sample of the 
population, we assume the ?ith generation to consist of

p nA A : 2 qnA a  : rnaa, where p n +  2 qn + r n

x .. j .  Pn qn t Mn 1
Let ^ . hence r .  + «- = i w  + r" = T T + „'

Then families will be begotten as follows:

= 1 .

AA Aa Oil

From A A females ... VnMn Pn

iii
01 + u n 1 + u n

,, Act ,, ... Qn^n Qn
1 + u n Qn 1 + u n

,, dec ,, ... 0 't'n'U'n r n
1 + u n \ + u n

A fter selection and replacem ent the proportions will be :

1
i AA
i

Aa aa

From AA females ...

,, Act ,, ...

» aa „
i

Pn'M'n Pn 0

1 + Wa, —
rn ( \ - k )

1 + u n 
q_nUn_

1 + un -  \k 

0

1 + XIn
gnQ + Un) 
1 + u n — ^k 

't'n'lt'n
1 + u n — k 1 4- u n — k

66



O F N A T U R A L  A N D  A R T IF IC IA L  S E L E C T IO N . 2 9

W ith complete selection, where k  =  1 , recessives are eliminated a t once, provided families are 
large enough. W here k  =  — oo, dominants are not eliminated a t once if pure dominant families

survive, since p n+l = ^n ^ — Pj}}  ̂ S tarting from the standard population, successive values of rn
1 +  p-n

are 25 ° /0, 75 °/0, 87*5 °/Q, 9 9 ’7 °/0, etc. W here k  is small we obtain approxim ate equations 
analogous to ( 3  0 ) whose solution is

\kn =  vn +  logca H -  1 .................................................................( 3 ‘3)

Thus selection proceeds a t f  of the rate given by equation (2*4).

S e x - l im i t e d  c h a r a c t e r s  a n d  u n is e x u a l  s e l e c t io n .

W e have next to deal with characters which only appear in one sex, for example milk yield 
or other secondary sexual characters ; or on which selection at least is unisexual, as for example 
in Darwinian sexual selection. L et the (n — l)th  generation form spermatozoa in the ratio  
unA : la , eggs in the ratio vnA : la . Then the nth generation consists of zygotes in the ratios

unvnAA : (an +  vn) A a  : lo a ,

’*• 3In =  (1 +  Wn) " 1 (1 +  Vn) - 1 ..........................................................(4 ‘0)

If only 1  — k  recessive $ survives for every dominant $ , whilst J ’s are not affected by selection, 
we have

2 unvn +  un + vn \
Un+i —

Vn-M =

Un +  v n +  2 
2wnVn +  Un +  Vn

.(4-1)

+ un +  vn +  2 — 2 k t
W ith complete selection, when k = — oo, and all dominants of one sex are weeded out, we

It
have vn =  0 , and un+1 =  — .

2 + un
Un — 2 n—1 ( 1 H—  1 — 1

—1

and yn =  1 +  2 1-" (y0- — 1)................................................................. (4-2)

Hence the proportion of dominants is halved in every successive generation. When k =  1 , and 
all the recessives of one sex die childless, the proportions of recessives in successive generations, 
starting from the standard population, are 25 ° /0, 16'7 °j0, 12 ’5 °/0, 9'56 °/Q, 7 ‘94 °/o, and so on. 

When k  is small, since
2 k  ( 2 Un Vn +  Un +  Vn )

and

n̂-F l

A un =

(un + Vn +  2) (un + vn +  2 -  2k) 

( 1  +  un){v n -  Un)
Un A vn +  2

and hence the differences between un, un+1, vn, vn+1 may be neglected in comparison with 
them selves;

kun

and

vn —

A un =

1  + un 
k u n

approximately, 

approximately.2 (1 + un)
.*. \kn  =  un +  logewn-  1 , .......................................................... ( 4 ‘3 )

and selection proceeds at half the rate given by equation (2 ‘4), a result stated by P u n n e tt(3 ).
4— 2
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S e l e c t io n  o f  a n  a l t e r n a t i v e l y  d o m in a n t  c h a r a c t e r .

A few factors, such as th at determ ining the presence or absence of horns in Dorset and 
Suffolk sheep, according to Wood (1 6 ) are dominant in one sex, recessive in the other. Consider 
a factor dominant in the male sex, recessive in the female. L e t the nth generation be produced by

spermatozoa unA  : la , eggs vnA  : la .

I t  consists of zygotes : unvnA A  : (un +  vn) A a  : la a ,

and the survivors after selection are in the ratios
£  unvn A A : (un 4- vn) A a  : (1 -  k) aa, 

? A A : (un +  vn) A a  : la a .
1 - k

"4" ^71 ”4“ Vyi 
n+1 — un + vn + 2  — 2 k  

2

Vn+1 =
1 - k U n V n  +  U n  +  V r

.(5-0)

un +  vn +  2

W hilst y n (for males) =  (1 +  a„ ) -1  (1 +  vn)~x.................................................. (5 '1 )
W ith complete selection, when all members of the type dominant in the female sex are 

weeded out, k =  1 .
.*. vn+1 =  oo , and un+l =  1 +  2 un, after the first generation.

1  +  un =  2 71-1 ( 1  +  n,),
and if zn be the proportion of the weeded out type occurring in the female sex,

>̂n =  0  l  . . . .  ......................................... (5*2)

So this type disappears in the male sex, and is halved in successive female generations. If  
k =  oo the type recessive in the female sex disappears in that sex and is halved in successive male 
generations.

W hen k  is small,
ku n (un — 1 )

7̂l-fl n̂4-in-hi approximately,
1 + un

and Aun = \kun.
: .  kn =  2 logp un ................................................................. ( 5 ‘3 )

if u0 =  1 , so selection occurs on the whole more rapidly than by equation (2 ’4 ). (See Table V.) 
yn is given by equation (2 *0 ).

S e x -l in k e d  c h a r a c t e r s  u n d e r  no  s e l e c t io n .

The events in an unselected population whose members differ with regard to a sex-linked 
factor have been considered by Jennings (1 7 ) but can be treated more simply. W e suppose the 
male to be heterozygous for sex, but the argum ent is the same where the female is heterozygous. 
Consider a fully dominant factor A, such th at the female may be A A , A a, or aa, the male A a  
or aa  (or in Morgan’s notation, which will be adopted, A or a). As Jennings showed, a popula­
tion with

$ ’s u2A A  : 2 u A a : l a a  ; ^ ’s uA : 1 a
is stable during random mating, and other populations approach it asymptotically. In any popu­
lation let the eggs of the (n — l)th  generation be unA : l a ,  the ?  -producing spermatozoa vn A : la . 
Then the wth generation will b e : $ ’s unvnA A  : (un +  vn) A a  : l a a  ; < /’s A : la .
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n̂+i —
2  unvn +  un +  vn 

2 + un + ( 6 0 )

n̂+i —
and if y n be the proportion of recessive $ ’s, zn of recessive </’s,

yn = ( l +  un)~l ( 1  +  Vn)-1)
Z n  =  ( 1  "I" U n )  1 J

2 (1 -f Un )  (1 + U n—i )  2

.(6-1)

y 1
?H -l =  1  +  un+1 =

2 +  un + zn_ i
• • 2 #n ^n—I

Solving as usual for recurring series, we have

Szn =  z0 +  2 zx +  ( -  i ) n (2 z0 -  2Zj) 
yn =  znzn-1

• • =   ̂(Zo +  2 zx) =  ̂(zn +  2 zn+l)
y ao =  V

Hence from the proportion of males in two successive generations, or both sexes in one, we 
can calculate the final values. Successive values of yn and zn oscillate alternately above and 
below their final values, but converge rapidly towards them.

(6-2)

(6-3)

B i s e x u a l  s e l e c t io n  o f  a s e x -l in k e d  c h a r a c t e r .

If  the conditions are as above, except that in each generation one dominant survives for every 
( 1  — k) recessives in each sex, then

2 lln V n  "l" U n  +  V n
Un + i —

W»+i =

un +  vn +  2 — 2 k  
un .(7-0)

1  - k

and .(6-1)yn  — ( 1  Un)  1 ( 1  4” Vn)

Zn =  (1  +  O -1 J .................................
W ith complete selection if k =  — oo , and no dominants survive to breed, selection is complete 

in one generation. I f  k  =  1 , and no recessives survive to breed,

u71+1 =  1 +  2 un, and vn =  oo .

and .(7-1)

.*. 1  4- un =  2 n( l  +  u0),

Zn =  2- n Z0\
yn =  o j ....................................................................

So no recessive females are produced and the number of recessive males is halved in each 
generation. Selection is therefore vastly more effective than on an autosomal character. I f  
colour-blind or haemophilic persons were prevented from breeding, these conditions could be 
almost abolished in a few generations, which is not the case with feeble-mindedness. I f  selection 
is slow we solve as for equations (4 '1), and find approximately

Vn -  Un =

Aun =

2 kun2

3 4- Sun

kiln (3 +  un) 
3 4- 3 un
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So, reckoning generations to or from a standard population where u0=  1 , and 50 %  of the 

males and 25 °/Q of the females are recessives,

kn  =  loge un +  2 lo g ^ --^ )  , .................................................. ( 7 ‘2 )

Vn =  ( 1  +  W.n)~2| ................. ( 7 '3 )
Zn =  ( 1  ”1“ Uji}

Table I I I  and Fig . 3 are calculated from these equations. W ithin the limits covered by the 
figure selection acts more rapidly on a sex-linked character in the homozygous sex than on an

T A B L E  III .
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E ffect o f  slow selection in both sexes on a  sex-linked character, dom inants being favou red .
1

7  of recessives of homozygous sex 99-998 99-98 99-80 99-60 99-00 98-01
n » )) heterozygous sex 99-999 j 99-99 99-9 99-8 99-5 99

kn (number of generations x:k) ... -  12-09 -9 -7 8 6 -  7 -481 -  6-787 -5 -8 6 6
1

-5 -1 6 4

96-04 90-25 81 64 49 36 25 16 10 6-25 4
9-8 95 90 80 70 60 50 40 31-62 25 20

-4 -4 5 4 -3 -4 8 5 -2 -7 0 0 - 1  802 -  1156 -• 580 0 •619 1-282 1-910 11 2-506

2 1 •5 •25 •1 •01 •001 •0001 •o.i •071
14-14 10 7-071 5 3-162 1 •3162 •1 •01 i •001

3-441 4-394 5-366 6-353 7-679 1107 i 14-50 17-95 24-86 31-76

Fig. 3. Effect of selection on a sex-linked character. A: = *001. Dominants favoured. 
Upper curve, homozygous sex; lower curve, heterozygous sex. Abscissa =  generations. 

Ordinate = percentage of sex with the favoured character.

autosomal character. In the heterozygous sex selection occurs a t about the same rate in the 
two cases. However, as appears from Table V, sex-linked recessive characters increase far more 
rapidly in the early stages, and sex-linked dominants in the late stages of selection, the auto­
somal characters.

Table I I I  is not quite accurate unless selection is very slow, the error being of the order of k. 
Thus when k =  0 ‘2 the error in n is nearly 1 0  ° /c. Still even for these large values it furnishes a 
useful first approximation.
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B i s e x u a l  f a m il ia l  s e l e c t io n  o f  a s e x - l in k e d  c h a r a c t e r .

Here we need only consider the case where the family within which selection occurs has both 
parents in common. Sex-linkage of the animal type is rare in plants, and families with many 
fathers per mother are rare in animals. L e t the nth generation be

? p nA A  : 2 qnA a  : r na a ;  £  snA : t na,

where p n +  2 qn -I- r n =  sn 4 - tn =  1 . L e t the dominants have an advantage of 1 : 1  — /j over the  
recessives in the mixed families. Then the (n + l)th  generation occurs in the following proportions, 
after selection has operated :

From mating A A ? A a  ? aa ? A <$ a

A A x A  ... Pn*n 0 0 P 71̂ 71 0

Aa x A ... 7 n $n 0 2Qn Sn 2 (1 - k ) q asn
2 - k 2 - k

«a x jl  ... 0 $71 0 0 1  ̂7i Sn
AA x a 0 P J n 0 V J n 0
Aa x a 0 2?. A 2(1 - k ) q ntn 9n f*jCln l 7i i! 2 ( 1 - * ) ? „ « .  i

2 - k 2 - k 2 — k i  2 — k \
aa x a 0 0 o 1

i
? n :

i  i

Hence, writing k' =  ------y ,

Pn-hi = (Pn Qn) $n ^
2 g»+i =  (Pn +  (jn) in +  (<ln +  rn) Sn +  k'qntn 

I'n+i =  (̂ 71 “h  ̂n) in k qntn .̂....................

s n + i  =  P n  +  q n  +  k  <Jn

in+\ = n̂ “I" ? n k Qn >

W ith complete selection, when the recessives are eliminated, Jc' = k  =  1 , and

7̂1+1 =  T'niny

(8 *0 )

in-\-\ n >

• <v» — /v» 4>(n-\-\) f  <f>{n)

where (8-1)

i.e. <£(??) is the nth term  of Fibonnacci’s series 1 , 2 , 3, 5, 8 , 13, 2 1 , etc. So the recessives dis­
appear very fast. W hen dominants are eliminated k' =  — 1 , k  =  — oo , and the equations are less 
tractable. The percentages of recessives in succeeding generations, starting from a standard  

 ̂ population, a r e :

ji 9 25 37*5 56-25 66-80 82-97 etc.
i 6 S  50 75 75 89-06 93-16 etc.

$

When k  is small we solve as in equations (3 ‘0), and find

Am„ =
k'u ( 2 -1- u) 
~ 3 ^ 3 n

approximately.
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kn =  3 loge
"wn ( 2  +  un)~

3
\-2

.(8 -2 )
r n =  ( 1  +  uny  
tn =  ( 1  +  W’n)-1

starting from the standard population, and p n, qn have very nearly the values for a population in 
equilibrium. Selection therefore proceeds much as in racial selection but a t from a half to a  third 
of the rate. Some figures are given in Table V.

S e l e c t io n  o f  a s e x - l in k e d  c h a r a c t e r  in  t h e  h o m o z y g o u s  s e x  o n l y .

Several sex-linked factors are known which have a much more marked effect on the homo­
zygous than the heterozygous sex. Thus in D rosophila m elanogaster “ fused ” females are sterile, 
males fertile ; whilst the character “ dot ” occurs in 8 °/0 of the genetically recessive females, but 
only 0*8 °/Q of the males. [M organ and Bridges (18 ).] B u t the chief evolutionary importance of 
this type of selection m ust have been in the Hym enoptera and other groups where the males are 
haploid and all am phim ictic inheritance sex-linked. The characters of the diploid females and 
neuters are generally more im portant (especially in the social species) than those of the males. 
On the other hand it must be remembered th at for a few drone characters selection must be very 
intense, and largely familial. U sing the usual notation

2 nnVn -(- Uji 4- Vn ^
un + vn +  2  — 2k\ .............................................................. (9*0)

n̂-fi =  Un J
W ith complete selection, if all dominants are eliminated and k  = — oo , all dominants disappear 

in two generations. I f  all recessives are eliminated k =  l ,a n d  starting with a standard population 
the percentages of recessives in successive generations a r e :

(J (heterozygous sex) 50 33*3 30 23*2 ^21*4 18*6
9 (homozygous sex) 25 16*7 10 6 96 5*14 3*95

So elimination is vastly slower than when selection occurs in both sexes (equation (7*1)). 
W hen k  is small we solve as in (7*0), and find

2 kun

^n+i

3A un = approximately.
1 +  un

.*. %kn = un +  \ogeun — 1 , ........................................................... (9 *1 )

Vn ~  ( 1  +  Un) / rr.q\
*n =  ( i  +  M„ W .....................................................................K ’

So selection of the homozygotes proceeds as in Fig . 2  and Tables I  and II , but 1*5 times as 
many generations are needed for a given change. The heterozygous sex changes rather more 
slowly.

S e l e c t io n  o f  a s e x - l in k e d  c h a r a c t e r  in  t h e  h e t e r o z y g o u s  s e x  o n l y .

In certain cases sex-linked factors appear only or mainly in the heterozygous sex. Thus in 
D rosophila m elanogaster “ eosin ” eye-colour is far more marked in the male than the female, and 
the sex-linked fertility factor Z 2 postulated by Pearl (1 9 ) in poultry can only show in the female 
sex. If  selection is limited to the heterozygous sex,

un+i
__ 2 Un Vn +  Un +  V.

un ~b vn +  2

?̂1+1 —
u,

.( 1 0 *0 )
'71
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, but u! =  i<0;

( 1 0  1 )

W ith complete selection, if all dominants are eliminated, & =  — oo , and
'll

Kn+1 =  - — —  (after the second generation),
£ +  un

vn — 0 .

Un =  2 n- 1 ( l + i ) - l

• • Vn =  2>n =  1  2 1 n ô*

So the number of dominants is halved in each generation after the second. If  recessives are 
eliminated, k  =  1 , and

un+1 =  1 +  2un (after the second generation),

^  714-1 =  •

un =  2 n_1 ( 1  +  uq) — 1 ;

2/n = 0 l ..................... (102)

the proportion of recessives being halved in each generation. If  selection is slow

Aun =  \kun approximately ;
kn  =  3 log un ................................................................................( 1 0  *3 )

if u0 = 1 ; and yn, zn are given by equations (7 ’3). Hence selection in the heterozygous sex pro­
ceeds as in Fig. 1 , but a t one-third of the pace, whilst selection in the homozygous sex is slightly 
faster.
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C e r t a t io n , o r  g a m e t ic  s e l e c t io n  o f  an  a u t o so m a l  c h a r a c t e r .

The work of Renner ( 6 ) and Heribert-Nilsson ( 2 0 ) shows that gam etes or gam etophytes may 
be selected according to what factors they carry. The field of such selection may be wide, as in 
wind pollination, but is more often restricted, and mainly familial, i.e. among the gam etes of the 
same individual. E xcep t in homosporous plants the intensity must be different in gam etes of 
different genders, and we shall here only consider the case where one is affected. L et the ?ith 
generation be formed from gam etes carrying unA : la , this proportion being reduced by selection 
in one gender to unA : ( 1  — &)a, the selection being general and not familial. Then the ?ith 
generation will be un2 A A : (2  — k) unA a  : ( 1  — k) aa.

_  un ( 2 un +  2 — k) 
Un+1~ ( 2 - k ) u n + 2 - 2 k' ( 1 1 -0 )

With complete selection, if all dominant-carrying gam etes are eliminated, k =  — oo, and

_ Un
W”+1 “  2T%,1 •••

••• 2'-“= r T ^ = 1 _ 2 ,_ n ( 1 - 2/‘).................................................. ( m )

So the proportion of dominants is halved in each generation. I f  recessive-carriers are 
eliminated, no recessive zygotes appear, and the proportion of heterozygotes is halved in each 
generation. If  selection is slow,

A un =  \kun approximately ;

k n = 2 \oge un, ........................................................................... ( 1 1 2 )

2/n =  ( 1  "b ^n) 2................................................................................ (2  0 )
V o l . XXIII. N o .  II. 5
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I f  the gam etes are replaced in heterozygous organisms, as must happen in a large batch of 

pollen-grains or spermatozoa from the same source, let the nth zygotic generation be formed 
from unselected gam etes (say m egagam etes) unA :1 a , and selected gam etes (say m icrogam etes) 
vn A :1 a ,  so its proportions are unvn A A : (un + vn) A a : 1  aa .

2  unvn +  un +  vn
U-n+i —

^n+i —

k

U n +  +  2
2 Un Vn +  Un +  Vn +  k '  ( u n +  Vn)  

un + vn +  2  — k' (un +  vn)

.(11-3)

where k' =  - — j  , as in equation ( 8 "0 ). W ith  complete selection (when for example there is a very
Z — tC

great disparity between grow th-rates of pollen-tubes, though both types are viable), if dominant 
gam etes are eliminated, Ar' =  — 1 , and the percentages of recessive zygotes in successive genera­
tions, starting from a standard population, are :

25, 37*5, 54-69, 71*48, 84-16, 91 83, etc.

I f  recessive gam etes are eliminated, k' =  1 , and the percentages of recessive zygotes in suc­
cessive generations are :

25, 12-5, 4-56, 1*14, 0T 7 , 014 , etc.

W hen selection is slow, A =  \kun approximately.

.-. kn =  4 loge un .................................................................. (11*4)

if u0 =  1 , so selection proceeds a t half the rate given by equation ( 1 1 *2 ), y n being given by ( 2 ’0 ).

Gametic selection of a s ex -i.inked character.

This is not known to occur, and at all complete gam etic selection is very unlikely in animals, 
so we need only consider slow selection. L e t selection occur among the gam etes of the homo­
zygous sex, with no replacem ent within heterozygous organisms. L e t the nth generation be 
formed from eggs in the ratio un A : l a  before, or un A : ( 1  — k ) a  after selection, and $ -producing 
spermatozoa in the ratio vn A : la .  Then the nth generation is

$ unvnA A  : (un + vn — kvn) A a  : ( 1  — k) a a  ; </ un A : ( 1  — k) a.
2unv,i -f- -|- Vji kv-,1un+i

itn  “H v n + 2  — k v n — 2k

uT
. ( 120 )

Vn+' = T -  k
.-. A un =  |kun approximately.

.-. lk n  = \oge un>..................................................................( 1 2 *1 )

whilst yn and zn are given by equation (7 ‘3), so selection proceeds twice as fast as in equation 
(10*3). In  the more im portant case of familial selection (replacem ent in heterozygous individuals),

if k' = k
2 - k , then 2 - { -  ii ,i  ii,i  4 *  k  ( i t , ,  ■ }* ^ 71)1

+ u n +  11 n +  2 — k '  ( un +  vn ) -(1 2 *2 )
^n+i — Un

un being here the gam etic ratio after selection.

• • An,i —  ̂k  u,i ==  ̂k v ,i,

$kn = \oge un, ....................................................................... ( 1 2 *3 )

so selection proceeds as in equation ( 1 0 *3 ).
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I f  selection occurs among the gam etes of the heterozygous sex there is clearly no effect if 
they are replaced, whilst otherwise the effects are the same as those of zygotic selection, and are 
given by equation (1 0 3 ) .

C o m p a r a t iv e  r e s u l t s  o f  c o m p l e t e  ( a r t i f i c i a l ) s e l e c t io n .

The results of complete selection in the more important cases are summarized in Table IV. 
In every case the field of selection considered is the whole population. Complete familial selec­
tion occasionally occurs through natural causes, but never through human agency. Column 3 
gives the sex to which the numbers in columns 4  and 5 refer. Selection is supposed to begin on

T A B L E  IV.

Effects o f  complete selection.

1 I °lo afte>' °/0 after |
Character eliminated Type of selection Sex 5 generations 10 generations Equationl from 50 °/0 from 50 °/Q 11i

Non-amphimictic Any ................ Both ... 0 0
i""

Autosomal dominant Bisexual ... i
! • • • * * • 0 0 .—

,, recessive D • • • ’ * * J J . . .  . . . 2 44 0 -7 6 8 2-2
,, dominant Unisexual... )) * * • • • • 1-83 0 - 0 5 7 2 4-2
„ recessive ,, . . .  . . . , ,  . . .  . . . 8-88 3-27 —

Sex-linked dominant Bisexual ... j  Homozygous 0 0 —
(Heterozygous 0 0 —

„ recessive (Homozygous 0 0 7-1
,, )  Heterozygous 1-56 0 - 0 4 8 4 7-1

,, dominant
l

In homozygous sex | Homozygous 
( Heterozygous

0
0

0
0 z

„ recessive i
>> >j n

j Homozygous 
(Heterozygous

5-34
18-5

1-74
13-28

,, dominant In heterozygous sex j  Homozygous 
(Heterozygous

1-83
3-125

00572 j 
0-0977 1

10-1
10-1

,, recessive n j) n
j  Homozygous 
(Heterozygous

0
3-125

0 i
0-0977 10-2

Autosomal dominant Gametic unisexual Both ... 1-83 0-0572 i 11-1
„ recessive >> n n 1 , ,  . . .  . . . 0 0 —

a population in equilibrium containing equal numbers of dominants and recessives of the sex 
considered. I t  is worth noting that in the case of sex-linked characters, and autosomal recessives 
when selection is gam etic, individuals of types which have wholly disappeared reappear if selec­
tion ceases. W ith many types of heredity dominants are eliminated in one or two generations, 
and where this is not the case they generally decrease more rapidly than recessives.

A p p l ic a t io n s  to  sl o w  s e l e c t io n .

W ith the exception of ( I T )  the equations found for the rate of slow selection are not rigorously 
accurate, n is in general a higher transcendental function of u, but of what nature is not clear. 
It will be shown later th at the finite difference equations found in this paper are special cases of 
integral equations which may possibly prove more tractable. The values for kn  found in term s of 
u all have inexactitudes of the order k 2n. Thus if one type has an advantage of 1  ° /0, the number 
of generations required for a given change can also be found within about 1 °/0.

5—2
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Table V shows the effect of slow selection in the various cases considered. The third  

column gives the sex to which the subsequent figures apply. Selection is throughout supposed 
to give the favoured type an advantage of i.e. 1000  of this type survive for 999  of the other. 
I f  the advantage is y ^ , one-tenth of the num ber of generations is required for a given change, 
and so on, but when selection is very rapid the numbers are somewhat inaccurate.

I t  will at once be seen th at selection is most rapid when amphimixis is avoided by any of the 
means cited above. Moreover selection is ineffective on recessive characters when these are rare, 
except in the case of sex-linked factors, when selection is effective in the heterozygous sex, and 
in gam etic selection. I t  seems therefore very doubtful whether natural selection in random -m ating

T A B L E  V.

Generations required fo r  a  given change with various types o f  slow selection. k  =  *001.

Dominant factor 
favoured Type of selection Sex |•001—1% 0 

o O1 50—99 % 99—99-999%
i

Non-amphimictic Bisexual racial Both ... j
1

6,921 |
i

4,592 4,592 :
i

6,921
Autosomal yy yy j

1iyy • • • ; 6,920 4,819 11,664 ; 309,780

,, ... j  Unisexual racial 
(Bisexual familial)!

j
yy

, I
13,841

1
9,638 23,328

i 619,560

n • • • ,, familial*( yy • • • 9,227 6,425 15,522 413,040
„ t ,, racial j 6 13,831 8,819 6,157, 7,112

Sex-linked i 'Homozygous 6,916 4,668 5,593 j 10,106
y y yy i Heterozygous 6,928 5,164 11,070 ' 20,693
„ familial (Homozygous 20,753 13,785 13,785 20,753,, ... [Heterozygous 20,768 14,987 24,332 41,450

(Racial of homo- j Homozygous 10,380 7,228 17,496 464,670,, ... \ zvgous sex Heterozygous 10,392 ■8,378 153,893 149,860,377
J Racial of hetero- , Homozygous 20,746 13,228 9,236 ' 10,668j, ... ( zygous sex j Heterozygous 20,753 13,785 13,785 20,753

Autosomal Unisexual sjametic! Both 13,831 8,819 6,157 7,112
yy * • • +!yy yy -f; yy • • • 27,661 17,638 12,314 14,224;

Sex-linked (Gametic of homo- ! Homozygous 10,373 6,619 4,618 5,334
\ zygous sex Heterozygous 10,377 6,892 6,892 10,3771
jGametic of homo- 1 Homozygous 20,746 13,228 9,236 10,668!,, ... [ zygous sex;}; Heterozygous 20,753 13,785 13,785 20,7537 i

Equations

M
2-0, 2 4

2 0,3-2,4-3
2-0, 3 3 
2 0, 5-3

| 7-2, 7-3

J 8-2

j 7-3, 9 1

| 7-3, 10-3
2 -0, 11-2 
2-0, 11-4
 ̂7-3, 12-1

7-3, 12-3

* The families have only one parent in common, 
t  Dominant in <j , recessive in ? .
X In heterozygous individuals gametes are replaced (as 

zygotes in familial selection).
The effect of selection on recessive characters may be

found by inverting the order of the four numerical columns. 
Thus 309,780 generations are needed for an autosomal re­
cessive to increase from -001 C/Q to 1°/Q, 11,664 generations 
to increase from 1 °/Q to 50°/o, and so on.

organisms can cause the spread of autosomal recessive characters unless they are extraordinarily  
valuable to their possessors. Such characters appear far more frequently than dominant mutations, 
but in their early stages are selected infinitely more slowly. I t  is thus intelligible th at none of 
the melanic varieties of Lepidoptera which are known to have spread should be recessive.

There are a t least four ways out of this impasse: . v'
A. In a species which adopts self-fertilization or very close inbreeding advantageous auto­

somal recessive characters can spread rapidly. Thus supposing th at in each of two otherwise 
similar species, one of which is mainly self-fertilizing, an advantag-eous recessive m utation occurs, 
it will spread far more quickly in the self-fertilizing species, and this species will tend to replace
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the other. This fact may well account for the widespread presence of self-fertilization and close 
inbreeding, in spite of the fact that they seem often to be physiologically harmful, and m ust 
certainly check the combination of useful variations which have arisen independently.

B. Recessives may be helped to spread by assortative fertilization. This may take place in 
the following ways:

1. Psychological isolation. Thus Pearson and Lee (2 1 ) have shown th at a tall man is more 
likely to marry a tall woman than a short woman if presented with equal numbers of each. O f 
course the recessives must not be so repulsive to the dominants as to escape m ating altogether 
at first. In plants psychological isolation may be due to the psychology of the insect or other 
pollinating organism. Thus a m utant plant with a new colour, scent, or shape may be isolated 
because it a ttracts a different insect from the type plant.

2. Anatomical isolation. Pearl (22 ) and Crozier and Snyder (2 3 ) have shown th at in P a r a -  
moecium and Gammarus  there is a strong tendency for organisms of like size to mate. This will 
be effective provided mutations are not so great as to leave the first m utants unmated.

3. Temporal isolation. If  the recessive factor causes (or is very closely coupled with a factor 
causing) a change in the breeding or flowering time, this will serve as an effective barrier against 
crossing.

4. Spatial isolation. If  the recessive has a different habitat, e.g. a different range of soil or 
temperature conditions to which it is adapted, some of its individuals will be spatially isolated 
from the dominants.

5. Selective fertilization. If  the results of Jones (2 4 ) are due to this cause, as seems almost 
certain, we have here a vera causa , though it must be remembered th at he did not work with 
single factor-differences. He found that when either of two races of maize is fertilized with a 
mixture of pollen the proportion of hybrids was less than was to be expected from random fertili­
zation. This does not seem to have been due to inviability of the hybrids, which were more 
vigorous and fertile than the parent races. Clearly if the hybrid zygotes are in viable or sterile 
the rarer form of the species will be weeded out whether it is dominant or recessive, weak or 
vigorous. B u t if there is selective fertilization due for example to increased activity of pollen- 
tubes in tissue of the type which produced them, the increase of the rare form, especially if it is 
recessive, will be facilitated.

All these types of isolation, then, will favour the replacem ent of a type species by a recessive 
mutant. May it not be that in many cases mutual infertility is the cause and not the effect of 

s specific differences? A new m utant form arises within a species. If  it crosses freely with the type
f we call it a variety, and a moderately advantageous recessive variety will only spread very slowly
1 indeed. But if it does not cross freely we call it a new species, and it is much more likely to

establish itself. Possibly then interspecific sterility is partly to be explained by its having a 
selective value.

c C. The increase of recessives is greatly facilitated, as will be shown later, by incomplete
s dominance. Thus if there is only one recessive in a million, and the recessives have an advantage
t( of ’001, their rate of increase will be speeded up elevenfold if the heterozygotes have an advantage

of 00001 over the pure dominants.

D. If  heterozygotes have any advantage as such this will tend to favour any new factors so 
long as they are rare. B ut no “stimulus of heterozygosis” has yet been demonstrated in cases of 
single factor-differences.

 ̂ W hether the isolation of small communities, or what comes to much the same thing, great
P immobility of individuals at all stages of their lives, will help or hinder the spread of a new
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recessive type in the species as a whole is a nice question. I t  will certainly slow the spread of a 
dominant.

A t first sight the selection of dominant factors would not seem to be a probable cause of the 
origin of species rather than new varieties. B u t it m ust be rem embered th at dominant m utations 
are very often lethal in the homozygous condition. U nder certain circum stances, to be discussed 
later, their selection may lead to the establishm ent of a system of balanced lethals, and a probable 
change in the chronosome number.

The theory so far developed gives a quantitative account of the spread of a new advantageous 
type within a population under certain simple conditions, and dem onstrates th a t inbreeding, 
homogamy, and inter-varietal sterility may sometimes be of selective value, and therefore preserved  
by natural selection. I t  is proposed in later papers to discuss the selection of semi-dominant, 
multiple, linked, and lethal factors, partial inbreeding and homogamy, overlapping generations, 
and other complications.

40  Mr  H A L D A N E , A  M A T H E M A T IC A L  T H E O R Y

Summary.

M athematical expressions are found for the effect of selection on simple Mendelian popula­
tions mating a t random. Selection of a given intensity is most effective when amphimixis does 
not affect the character selected, e.g. in complete inbreeding or homogamy. Selection is very 
ineffective on autosomal recessive characters so long as they are rare.

78



O F N A T U R A L  A N D  A R T IF IC IA L  S E L E C T IO N . 41

R E F E R E N C E S .

1. Pearson. Proc. R oy . Soc. 5 4 — 72.
2. W arren. Genetics, 2, p. 305, 1917.
3. P u n n e t t . M imicry in Butterflies, p. 154 .
4. I bsen and Steigleder . Am. Nat. 5 1 , p. 7 4 0 ,  1 9 1 7 .
5. D u r h a m . Journ. Genetics, 1, p. 1 0 7 , 1 9 1 1 .
6. R enner . Zeit. Ind. Abst. u. Ver. 18, p. 121, 1917.
7. Schmidt. Comptes rendus trav. Lab. Carlsberg, 14, 1 9 2 0 .
8. Goldschmidt. Zeit. Ind. Abst. u. Ver. 23 , p. 1, 1 9 2 0 .
9. Pearson. Phil. Trans. Roy. Soc. A, 203, p. 53, 1904.

10. H ardy. Science, 28 , p. 4 9 , 1 9 0 8 .
11. P unnett. Journ. Hered. 8, p. 4 6 4 ,  1 9 1 7 .
12 .  Detlefsen . Genetics, 3, p. 5 7 3 ,  1 9 1 8 .
13 .  B arrett. Lepidoptera o f  the British Islands, 7, p. 130 .
14. B ate. Ent. Rec. 1 8 9 5 ,  p. 27.
15 . B ateson. Mendel’s Principles o f  Heredity, p. 221.
16. W o o d . Journ. Agric. Science, 1, p. 3 6 4 .
17. J ennings. Genetics, 1, p. 53, 1915.
18. Morgan and B ridges. Cam. Inst. Wash. Pub. 237, 1916.
19. Pearl . Am. Nat. 46, p. 130.
20. Heribert-N ilsson. Hereditas, 1, p. 41, 1920.
21. P earson and L e e . Biometrika, 2, p. 371, 1903.
22. P earl . Biometrika, 5, p. 213, 1907.
23. Crozier and Snyder. Proc. Soc. Exp. Biol. & Med. 19, p. 3 2 7 ,  1 9 2 2 .
24 . J o n e s . Biol. Bull. 38 , p. 251 ,  1 9 2 0 .

79



M r  H a i d a n t .  A  m a th e m a tic a l t h e o ry . etc. 607

A m athem atica l theory o f  N a tu r a l  an d  A rt i f ic ia l  Selection. 
Part IV . B y  Mr J .  B . S. H aldane, T rin ity  College.

[Received  11 N ovem ber, r e a d  22 N ovem ber 1 0 2 0 .]

In such organism s as annual plants, in which successive g e n e ­
rations do not overlap, the com position of the // +  1th generation  
can be calculated  from th a t of the ??th, and the resu ltin g finite 
difference equation investigated . W h ere generations overlap we 
may obtain a sim ilar relation between the com positions of th e  
population at tim es t and t', but the finite difference equation is 
now represented by an integral equation. This fact was first 
pointed out in 1 9 1 0  by Mr H . T. J .  N orton of T rin ity  College. 
A t a much la ter date I  arriyed at th e sam e conclusion, and  
Mr N orton showed me his results in 1 9 2 2 , s ta tin g  th a t he would 
publish them  shortly. H e has been prevented from doing so by 
illness, and, although I believe th at all the results here given were 
reached by me independently, there can be no question th at  
Mr N orton had obtained m any of them  previously, and had treated  
the problem rigorously, which I have not done.

The only case considered here is the very sim ple one in which the  
intensity of selection is independent of the size of the population. 
A prelim inary lemm a will first be discussed.

The yrowth of a j>opulatun>.

If  the d eath -ra te  and b irth -ra te  of a population are not func­
tions of its density, its num ber at any tim e m ay be calculated  as 
follow s:

Let N  (t) be the num ber at tim e t. Only the female sex need 
be considered if the sexes are separate.

,$ ( j )  be the probability of an individual surviving to tin 
age a-.

l \ t )  ht be the num ber ot individuals produced between  
tim es t and t -f ht.

K  (j *) Sx  be the probability of an individual between the  
ages x  and .r +  producing one (fem ale) offspring. All 
individuals of this age. both alive and dead, are con ­
sidered. so th at if 1J (a ) be the corresponding function  
for living individuals only. K  (./•)= S  (x) P  (x). Then

• /

N  ( t) =  j C ( t — j  » S  ( j: ) dx  !
. .................... ( 1 0 t• x

U  ( t ) =  j C i t  -  .r ) K (./■)d r j

4 ° — -
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In stead  of infinity any upper lim it exceed in g  th e  m axim um  
life of th e organism  m ay be taken. E q u ation  (I'O ) has been con ­
sidered bv H e rg lo tz * . L e t  U (t)  =  cezt. Then

e~zx K  {x) dx  =  1, or [ e~:xK  (x)  =  1 ...............(1 '1 ),

where a  is sufficiently large. Since K  (x)  is alw ays real and zero 
or positive, th e above integral is a m onotone function of z when z 
is real, and can have any real positive value. H en ce it has one 
and only one real root for z , say a0. T he com plex roots clearly  
occur in pairs a, + //Sr . Then

f  e~*rX K  (x) dx  >
J  O

= 1.

6 0 8  M r  H a l d a n e .  A  m a th e m a t ic a l  th eo ry

/,
— l°-r -rlPr) x K  (x) d x

T herefore a r <cr„.

I f  any two functions of t are solutions of (TO ) so is th eir sum . 
T herefore

x
U (t)  =  -i- IE a rearl cos (5r it — 6r))

'•=1 ......... ( i -2 ) .

y  ( t ) — ^  Cr ^ rt COS l 3r {t  -  d r)
?•=1

In general th ere will be an infinite num ber of term s. The  
values of a r and br, and hence of cr and d r, depend on th e initial 
conditions. W h ere  m ultiple roots occur th ere  will be periodic- 
term s including powers of t as factors. S ince © ,-< 00, all th e  
periodic term s becom e negligible com pared with th e first a fte r  the  
lapse of a sufficient tim e. T h a t is to say, oscillations of the popu­
lation about an exponential function of the tim e are e ith er dam ped  
or at least increase less rapidly than the population itself. I 11

p articu lar, if I K  {x )d x  = 1 ,so that the population is in equilibrium .

oscillations are dam ped and the equilibrium  is stable. W e are  
therefore justified in neglecting periodic term s in the solution of 
equations which only differ by small term s from (l'O ), and which 
occur in the subsequent analysis. I t is proposed to discuss th e  
stab ility  of the equilibrium  when S  (x)  and K  (x)  depend on the  
num ber of the population in a subsequent paper.

Incidentally , if C ( x ) 8 x  be the probability of any m em ber of 
the population being between the ages x  and ./ +  8x. then

r  (t -  x) S  (x)
C { x ) =  --------  .

•A ( 0
* Herglotz, M a t h .  A n n .  65. p. 87.
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Hence, when oscillations have died down.
e~^nXS ( x )

£-a0r g  (j-) dp

This constitutes a new proof of Lotka’s* theorem on the 
stability of the normal age distribution.

Selection o f  an  a u t os omal  f a c t o r .

Consider a population consisting, at time t, of D (i) female 
zygotes possessing a dominant factor A .  R ( t )  female recessives. 
The sex-ratio at birth is taken as fixed.

Let F ( t )  Bt be the number of fertile A  ova produced between 
times t and t + Bt.

f ( t ) B t  be the number of fertile a ova produced between 
times t and t +  Bt.

M  (t)  Bt be the number of A  spermatozoa produced between 
times t and t + Bt.

m {t)  Bt be the number of a spermatozoa produced between 
times t and t + Bt.

S  ( x )  be the probability of a female dominant reaching 
the age x.

s ( x )  be the probability of a female recessive reaching the 
age x.

K  ( x ) B x  be the probability’ of a female dominant (alive or 
dead, as above) producing a female offspring between the 
ages x  and x  + Bx.

' K ( x )  — k { x ) ] B x  be the same probability’ for a female 
recessive.

L  ( x )  Bx be the same probability for a male dominant.
[ L  ( x )  — l (.r)] Bx be the same probability for a male reces­

sive.
- y *

•S’ = I (./ ) d.T, s = | 

K = f  K  (./) d:r.  K '

/ , =  I L  (X)  d . r , L  =
. o

X
•v (•/ ') d.r

n
/• /

=  | j  K  (x) dx. k
J (I

- y .

j rL  (.r) (l.r. 1 =  
J

. y
= j k [ x ) d j .
J

l { x ) d j .
(t

In general the functions S  (x) ,  s ( x ) f K ( x ) ,  etc., will not be 
functions of age alone, but of J j  (t ), R  {t), etc. We make the 
assumption however that selection and population growth are 
proceeding so slowly that k ( x )  and l ( x ) .  and K  — 1 are small, and 
S ( x ) ,  etc., do not vary appreciably in the course of a generation.

* Lotka. Proc. Xat. Ac. Sci. 8. y. 339. 1922.
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If mating be at random, the rhtes of production of the three 
female* phenotypes at time t are

F ( t ) A f \ t )  . 4 F ( t ) m ( t ) _ + f ( t ) M ( t )  f ( t ) m ( t )
' A ’ M  it) + m i t) * " a ’ ~ ~M ~(t) + m  (O ' aU ' M  {t )  +  m  ( t ) ' 

The group aged x  at time t was hatched or born at time t — x . 
Therefore

r « ) = j  fI <1

(t - x) M (l - x) -r F  (t - x)m(t - .r) -f f (t - .r) 31 (? -  ■') ( ^
31 {t - T) + m (t - x) 

f * F  (t - x) in {t - x) + f(t -x)  M {t - x) + 2/(t - x) m (t -x) K  (x) d.r

M (fl

in (t)

.11 ( t  - .r) - II I { t  -  .r)
x 1(t - x) m (t - x) k (x) d.r 

„ 31 (t - x) + in (t - x)
2 F it-  x) 31 0 -  x)-rF (t - x)in(t- x) + f (1 - x) 31 (t - x) L  ( x )  dx31 (f -  x) + in (t - x)

- i f '  F {t 'n >" l( - X) + f (f -  (( -  -T) + V  (t -  •»') T» ({ - J ) j  { rv (j r
~ -  I n  31 If -  X) -» 111 (f -  X|

j  r f  (I - x) m(t - x) I (x) d.r
M [t - x) + in (t - xi

Since selection and population growth are slow, we may put 
F ( t - x )  =  F { t ) - x F \ t ) ,  etc., M { t )  =  \ F ( t ) ,  v<{ t )  =  \ f ( t )/all to 
the first order of small quantities. Hence, to this degree of 
approximation,

3 l { t ) ~ i m t )  ' 3 1 ( t )  +  i n ( t )
! , K ' [ F ( t ) + f ( t ) ] 3 1 r it)m(t) - 3 1  (0 m' (f)

[J7 (f)-t-ni (H]2
U T , . -  K ;■ -’MO-»M0

Similarl v
nn = i Knu + i± l£ p ± L llA ^ L»_ K Y(„ _ Tl/TlL

M it)  =  i  I . F ( t )  +  - L  * + -' l . ' F ' t t )
M  it) + in {t)

m ( t ) =  U / ' i m + - z , T . <n +  A / ) ] ” l ( / l - a / * ' ) ] 1
1/ ( M +  /// (M 

all approximately. Therefore

[2L/- (t) -  L /(0  - 2L7- lo] L I  (/) - 2L7" (f)

F i D  +  f i t ) ’

31Jtj 
m (n f  L F  (t) - 2 L' r  (t) - x L F  (n-r 27. f if) - 27/ ^ (/) - ^  [-'--L  7 u)4.f ( / )  v •  h If)  —

27.7'' (ft [(7’ (t) - Hf l]

2 / [ . r  ( 0r
f  f t

n - n  . , )- “ I MO

L'-1-  7 . r ( t i - 2 r . » ' i n -  — 'r ' 1,1
»/< I t )  1
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approxim ately .
j'(t\ 2i/\b (i)f '  tn- h"o) 1 (/)] . i f (n [ f (o]-

’ 7(0 l ' [ F  (t)+j'{t) ]  ̂ J, \F{t) + / p ‘
approxim ately, by solving the quadratic. Therefore

IK  n r m  K ' F ’ iu  - . //- m i.n n p  _ n
(h ^ (' ’ ---------T F T T rrrio j—  - rp -v iT 7 7 o j ;
,l- . . . . . .  a ) - r ( ’)f(i)] i r w i ’ o r  '• I./(')]• _
(A -  i,., - a / ------------ J . , , . ------------ L \ r u y r m  • TT'CrjV)

....................................... ( 2 - 1) .

If  » (t)  = F ( t ) l f ( t ) ,

( i t  w  (/,' +  K ' L ) [ l  +  « (Ol  ..................
1 +  k L

This is equivalent to equation (2-1) of P a rt  I * ,  J / q T / f 7/ ,

the coefficient of selection. In  general this q u an tity  is not inde­
pendent of t, hence the equation cannot be in teg rated , b ut if its  
upper and lower lim its are known, the m arch of the com position ol 
the population can be roughly calculated from equation (2*3) of 
P art I. If, however, the population is very nearly in equilibrium , 
and eith er dom inants or recessives are very rare, m ore accu rate  
results are possible.

W hen recessives are rare, F ( x )  is large and equal to a con stan t 
F, D {x )  being also large and equal to a constant JV . K  =  1, and 
F ' ( t )  is negligible, while f  (t) is small. Therefore

K'f (t) + j  / ' < n  +  =  o .

and
(/ +  k L )  {t — /,,)

where t„ is an integration constant. But
* /

-V =  ]> (t )=  I F  ( t -  x ) S  (a-) cb = FS.
. 11

y. , _ | \_1 (t — x )]- 6 ( .1') (!,/' (A +  A L, V F a
. .. F  { t — x ) + f \ t  — x) (1 + k L f  (t — t„y-'

, (L' + K ' D - s N
A ( t )=  - - ------;............. ......................... ( 2 ‘3).

</ + k L y S i t
Hence selection proceeds at the same rate as when generations 

are separate with a selection coefficient equal t.o

( i + \ ( S y
\L' + K  L ,  \V; *

Haldane. Trum. Phil, Sw . 23. p. lie 1924.

f>] I
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W hen dom inants are rare, f  ( r )  is largo and equal to a constant 
/ ’ K  =  1 4- / ’. and F  (r )  is small. Therefore

( t - + ' ) F < n + ( K -  +

\ln- k L )  (r -  t)

F { t )  =  e e ~ i r i ~

where r is a con stan t of in tegration . Therefore

j)  (t) =  f  2 F  (t -  r )  i ) d r  =  2 S F  ( t )
J  o

[l -j- k L )  (fft - t >

=  e ~ r Z R ' L  .............................................................................................................. ( 2 4 ) .

where t0 is an arb itrary  con stan t. Selection  therefore proceeds as 
when generations are separate, but with a selection coefficient

l + kL 
/ /  +  K ' l  ‘

W hen the death rates and fertility  rates are the sam e in th e  
two sexes, or in a herm aphrodite species, we have in gen eral.

d t )

dt { A " [ i  + « ( 0 ]

when recessives are rare.

R « )  = F X ( t  -  /„ y-

when dom inants are rare.

(2  5 )

(2 G)

D  ( t) = e h (2*7 ).

Now /• has approxim ately the sam e m eaning as when g e n e ra ­
tions are separate, provided A' =  1. H en ce the two case-' become 
com parable if we choose our unit of tim e, or “ gen eration .” so as to

m ake K '  or I r K  (./ )<D =  1. as in the calculations of Dublin and
J  o

L o tk a *  on the rate  of increase of a population. In each case, if 
functions analogous to >S u  ) ,* ( . /  ) are known for the males, th eir  
num bers can be calculated.

* Dublin and Lotka, -h nm i.  A i i k t . Star .  A.<f=oc. 192o. p 30C.
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Selection o f  a sex-linked fa c to r .  

H ere, using the sam e notation as above, we find

(A -

In general, if

' 2 L [ F ( t ) + j  (/)] 

l . ' [ F [ 1 ) f  </) -  F '  (0 1 ( t ) ] - r l F ( t ) f ( t )  k  [/(f)]-
►...(31).

V l . [ F ( i ) + j  Uj]

•Ist F  (t) lf( t) .

F u ) - J (t )
= 0

(V + -IK -L) Jt * <0 = lu (o  + ........(3-2),

an equation analogous to ( -  0 ) of P art I I I * .
W hen recessives are rare,

(L' + 2 K ' L ) f  ( 0  + I f  {t) + = 0,

where F  is the b irth -ra te  of dom inants. T h ree cases o c c u r :

(a) I f  kL is negligible com pared with IK, which will be the  
ease if selection is of the sam e order of in tensity in the two sexes, 
or more intense am ong m ales, then

/go - 0
f ( t )  =  e L' + 2K'L .................................... (3*31).

The num ber of recessive m ales is proportional t o / ( 0 ,  of recessive  
females to its square.

(b) It k L  is of the same order of m agnitude as IF, then

- Ik L f( t )  
2kL f\ t) + I F

=  e
i[t{, - ti 

L'~ 21/1
.(3*321.

H ence if V, v are q uan tities corresponding to S, s for the male 
sex, the proportion of recessive males is

Iv
/ U - y  \

_ d2 / X I

of recessive female-
l-s
U t-if)  ' 2 •

+ e x ^ U , ' - 2A' i -  i !
* Haldaue, Prac.  Caiub.  Phil .  Soc .  *23, p. S6i>. l ‘i2Ci.
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(c) I f  k L  is much larger than IF, i.e. selection is confined to 
females, then

c l K ' L  +  L') F
■nt)~ itut-i.)  ...............................<So4)-

H ence the proportion of recessive males is

(L' +  2 h " L )v
' 2 k L V \ t - U Y

,  ,  , ( L' +  Z K 'L fsoi recessive fem ales ------- .
U'2L - S ( t  -  O- 

W hen dom inants are  rare,
(/ -j- *2,kLt) (t —

F ( t )  =  e ~ ' T * k 7l ~ ............................... ( 3 -4 j.

T he num ber of m ale dom inants is proportional to F  {t), th at of 
females being double th at of males.

W hen th e in ten sity  of selection is equal in both sexes, these  
equations sim plify to

d  ( 0  [3  +  u ( 0 ]
«<zt i ( n  =  - 3 Z T r n 7 m ]  .......................... ( ',5 K

(V: /•
t\t) — e ................................................(3  b).

AU„- 0
F { t )  =  e K' ................................................(3*7),

analogous to equation ( 7 ‘2 ) of P art 1.

614 M r  H a l d a n e ,  A  m a th e m a tic a l th eo ry

D i s c u s s i o n .

T he most satisfactory  table of A” (j  ) known to me is th at given  
by Dublin and L o tk a *  fur certain  A m erican women. H ere  the

]\r
population is grow ing, and K  =  1 1 7 . while j y  . th e length  of a

u gen eration ,’ is 2 8 '4 5  years. No satisfactory values of k  are  known 
in the present s ta te  of gen etics, though the d ata on m ice discussed  
in P art I suggest th at here k  =  '0 4  ap proxim ately . In man m atin g  
is highly assortative for age, and the above form ulae cann ot be 
applied. M oreover, a  change in the coefficient of correlation  
between the ages of spouses would undoubtedly affect th e values 
of K  (jc), etc., if o th er conditions rem ained equal. T h u s old men  
would beget more children if th ey were more likely to have young

* Dublin and Lotka. /or. cit.

88



o f  n a t u r a l  a n d  a rt ific ia l  selectio n 6 1 5

wives. It is thus impossible to calculate the effect of this corre­
lation on selection. But a consideration of the extreme case when 
the age of the wife fixes that of the husband makes it clear that 
selection must follow equations of the type here arrived at. with 
changes in the parameters only.

S u m m a r y .

Expressions are found for the progress of slow selection in a 
Mendelian population where generations overlap. The changes 
are very similar to those which occur when generations are 
separate.
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A Mathematical Theory o f  Natural and Artificial Selection, 
Part V :  Selection and Mutation. By Mr J . B. S. H a l d a n e , 
Trinity College.

[Received 21 May, read 25 July, 1927.]

New factors arise in a species by the process of mutation. The 
frequency of mutation is generally small, but it seems probable that 
it can sometimes be increased by changes in the environment (1, 2). 
On the whole mutants recessive to the normal type occur more 
commonly than dominants. The frequency of a given type of muta­
tion varies, but for some factors in Drosophila it must be less than 
1 0 --6, and is much less in some human cases. We shall first consider 
initial conditions, when only a few of the new type exist as the 
result of a single mutation; and then the course of events in a 
population where the new factor is present in such numbers as to 
be in no danger of extinction by mere bad luck. In the first 
section the treatment of Fisher (3) is followed.

In a large population let pr be the chance that a factor present 
in a zygote at a given stage in the life-cycle will appear in r of its 
children in the next generation. If the individual considered is 
homozygous, this is the chance of leaving r children, if mutation

X
is neglected. Let £ p rxr = f(x). Therefore / ( 1 )  = 1, / ( 0 )  = p0, the

r = 0
00

probability of the factor disappearing, while f  (1) = 2  rpr, i.e.,
r -  0

the probable number of individuals possessing the factor in the 
next generation. The probability of m individuals bearing one each 
of the factors considered leaving r descendants is clearly the co­
efficient of P  in [/(a')]™, if we neglect the possibility of a mating 
between two such individuals, which we may legitimately do if m 
is small compared with the total number of the population. If 
then the probability of the factor being present in r zygotes of the 
?<th generation be the coefficient of xr in F  (x), the corresponding 
probability in the (n -f l)th generation is the same coefficient in 
F [  f(x)]. Hence if a single factor appears in one zygote, the 
probability of its presence in r zygotes after n generations is the
coefficient of x r in S ” (x), i.e. f  ( / ( / . . . / (x)...)), the operation being 
repeated n times. The probability of its disappearance is therefore

L t S) (0). By Koenigs’ theorem (4) this is the root of x = f { x )
n -► ao
in the neighbourhood of zero.
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Now in the case of a dom inant factor appearing in a population  
in equilibrium , and conferring an ad van tage m easured by k, as in 
P art 1 (5 ), f  (1 )  =  1 +  k. Since f  ' (x)  and f "  (x)  are positive  
when x  is positive, and /  (0 )  is positive, x =  f  (x)  has two and only 
two real positive roots, one equal to unity, the oth er lying between  
0 and 1, b ut near the la tte r  value if k  be small. H ence any ad van ­
tageous dom inant factor which has once appeared has a finite 
chance of survival, how ever large the total population m ay be.

I f  a large num ber of offspring is possible, as in m ost organism s, 
the series p n ap p roxim ates to a Poisson series, provided th a t ad ult 
organism s are counted, and since f  ( 1 ) =  1 +  k, f  (x) =  e n+knx-u# 
H ence the probability of extin ction  1 — y  is given by

1 -  y  =  e~ a+k)y.
H ence (1 +  k ) y  =  — log (1 — y ) ......................... (HO),

and * - I  +  ?  +  ? + " -

and if k  be sm all, y  =  2k  approxim ately . H en ce an advantageous  
dom inant gene has a probability 2k  of survival after only a single 
appearance in an ad ult zygote, and if in the whole history of a

species it appears more than — ̂   ̂ tim es it will probably spread

through the species. B u t, however large k  m ay be, the factor m ay  
be extinguished after a single appearance. Thus if k =  1, so th a t  
the new type probably leaves twice as m any offspring as the norm al, 
the probability of its extinction  is still '203 . I f  in any generation  
there are m  dom inant individuals the probability of extinction  is 
reduced to y m, where y  is the sm aller positive root of x  =  f  (x ). 
W hen k is small this reduces to (1 — 2 k ) m. H ence if in any

generation m ore than — adul t  dom inants exist, the factor will

probably spread through the whole population.
On the oth er hand a recessive factor whose phenotype is advan­

tageous has a quite negligible advantage in a random m atin g  
population provided th at the num ber of its bearers is small com ­
pared with the square root of the total population. This is best 
seen by considering the case of a h erm ap h ro d ite : in a dioecious 
organism  the argu m en t, though sim ilar, is more com plicated. 
L et X  be the fixed num ber of the population, and zn the num ber 
of heterozygotes plus double the num ber of recessives for th e  
factor A in the ?<th generation. I t  therefore produces gam etes in 
the ratio { 2 X  — zn)A  : zna. I f  now the recessives have a small 
advantage m easured by k, the probabilities of production of each  
genotype in the next generation are

( - X  — A A  : 2 z n{2 X  — zn) A a  : (1 + k ) z n" a a .

91



8 4 0 M r  H a l d a n e , A  m a t h e m a t ic a l  th eo ry  o f  n a t u r a l

H ence if, as above, f ( x )  be the function defining th e  probable  
num ber of offspring of a dom inant, so th a t / ' ( l )  =  1, th e  p rob a­
bility of r h eterozygotes in the (n +  1 )th  generation  is th e coefficient

° f , ' ln 2.V.-.C2.V -  i„)

[ / < * ) ]  >
th at of r  recessives th e sam e coefficient in

AT(i + fc)*,/2

[ / ( * ) ] 4 * s + ' * * ’*8 -

H ence th e probability  of 2 n+1 in the n ex t gen eration  is th e  co­
efficient O f  X zn - r i  in 2 N z J 2 S  +  kzu)

[ / ( * ) ]  ,
or, ap proxim ately , if zn be small com pared with N, in

ic" C1 + t x )
[ / w ]

The corresponding expression for a dom inant factor is

H ence provided th a t zn is small the probability of escap ing  
extin ction  is m uch sm aller than k\ I have been unable to evalu ate  it 
exactly , but it seem s from a com parison with the case of a dom in an t 
factor, th a t the value of z n such th a t the factor is as likely to survive

as to be extin gu ish ed , is of the order of e. gen erally  > N K

So if N  is sufficiently large th e probability of a single m u tation  
leading to the establishm ent of a recessive factor is negligible.

W hen the population is wholly self-fertilized or inbred by 
b roth er-sister m atin g, on the o th er hand, a recessive factor has 
alm ost as good a chan ce of survival as a dom inant. W ith  partial 
self-fertilization or inbreeding it can be shown by m ethods sim ilar  
to those of P a rt  I I  (fi) th at an advantageous recessive factor has a  
finite chance of estab lish m en t after one ap pearance, how ever large  
be the population.

I f  m utation occurs with a finite frequency any ad van tageous  
or not too disadvantageous factor will certain ly  be established. 
Consider a random m atin g  population in which, in each gen eration , 
a proportion p  of the A genes m u tate  to a, a proportion q of the  
a genes to A ,  and the coefficient of selection is /.-. L e t  un be the  
gam etic ratio  of the ?<th gen eration . B u t for m u tation  we should 
have

Un( Un ”1“ I ) 
un •+■ 1 — k  5
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allowing for im itation

v n--l —

H ence &un =

(1 - p ) ( un* 4- u„)  4- g ( u „ + ! - /•)
(1 - q ) {un+ 1 ~k) +^(w, t2+ W„)

lcun‘ — p u n (uu +  1 )■’ +  (J (l(n +  1  ̂( w,J 4- 1 — A ) 
w,( 4- 1 -  A* 4- p u n (w„ 4 -1 )  -  </ (w„ -1- 1 -  A')

.(2 -0 )

=  — -  pUn (Un +  1) +  <j(Un +  1) ..........................( 2>1)

approxim ately , if p, q, and k  are sm all, as is generally th e  case. I t

is clear th at un m u st lie betw een -— - and — , 'i.e. betw een -p 1 - q  P
and q approxim ately , and th a t when near these values it alters  
rapidly. B u t as p  and q m ay be less than 1 0 -6 these lim its are very  
wide. The population is in equilibrium  when

p u s 4- (2p  — q) ir  4- (p  — 2q — k  4- kq) u — q +  kq =  0.

T here is always one real positive root since p  and q are  positive  
and less than unity. I f  k  be positive there is only one such root, 
defining a stable condition tow ards which the population tends  
when dom inants have th e advantage. I f  k  or q be large com pared

with p  this root ap proxim ates to or -  as the case m ay be,

i.e. recessives nearly disappear. I f  p  be of the sam e order of m a g ­
nitude as the larger of k  and q, u has a m oderate value and the  
population is dim orphic. I f  p  be much larger than k  or q, u is

small and ap p roxim ates to (~ , i.e. dom inants are rare.

I f  k  be n egative all the routs are positive if they are real,

provided q >  2 p  and -  k  (1 -  q)  > 2q — p. They are real if ^  , i .e .Old

4 (p  + 9 )34 -[-2 7 /r4 -1 8 p (p 4 -< y ) (1 -< /)4 -(p 4 -^ )2( l - q)‘] k  + 4 ;j (1 - q ) sk-

is positive, th at is to say. when <j is small, if

4/>A" 4- ( -  §]>- 4- 20;) q 4- q-) k  4- 4 (p  4- qY

is positive*. All these th ree  conditions can rarely be fulfilled, but 
such cases m ay presum ably occur. Thus if p  =  '000,0(^1,  ̂=  *0004, 
/.‘ =  — '0 0 8 ; u* — 398>r 4- 7 i 97*8^ — 4 0 8  *2 =  0. Therefore ? /=  *057, 
18-93, or 3 7 9  0, giving 89  5 'j^  0*252 ? /t . or * 0 0 0 ,0 9 3 %  of re ­
cessives. In such a case the middle root defines an unstable; 
equilibrium , the oth er two equilibria being stable. Thus the  
above considered population would be stable with only about 
seven recessives per million, the small tendency of dom inant genes  
to m u tate to recessive being balanced by reverse m u tation . B u t if

93



842 M r  H a l d a n e , A  m a t h e m a t ic a l  th eo ry  o f  n a t u r a l

a group co n ta in in g  m ore than  one recessive gene in tw en ty  w ere  
isolated from it, selection  would he effective, and it would pass into  
a condition w here only 1 0 5  °/c were dom inants, th is n um ber being  
kept up by m u tation .

U su ally  when k  is negative th ere  is only one real root. I f  p  or — k

be large com pared w ith q, i t  is sm all and ap p roxim ates to ^ or -~

as th e case m ay be, so th a t  dom inants are rare. I f  q be of th e  sam e  
order of m agn itu d e as the larg er of p  and — k, th e  root has a  
m oderate value and th e  population is dim orphic. I f  q  be larg ir

than  p  or — k, u is large and ap p roxim ates to — , so th a t  recessives  

are few.
T h e ra te  of approach  to  equilibrium  is given by

= if+-1 +?(«.+n ......<2-2>'
provided th a t  th e co n stan ts are small. T he e x a c t expression for n ii 
term s of un depends on th e  n atu re  of th e roots and th e  side from  
which an equilibrium  is being approached, b u t it  alw ays contain  
log arith m ic term s. H en ce the num bers of th e ra rer typ e of th  * 
population in succeed ing generations always lie betw een twe 
g eo m etric  series until equilibrium  is nearly reached. T h a t is to  
say, th e  m arch  of even ts is com paratively rapid.

In  a  self-fertilizing population we can sim ilarly show th a t

A u n =  k u n — p u n(un +  1) +  q (u n +  1 )  ...............( 2 ‘3 )-

O nly one equilibrium  is possible, and the course of even ts can  
readily be calcu lated  in any given case. S im ilarly for a sex-linked  
factor

P -  +  D  +  9<“ .  +  1 ) ......... (2--U-

In  th is case if A1 be n egative, three equilibria are som etim es found, 
and selection is m ore effective than in the autosom al case when
recessives are rare.

To sum up, if selection  acts again st m u tation , it is ineffective  
provided th at the ra te  of m utation is g reater than the coefficient of 
selection. M oreover, m utation  is quite effective where selection is 
not, nam ely in causing an increase of recessives where these are  
rare. I t  is also m ore effective than selection in w eeding out rare  
recessives provided th at it is not balanced by back m u tation  of 
dom inants. M utation therefore determ ines the course of evolution  
as regard s factors of negligible ad van tage or d isad van tage to th e  
species. I t  can only lead to results of im portance when its  frequency  
becom es large.

94



a n d  a r t if ic ia l  selectio n 843
A dden dum .  E qu ilib riu m  and selection in S ciara and sim ilar 

anhnals.
In P a rt  I  of this scries all the then known types of sin gle-factor  

M< ndelian in heritan ce were discussed. Since then M etz (7 )  has 
discovered a new type in S ciara  which is here treated  on the lines 
of P art I. G am etogenesis is normal in the female, but sperm atozoa  
are formed from m aternal chrom atin only. H ence th ere are two 
types of heterozygous m ale, which m ay be symbolized by A (a )  
and (A )a  according as th e A is received from the m other or fath er. 
T ' / ‘y yield A and a sperm atozoa respectively, the o th er genotypes  
behaving norm ally.

In the absence of selection let eggs and sperm atozoa be p ro­
duced by the mth generation  in the proportions um A : ]«. and 
v , A : l a ,  resp ectively . The next generation is therefore :

? U m V M A

^  i n  t  i n  A

f •

H en ce W  >/i + l

J ■■

2 n n , v , n  +  U< i i 4-

?/„f +  vw +  2
Cm

• (3 -0 ;,

which is the sam e as equation (6  0 ) of P art I (5 ). H ence, as in the  
.bove equation, we find, if y ln be the proportion of recessives in the  

aith generation.
/ — 1 \ m / — 1\27,1-1 

2 )  +  c ......... ( 3 ’X)'

where c is a con stan t depending on the initial conditions. H en ce  
equilibrium  is rapidly approached, the values in successive g en e­
rations being a ltern ate ly  g rea ter and less than the final value.

I f  selection occurs with a coefficient k  in $ s. / in </*, then

2 n„rn + uH + r„ ' 
n „ 4  c„ -fi 2 — 2k 
n„( vn 4- 1)

">.+) =

*•/!-> = vu 4  ] — l

.(3 -2 ).

I f  the population is nearly in equilibrium  apart from selection  
and k  and 1 are  sm all, so th at un and v,t are nearly equal,

v„ -  v„ k u n 
A " “ =  2 +  +  1 '

In
A rn =  un — v» -I- " , both approxim ately

u H -fi 1
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Hence

and

A u t, =

2k + l
~ 3

)t =

2k + 1 u„
3 ~ uH 4- 1 ’

« „ - « „ +  log, ( " J •(3-3),

approximately. Selection therefore occurs much as with a normally 
inherited autosomal factor.
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Reprinted from The American- Naturalist, Yol. L X IV , 
January-February, 1930.

‘ ‘ PR IN TED  IN U . S. A . ”

A  N O T E  ON F I S H E R ’S T H E O R Y  O F  T H E  O R IG IN  O F  
D O M IN A N C E , A N D  ON A  C O R R E L A T IO N  B E T W E E N  

D O M IN A N C E  A N D  L IN K A G E

R . A. F i s h e r  (28  a, b) has suggested that, on its first ap p ear­
ance, a m utant gene usually produces a m arked effect in the  
heterozygous condition, and becomes recessive to the wild type  
only as the result of n atu ral selection actin g  over very  long p e­
riods. H e regards this process as due to the selection of specific 
m odifying genes which render the appearance and viab ility  of 
the heterozygote ap p roxim ately  the same as those of the wild  
type. S. W rig h t (2 9 ) has criticized this process on the ground of 
its slowness. The present note raises the question of w hether it  
is possible in the m anner suggested by F ish er.

Consider, with W rig h t, a population m ostly of composition  
A A m m , and th at A am m  have a viab ility  1 -  k, com pared w ith

the proportion of A a in the population is (H ald an e, 2 7 a ) .

N ext consider a modifier M, which increases the viability of A a  to  
norm al (the most favorable case fo r F is h e r ’s th e o ry ). I t  is clear  
th at A A M m  can not have a viability g reater than norm al, or M 
would spread through the population a p a rt from  its m odifying  
effect. H ence its presence in the species would have nothing to 
do with the m utability of A. Suppose the viability of A A M m  to  
be 1 -  k ', then it carries a disadvantage -  k' in most cases, an ad-

2u
van tage + k  in a  fraction  of all cases; i.e., when combined

2u
with A a. I t  it is to spread, -—  k >  k', i.e., k ' <  2u. I f  we take

k
u as 10~6, the viability of A AM m  m ust lie between .99999S  and  
1.0. Now suppose a num ber of M genes exist which raise the via­
bility of Aa nearly to norm al. I suspect th at the viabilities of 
the A A M m  zygotes will be fa irly  evenly distributed over values 
between 1.0 and .99, even if lower viabilities are ra rer. I f  so, the 
chances are over 3 ,000 to 1 against an y  given one of them being  
selected as a result of the F ish er effect.

I f  an infinite num ber of possible modifiers were available, this  
would not m atter, but the num ber of loci at which m utation can  
oeeur is finite. H ence I conclude th at it is only in rare  cases th a t

S7
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suitable modifiers will be found. If , how ever, th ey  do exist, then  
owing to the very  n early  n orm al v iab ility  of A A M ra they will be 
fairly  common in the population as the resu lt of m u tation , and  
will spread som ew hat m ore rap id ly  th an  would otherw ise be the  
case. The fa c t th a t modifiers rap id ly  ap p e a r in an inbred m u tan t  
race does not dispose of this argu m en t, unless it  can  be shown  
th a t these modifiers have no adverse effect on the viab ility  of the  
wild type.

I suspect th a t the F ish e r  effect has op erated  in a different m an ­
ner. A d op tin g G old sch m idt’s (2 7 )  view th at genes are cata ly sts  
actin g  a t a definite rate , th ere is, as pointed out elsewhere (H a l­
dane, 27b ) no obvious w ay of distinguishing those which act a t  
more than  a certa in  ra te . E .g .,  if  an enzym e can  oxidize a c e r­
tain  substance as quickly as it is form ed, no visible result arises  
from  doubling the am ount of th at enzyme. H en ce, while a m inus 
m utation  (dim inution of a c tiv ity ) of a n orm al gene m ay yield a 
recessive typ e, a plus m u tation  is often  unobservable. Now on 
this hypothesis we have to exp lain  why a w ild-type gene gen erally  
has a fa c to r  of safety  of a t  least 2, as is shown by the fa ct th a t  
one w ild-type gene has n early  the same effect as two. I f  we im ­
agine a race  whose genes were only ju st doing the work required  
of them , then an y  in activation  of one of a p a ir  of genes would  
lead to a loss of to tal activ ity . Thus if  A xA t can  ju s t oxidize all 
of a certain  sub strate as fast as it is form ed, its  in activation  will 
produce a zygote A xa which can only oxidize about half. I f  now  
A x m u tates to A 2, which can  oxidize a t tw ice or th rice  the ra te  of 
A 1; if  necessary, no effect will be produced, i.e., A XA 2 and A 2A 2 
zygotes will be indistinguishable from  A j A j . B u t  A 2a will be 
norm al. H ence A._.a zygotes will have a b etter chance of survival 
than A .a, and A 2 will be selected.

In  other words the modifiers postulated by F is h e r  are probably  
the norm al allelom orphs of m u tan t genes, and the F ish e r effect is 
ra th e r to accen tu ate  the activ ity  of genes alread y  present than to 
call up new modifiers. This hypothesis would not. of course, e x ­
plain the behavior of the crinkled d w a r f "  type of Sea Island  
cotton, which behaves as a recessive w ithin the species, but gives 
in term ediates in F x and F_. with other New "World cottons. Now  
the haploid num ber in these cottons is 2fi. as opposed to 10 in  
Old W orld  cottons. They are  th erefore tetrap loid s. and failu res  
of Alendelian inheritance are to be expected  on crossing them . 
Several equally plausible hypotheses as to th eir gonetical n atu re  
would explain  the results cited  by F ish er.

98



No. 690] S H O R T E R  A R T I C L E S  AND D IS C U S S IO N  89

No theory of dominance can be complete which does not take  
cognizance of the fact th a t there are certain  organism s in which  
m u tan t types are generally dom inant, and not recessive to the  
norm al type. F o r  exam ple, N abours (17 , 2 5 ) found eleven  
“ gen es”  dom inant to the most frequently occurring type of A po-  
tettix  eu rycephalus , and none recessive; fourteen dom inant and  
no recessive in P ara te tt ix  texanus. S im ilarly W inge (2 7 )  found  
eighteen “ genes”  dom inant to the norm al and none recessive in 
L ebis tes  rcticulatus. A  few other cases, less com pletely studied, 
fall into the same class. Now these organism s all share another 
peculiarity , namely, that the num ber of linkage groups is m uch  
sm aller than the num ber of chromosomes. A p otett ix  has one 
autosom al linkage group, with seven pairs of chromosomes, P a r a ­
tettix  three linkage groups with six or seven pairs of chrom o­
somes. L eb is tes  has tw enty-three p airs of chromosomes, with one 
autosom al ‘ ‘ gene ’ ’ and the other seventeen sex-linked.

H aldane (2 0 )  and Dem erec (2 8 ) have suggested th at these re ­
sults are due to linkage between chromosomes. A  study of N a­
bours ’ (2 5 )  linkage m ap fo r A potettix  suggests the possibility  
th at his eleven “ genes”  lie in four or five chromosomes, and th at  
crossing over within a chromosome is extrem ely rare . How are  
we to explain the correlation between dominance of m u tan t types  
and excessive linkage ? M y friends Air. C. D. D arlington and Air.
C. L . Huskins have suggested th at these dominant m utant types  
differ from  the norm al, not by single genes, but by duplication or 
tran slocation  of whole sections of chromosome. T ranslocation  
will accoun t for linkage between chromosomes, on the lines of the 
theory developed by D arlington (2 9 ) for Oenothera. Thus both 
featu res can be explained if the chromosomes have an unusual 
tendency to break up and reunite in novel ways.

The cytological facts known in other O rthoptera and notably  
the work of L’arothers (17 , 21 ' .support this view. Differences 
which are probably translocations or duplications have been seen, 
and behave in a Mendelian m anner. There is no obvious rin g  
form ation, but it must be remembered that in O enothera , where 
this occurs, interchrom osom al linkage is nearly, if not quite, ab­
solute. The ra rity  of crossing over within a chromosome is read ­
ily explained by the postulated differences between nearly homol­
ogous chromosomes.

Now on F is h e r ’s theory there is no obvious reason why m odi­
fiers should not be able to suppress the effect of a duplication as 
easily as th at of a gene. On the theory here adopted we need
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only suppose that some of the genes in the duplication have a 
greater effect when three or four are present than when two only 
are found, as in the normal type.

To sum up, it is suggested that dominance may be due to either 
of three causes: the Fisher effect in rare cases, the overactivity of 
normal genes due to a modified Fisher effect in most cases and 
duplication of a section of chromosome in still a third small 
group.

J . B. S. H a l d a n e

J ohn- I nnes Horticultural I nstitution,
Merton, E ngland
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A M athem atical Theory o f  N a tu ra l  Selection. P a r t  V I I I .  
Metastable Populations.  B y Mr J .  B. S. H a l d a n e , T rin ity  College.

[Received  20  N ovem ber, rea d  8 D ecem ber 1 9 3 0 .]

A lm ost every species is, to a first approxim ation, in gen etic  
equilibrium ; th at is to say no very drastic changes are o ccu rr­
ing rapidly in its com position. I t  is a necessary condition for 
equilibrium th a t all new genes which arise a t  all frequently by 
m utation should be disadvantageous, otherwise they will spread  
through the population. Now each of two or more genes m ay be 
disadvantageous, but all tog eth er m ay be advantageous. An e x ­
am ple of such balance has been given by Gonsalez(i). H e found 
th at, in purple-eyed D rosophila  m elanoyaster,  arc wing or axillary  
speck (each due to a recessive gene) shortened life, b ut the two 
togeth er lengthened it.

Consider the case of two dom inant genes A , B ,  where the  
relative chances of producing offspring by the four phenotypes are  
as follows: A B  1, a a B  1 — Abb  1 — k 2> aabb  1 4- AT. h'i and k 2 
are small and positive. K  is small, and if negative its absolute value 
is less than h\ or k 2.

Consider a random  m atin g population where in the ?ith g en era­
tion the genic ratios are unA : 1 a ;  vnB  : lb.

Then

1 = (Mn2 +  » /„ ){! +V n)-2

un (1 — £ 2 ( 1  4- vn) 2j 4- 1 4- \K — h\ (r„2 +  2r,j)j (1 4- vn)- 2  >

whence A un =
un ih'i (1 4* vn )2 — A — h'i — k. )

0  +  ltn) 0  +
, ap p roxim ately .

So, taking a generation  as the unit of tim e,

du u [lx (1 4 -  v f  — K  — l\ —1:2)
dt (1 + ? / ) ( !  +  v).\2 , approxim ately .

L et x =  1 /(1  4- u) (th e  proportion of recessive genes) and  
y  =  1 (1 4 - v), so th at 1 > x > 0, 1 > y > 0.

Then

Sim ilarly

=  x2 (1 — x)  [ ( Ar 4- h'i 4- k 2) y2 — /a].
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C learly x  =  0, y  =  0  ; and x  =  1, y — 1 are the only stable equilibria, 
though F is h e r (2) appears to regard  a m ixed population as stable  
in such a case. P u ttin g

we have 

So

A +  +  A* 2 A +  A i + A" 2

dy  ^ y 2( l -  y ) ( x 2 — a 2) 
dx  x 2 (1 — x) (y2 — b2) ’

v (s2 — b2)d s  i x (s2 — a 2)d s
!/oi 2~ ( T ^ j y = l Xo~s2 ( T - s j >

w hence f ( y , b ) - f  (x, a )  =  c = / (y0, b ) - f  (x0) a),

where #0> y 0 rep resen t th e initial conditions, and

f  (x, a )  =  a 2/x  — a 2 lo g #  -f ( a 2 — l ) l o g ( l  — x).

E ach  value of /  (y 0 , b) — f  ( x0 , a )  determ ines a  tra jecto ry  passing  
to (0 , 0 )  or (1 , 1 ), Avhich rep resen t populations composed en tirely  
of double dom inants or double recessives respectively . T h e m in i­
mum value of f  (x, a )  occurs when x  =  a and is

a — « 2 log a +  (a 2 — 1) log (1 — a ),

and f  {x, a )  is alw ays real and positive, becom ing infinite when  
# =  6  or 1. I f  c > f  \b, b ) —f  (a , a ), th ere  are two values of x  co r­
responding to each value of y, b u t some values of x  are excluded. 
H ence the tra jecto ries  fall into four fam ilies divided by th e  two  
branches of the curve whose equation is

/ ( y >  b ) - f ( x ,  a)  =  f  ( b, b ) - / ( a , a).

This consists of two tra jecto ries  running from (0 , 1) and ( 1 ,0 )  to  
(a , b) and two from (a,  b) to (0 , 0 )  and ( 1 ,1 ) .  These are rep resen ted  
by the dotted  lines in F ig . 1, where a =  I ,  b =  %. T h e form er 
divides the whole area into two portions. Populations in th e  one 
tend to the values x =  y =  0, in the oth er to the values x  =  y =  1. 
Som e exam ples of tra jecto ries  are given. I t  is clear th a t a popula­
tion consisting m ainly of A A B B  or a abb  tends, as th e result of 
selection, to retu rn  to those com positions. I f  the signs of K ,  A’lf 
and h2 be changed, the sam e tra jecto ries  will be described in th e  
reverse direction.

I f  the original population is A A B B ,  th e factors A  and B  will 
generally have a small tendency to m u tate  to a and b re sp e ctiv e ly  
L e t and p 2 be the probabilities th at A will m u tate  to a and B  
to b in the course of a gen eration . T hese ap pear to be gen erally  
small num bers of th e order of 10~ 6 or less. The population is in 
equilibrium  when x — p i  'k'i, y =  p 2j k 2 (H aldane(3)). In  general 
x  will be much sm aller than a, and y  than b, but from tim e to  
tim e chance fluctuations m ay isolate a population where th is is
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no longer the case. I ts  representative point will lie in the area  
whose stable type is a a b b , and the whole population will be tra n s ­
formed into this type, ap art from rare exceptions due to back  
m utation. In such a population modifying factors will be selected  
in such a way as to increase the viability of the aabb  type, i.e. the  
value of K .  B u t even so it may be expected  to be swamped by 
hybridisation on com ing into con tact with the original A A B B  
population, unless one of two things has happened.

aabb  may possess or develop ch aracters which render m atin g  
with A A B B  rare. F o r exam ple, it m ay have a different flowering 
tim e if a plant, or a different psychology if an anim al. In this case  
the species will divide into two. Or chrom osom e changes m ay  
occur to cause close linkage of A and B  when the populations are  
crossed. Thus if the loci of A and B  are in the sam e chrom osom e  
an inversion of the portion containing them  will lead to th eir  
behaving as a single factor on crossing. In this case if K  is positive  
the whole species will be transform ed into the type aabb.  A species 
which is liable to transform ations of this kind m ay be called m e ta ­
stable. Possibly m etastability  is quite a general phenom enon, but 
it is only rarely th at the circum stances arise which favour a change  
of the type considered.

In a population which is mainly self-fertilised, conditions are  
probably more favourable. W ere self-fertilisation universal, the  
proportion of a a B B  zygotes, when m utation and selection were 
in equilibrium, would be \p\k\. So th at of aabb  would be 
PiPzii^h'il'z) or less. This is presum ably a small num ber, probably  
of the order 1 0 -9 , and when such individuals occur, th ey will 
generally be wiped out by chance. B u t th eir probability of 
spreading through the population, though small, will be finite, 
and roughly equal to 2 K  (H ald an e(3)). H ence, within a geo­
logically short period we may exp ect evolution to occur in such  
cases.

The theory may be extended in two different ways. W e m ay  
consider m genes. In this case any population can be represented  
by a point in ?a-dimensional space, all populations being rep re­
sented by the points of a regular orthotope, or hypercube. E ach  
of the 2m apices of this figure represents a homozygous population. 
Clearly the condition for stability of any such population is th at 
no change in a single  factor should yield a m ore viable type. In  
other words, no adjacent apices can both represent stable popula­
tions. The m axim um  num ber of stable populations is thus 2 '"-1 , 
represented by the \ertices of the polytope arising from the  
omission of altern ate  vertices of the regular orthotope. This is not 
regular but only sem i-regular if m > 3 .  In general the num bers of 
stable genotypes will be much sm aller than this, and m ay not 
exceed 1.
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If there is more than one stable population the orthotope is 
divided into two or more regions analogous to the two areas of 
Fig. 1. A population in any given region tends to the same point 
of stable equilibrium. The regions are separated by a variety 
(surface or hyper-surface) of m  — 1 dimensions. If we take as our 
variables a'z, etc. not the proportions of recessive genes, but
their squares, i.e. the proportion of recessive zygotes, we have

d y
- ^  =  3 $  (1 -  (.r2, <r3, #4, ...),

140 M r  H a l d a n e , A  m a t h e m a t ic a l  th e o ry  o f  n a t u r a l  se lec tio n

Fig. 1. Abscissa and ordinate. Proportions of genes a  and b in a population. 
Trajectories of poiuts representing populations are represented by continuous 
lines, and boundaries between familie; of trajectories by dotted lines.

where t\{o:2) .r3> .r4. ...) is linear in each of a2, <r3, etc. and has 2”1-1 
constant coefficients; and m — 1 similar equations. The (m  — 1)- 
dimensional space defined by .r2, a3, etc. is thus divided into two 
regions, in one of which .ri increases with time, whilst it diminishes 
in the other. These are not necessarily connected, as is obvious in 
the case where there are only three variables, and t\ (o :2 , cc )̂ may 
define a hyperbola which divides the unit square into three regions, 
in two of which da\jdt has the same sign. Hence in the course of 
a trajectory da\ dt may change sign several times. I have been 
unable to obtain the general equation for the trajectories or for 
the boundaries of the regions in which thev lie.

So far we have only considered cases of complete dominance. 
If the heterozygotes are exactly intermediate in viability between
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the corresponding homozygous typos, we have, in the term inology  
of the case first considered,

f a  =  \ x { \  — x )  \ { K  + k\ + k 2) y  — (A -f Aq)},

~fa =  \ y ( i — y)  +  ^1 +  ^2 ) y — ( K  +  k 2)].
Thus
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(ly _ y { \  - _ y ) ( r _ -  a )  
d x  x  (1 — x )  (y  — h) ’ where

H ence x a (1 — x ) 1-" 

x 0a (1 -  J-0)1_a

K  +  h
“ K  + hi 4- h  ’

= / i 1 - y ) l~b
y f { \  -J/o)1"6'

K  +  h
K  +  h  +  h '

B y an argum ent sim ilar to th at used above we can show th a t  
the trajectories fall into two families, separated by one branch of 
the curve whose equation is

x
a,

1 -  a;\1_a
1 — a

1  - y  
1 - b

\-b

The general case where heterozygotes are of any arb itrary  
viability is ra th er com plicated. B u t where a heterozygote has a 
g re a te r viability than anv genotype differing from it in resp ect 
of a single gene only, there will be a stable population including  
some of these heterozygotes. Thus if aabb  has a viability 1 4 - K ,  
A A B b  of 1 + K 2, all other genotypes having unit viability,

d x
f a  =  x y  (1 -  X) \K\xy - K 2 { \ -  ./) (1 -  y  )}, 

f a  = y [K i* 2y -  Ar2 (1 -  x f  ( 2y -  1 ) .

The stable equilibria are at x=l ,  y = 1 and x  = 0, y  =  \.  But 
I have not. been able to integrate these equations, since the 
variables are not readily separable. Nevertheless it i> clear that 
the trajectories fall into two groups bounded by a curve passing
through (0,1) and 0  •

In the case of in  geiie>, if h e t e ro z v g o te s  have an advantage as 
such there may be points of stable equilibrium anywhere in the 
///-dimensional space, but it seem̂  fairly clear that their number 
cannot exceed

It is suggested that in many cases related species represent 
stable types such as I have described, and that the process of
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species formation may be a rupture of tlie metastable equilibrium. 
Clearly such a rupture will be specially likely where small com­
munities are isolated. I have to thank Mr C. H. Waddington for 
calculating and drawing the figure.
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PR IN TED  IN  U . S. A.

TH E TIM E OF ACTION OF GENES, AND IT S  
BEA RIN G ON SOME EVOLUTIONARY

PRO BLEM S

PROFESSOR J . B. S. HALDANE 
J ohn I nnes Horticultural I nstitution, Merton, L ondon

A n y  classification of variations must at present be 
provisional, largely because of the extremely limited 
sources of information which we possess. To take two 
simple examples, the white flowers on dark-stemmed 
races of Primula sinensis contain flavone. This gives a 
bright or faint yellow color with ammonia, according 
as the plant does or does not carry a gene B which modi­
fies anthocyanin color when anthocyanin is present. I f  
our vision extended far enough into the ultra-violet to 
reach the flavone absorption bands, it would be possible 
to distinguish these whites without using ammonia. In 
the same plant a gene R, apparently by causing an 
acidity of the cell sap greater than that found in rr 
plants, converts blue flowers into red, the anthocyanin 
acting as an indicator, but produces no visible effect in 
the absence of anthocyanin. A genetically minded cater­
pillar, which regarded the taste of the petals as more 
interesting than their color, would (one may suppose) 
readily detect the gene R in white-petalled plants, just as 
we classify cherries into sweet and sour by their taste. 
It  is highly probable that many morphological differ­
ences between varieties are caused by chemical differ­
ences appearing earlier in the life-cycle, which could be 
detected by suitable methods, so that the stage in the 
life-cycle at which a character appears is necessarily a 
function of our means of observation. Indeed with a

5

107



G T H E  A M E R I C A N  N A T U R A L I S T  [ V o l . L X V I

sufficiently tine technique it would be theoretically pos­
sible to observe the genes in the nucleus of any cell from 
any organ, except where some of the chromatin is elimi­
nated in somatic cells. Nevertheless, we are justified in 
classifying genes by their effects observable with our 
present technique.

Any chemical or morphological classification would be 
very complex were it possible. But a classification in 
time simplifies matters, because variations can be ar­
ranged in a nearly (though not quite) linear order by the 
time of their appearance in the life-cycle, and in another 
order by the time of their disappearance. A given gene 
(and throughout this paper what is said of genes may be 
applied, mutatis mutandis, to other nuclear, and some­
times cytoplasmic, structures concerned in inheritance) 
may affect any six distinct organisms:

(1)  The gam ete carrying it.
(2) The zygote carrying it.
(3) The endosperm carrying it.
(4) The mother (not necessarily carrying it)  o f the zygote carrying it.
(5) A  gam ete (not necessarily carrying it)  formed by a zygote ca rry­

ing it.
(6) A  zygote (not necessarily carrying it)  produced by a mother carry­

ing it.

This list is not of course exhaustive. Thus in metazoa 
with alternation of generations, such as the Anthozoa or 
Aphididae it may be expected that the action of certain 
genes will be confined to one of these generations. We 
could also distinguish genes according as they affect one 
or both sexes of zygote, or genders of gamete.

There are still further possibilities. A variation in 
the composition of milk might be detected by its effects 
on foster-children, a variation in the blood-corpuscles by 
the effect of injecting it into another individual, and so 
on. However, in principle it would seem that all such 
variations could be detected by other methods. But 
genes (or sets of genes) are known which can only be 
detected by their action on one or another of the six
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organisms listed. It  is further convenient to subdivide 
genes acting on the zygote by the time at which their 
effects are evident. We can then classify the genes of 
higher plants and animals according to Table I.

T A B L E  i
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Designation Action in plant Action in animal

G ........................... Gametophyte and gametic Gametic
E  ........................... Endospermal
MZ ........................ A ffecting maternal zygote A ffecting maternal zygote
Z1 ......................... Embryonic Embryonic
Z2 ......................... A ffecting seedling Larval or late embryonic
Z3 ......................... A ffecting immature plant, A ffecting immature ani­

or non-productive organs mal, or characters of
o f mature plant mature animal not con­

nected with reproduc­
tion

Z4 ......................... . A ffecting reproductive or- A ffecting reproductive or­
gans (diploid tissue gans or behavior, or
only) flowering time, secondary sexual char­
etc. acters

Z5 ......................... A ffecting maternal seed A ffecting egg-shell, egg-
and fru it structures white or other maternal 

egg or uterine structures
DG ........................ Delaved gametophytic (af- 

fecting gametes, not nec­
essarily carrying them, 
borne by zygotes carry­
ing them)

Delayed gametic

DZ ...................... . Delayed zygotic (affect- 
ing zygotes, not neces­
sarily carrying them, 
produced by mothers 
carrying them)

Delayed zygotic

The different stages in the zygote are of course arbi­
trary, and sharp distinctions can not be drawn. A dif­
ferent classification would be desirable in the Bryophyta, 
and perhaps even in the Pteridophyta. Thus Wettstein 
( ’24) was able to observe the effects of one of four genes 
in Fanaria hygrometrica in the protonema stage, of 
others not till later. So if we were dealing with Bryo­
phyta we should want to break up group G into several 
subgroups. The same applies to the genes of the Pro­
tista and Thallophyta. Examples will now be given of 
the different types of gene.
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G. Besides the above-mentioned genes in mosses, 
certain genes of the higher plants affect only gametes 
which carry them. Such are the genes which determine 
the type of polysaccharide in the endosperm of Oryza 
(Parnell, ’21) and Zea  (Brink and Abegg, ’26). In 
each case the dominant form has ordinary starch, the 
recessive (“ glutinous” and “ waxy” ) contains a poly­
saccharide of different physical properties and giving a 
red color with iodine. The pollen grains contain the 
same polysaccharide as the endosperm in pure lines. 
But in heterozygous plants half the pollen grains contain 
each type of polysaccharide, and there can be little doubt 
that the type is determined by the gene carried by the 
pollen grain concerned. Parnell found that the imma­
ture pollen grains immediately after meiosis contain no 
starch. This develops gradually, under the influence of 
the particular gene carried by the grain. Similarly, in 
some but not all species, a pollen grain borne by a zygote 
with irregular meiosis attains to a size roughly propor­
tional to the numbers of its chromosomes.

The genes determining membership of an intrasterile 
group in such plants as Nicotiana (East and Mangels- 
dorf, ’26) fall into this class, and also into class Z4. 
Genes falling into class G only are indeed rather rare, 
but include the gene Ga for pollen tube growth-rate in 
Z ea Mays (Mangelsdorf and Jones, ’27). I  do not know 
of any single gene in class G which affects megaspore 
characters. It  is not yet clear whether the effects of 
Renner’s “ complexes” in Oenothera, which influence 
both microspores and megaspores, are due to single genes 
or gene groups. It  is a noteworthy fact that no genes of 
this class are known in animals. Muller and Settles 
( ’27) showed that the viability of the spermatozoa of 
Drosophila did not depend on genes either in the 
X-chromosome or in a section of the second chromosome 
which is essential for the life of the zygote. I t  is, more­
over, known that apyrene spermatozoa may be fully 
motile, and it seems unlikely that the chromatin of a

no
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spermatozoon has any relation other than a purely me­
chanical one to its other constituents. Doubtless this 
difference between higher animals and plants is due to 
the fact that in the latter the gamete represents a sup­
pressed generation, which still preserves its own specific 
physiology. The difference is important from the evolu­
tionary point of view because it implies that certation 
between gametes, which is an important type of natural 
selection in plants, is relatively unimportant in animals. 
I t  is also probably one reason why no animal is known 
whose genetics correspond to those of Oenothera.

E. Numerous genes are known affecting the endosperm 
in Zea Mays. Some, e.g., “ waxy,” also fall into class G. 
Others, such as the gene for carotene (provitamin A) 
formation, are not known to act except in the endosperm. 
These genes have, of course, no analogies in animals, 
though possibly genes may be found controlling the struc­
ture and function of the tissue formed from the polar 
bodies in such forms as Litomastix.

MZ. This is the least studied group of genes with which 
we have to deal. Metaxenia, i.e., difference between the 
influence exerted by different kinds of pollen on diploid 
maternal tissue, is quite a well-known phenomenon. 
Thus Crane and Lawrence ( ’29) showed that in Prunits 
and Rnbus drupes or drupels generally require the for­
mation of an embryo, and abort if it perishes early 
enough. But the differences in embryonic development 
thus influencing the maternal tissue were due, not to 
single genes, but to abnormalities involving whole 
chromosomes. Nixon ( ’28) and Swingle ( ’28) showed 
that in Phoenix dactylifera the pollen had a considerable 
influence on the fruit, fruit size and seed size being cor­
related. Here the effect is more probably to be ascribed 
to genes, though no analysis has been made. Metaxenia 
is of course only part of the action of genes of group MZ. 
I f  the mother is heterozygous for genes of this group, we 
shall find variation in fruit size due to this fact even if 
pollen of a homozygote is used. Tschermak ( ’31) gives 
a bibliography of MZ and Z1 action in plants.

I l l
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There can be little cloubt that (although no MZ genes 
are known in animals) genes of the MZ type have been of 
extreme importance in mammalian evolution. The 
foetus has a great influence on the mother, which must 
have been evolved by successive steps, and until such 
genes have been observed in mammals a large chapter in 
their evolution will remain obscure. Thus the placenta 
is known to contain hormones capable of acting on the 
mother, but nothing is known as to their variation. Nor 
do we know whether genetic factors in the foetus may 
not transform it into a chorion-epithelioma which kills 
the mother.

Zl. This group includes a number of well-known plant 
genes, such as Mendel’s gene-pairs for round and 
wrinkled, yellow and green, cotyledons in Pisum. Some 
characters show at this stage, and are confined to it (e.g., 
round and wrinkled). Others persist through life {e.g., 
the sap color gene in Matthiola, Frost, ’28). In animals 
the situation is not so good. Some lethal genes are 
known which act at this stage, but they may be regarded 
as acting throughout the rest of the life-cycle, as adults 
bearing them are conspicuous by their non-existence. 
An example of a gene acting at this stage is Toyama’s 
( ’13) recessive gene for crimson serosa color and reddish 
larval head color in Bombyx mori. The importance of 
purely embryonic variation in evolution is clear when 
we consider the extreme divergence of the early embry­
onic forms of species in which the adults are fairly simi­
lar, such as Lepus and Cavia. We do not know if this 
is due to Z l or DZ genes, or possibly to extranuclear 
plasmons. The study of genes whose action is confined 
to the Z l stage in higher animals is an important but 
difficult field for future research. A beginning has been 
made by Gregory and Castle ( ’31). They showed that 
in the eggs of a race of large rabbits, the number of 
blastomeres at 40 hours after mating was 9.94 ±  .24, in 
a small race 8.29 ±  .19. In hybrids derived from the 
eggs of a large female and spermatozoa of a small male
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the number was 8.14 ±  .40. In this case it is clear that 
Z1 genes carried by the spermatozoon had an important 
influence on cleavage rate, which was not mainly deter­
mined by DZ genes.

Z2. Apart from lethals, and genes for leaf shape and 
chlorophyll which show at this stage and persist through 
life, genes of this class are not very common in the higher 
plants, where seedlings are on the whole more uniform 
than adults. There is a little evidence for heritable 
variation in cotyledon shape not due to genes whose 
action is apparent in the adult, in Primula sinensis.

In animals such as holometabolous insects with a well- 
marked larval stage, differences confined to this stage are 
not uncommon, e.g., several genes for larval color in 
Lymantria monacha (Goldschmidt, ’27).

Z3. This class includes the majority of genes studied in 
animals, and all those in plants which affect the leaf and 
stem. These latter may or may not influence the flower.

Z4. This group includes the genes for flower character 
in plants; and a good many animal characters, e.g., inter­
sexuality, milk yield and egg yield fall into it. Perhaps 
the genes governing feather characters in birds which 
depend for their expression on the sex hormones (e.g., 
henny feathers in poultry) should properly be included 
here.

Z5. This is perhaps merely a sub-group of Z4, but as­
sumes a special importance in plant genetics, owing to the 
importance of fruits. Genes of class Z5 interact with E, 
Zl, MZ, and possibly DZ genes. Thus the shape of peas 
is conditioned by Z5 genes such as “ indent,” which acts 
on the maternal seed coat, and to a greater extent by Zl 
genes, such as “ wrinkled,” which act on the cotyledon; 
and the pod character is mainly determined by Z5 genes. 
On the other hand, in the cherry and date Zl genes are 
relatively unimportant except in so far as they also fall 
into group MZ.

In animals Z5 genes are not so important, but for the 
sake of symmetry such characters as those of the egg­
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shell and albumen, which depend on secretions of the 
oviduct, may be included here. In the evolution of the 
mammal a critical part was doubtless played by Z5 genes 
which interact with MZ genes in the foetus to determine 
a suitable response of the uterus to its contents. We 
have not, of course, the faintest idea which group played 
the principal part in the evolutionary process.

DG. Delayed gametic characters are not uncommon in 
plants. Sometimes a gene is only known to act on 
gametes, e.g., the gene for round as opposed to oblong 
pollen in Lathyrus odoratus. Sometimes it acts at other 
periods in the life-cycle. E.g., the gene S in Primula 
sinensis produces a short style and long anthers, and also 
large pollen grains. Usually these genes seem to act 
wholly or mainly on the pollen, but the “ polymitotic” 
gene in maize (Beadle, ’30) causes extra nuclear divi­
sions in gametes of both genders.

It  must be emphasized that these genes act on all the 
gametes of zygotes carrying them, whether or not they 
are present in the gametes concerned. In some cases, 
e.g., where size or shape of the grains is affected, their 
action does not continue in grains which do not contain 
them. But the normal allelomorph of the polymitotic 
gene suppresses supernumerary divisions of gametes 
borne by heterozygotic plants, even when those gametes 
carry the polymitotic gene. I t  clearly has a lasting in­
fluence on the surrounding cytoplasm.

Lesley and Frost ( ’27) describe a gene L in Mat thiol a 
incana which is on the borderline between ZI and DG. 
LL and LI plants have normal meiosis, with short 
chromosomes during meiosis. 11 plants have long 
chromosomes during this period. Philp and Huskins 
( ’31) regard the extra length as due to a delay in the 
onset of prophase contraction. This gene also has a DG 
effect, in that 11 plants produce an unusually large pro­
portion of gametes with chromosomal irregularities. 
Chromosomes may be lost or fragmented, or extra 
chromosomes may enter gametes, giving rise to trisomics.
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If, therefore, the cytology of 11 plants were not known, 
1 might be regarded as a recessive DG gene for ‘ ‘bad 
pollen.”

No cases are known with certainty of DG genes in 
animals, though it should be possible to detect the action 
of some DZ genes in the unfertilized egg. Thus it would 
almost certainly be possible to ascertain the color of silk­
worm egg-yolks in the ovary before fertilization. Since, 
as we saw above, it appears that genes do not function 
in spermatozoa, it is probable that the main differences 
between spermatozoa of different species are determined 
by genes of this class.

DZ. Genes of this group do not appear to be known 
with certainty in plants, though Miss Pellew informs me 
that the size of adult Pisum plants depends to a consider­
able extent on seed size determined by the mother and 
not the father. However, in this species inheritable 
variation in seed size occurs among peas in the same pod,
i . e some of the genes determining size fall into group 
Zl. We have then not only to reckon with the fact that, 
besides environmental effects, genes of both these classes 
determine seed size, but with the possibility that the same 
gene may fall into both groups Zl and DZ. I f  this is so 
the genetics of seed size will prove exceedingly compli­
cated.

In animals DZ genes are well known. The classical 
case in Bombyx mori was described by Toyama (T 3) as 
“ maternal inheritance.” This phrase might be taken to 
cover extra-nuclear inheritance, in which all inheritance 
takes place through females only. The tendency of mod­
ern genetics is to describe genetical facts in terms of 
gene action rather than heredity. So possibly “ delayed 
gene action” is a more lucid phrase than “ maternal in­
heritance.” Some of Toyama’s characters, such as 
spindle-shape and roughness of egg-shell, are Z5 char­
acters due to a purely maternal structure. Others, such 
as yellowness of yolk, associated with yellow blood in the 
mother, are presumably DG. Others, however, such as
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blueness, are due to pigment formed in the serosa, a 
zygotic structure, but do not seem to be at all influenced 
by the father. Along with these occur Z1 genes such as 
that for crimson eggs.

Since then Boycott, Diver, Garstang and Turner ( ’31), 
have shown that dextrality and sinistrality in Limnaea 
peregra  are DZ characters, presumably depending on the 
structure of the unfertilized egg. Redfield ( ’26) discov­
ered a lethal DZ gene in the second chromosome of Droso­
phila melanogaster affecting female embryos much more 
than males.

Experiments on interspecific hybridization in fish and 
echinoderms show that the rate and type of cleavage is 
mainly conditioned by the cytoplasm. I f  so it is con­
trolled either by plasmons (characters inherited outside 
the nucleus) or by DZ genes. The evidence from species 
crosses yielding fertile hybrids shows that on the whole 
plasmons are far less important than genes in determin­
ing early development, not only in species where the 
cytoplasm of the egg is obviously differentiated, as in 
molluscs, but also where this is not the case, as in echino­
derms. In mammals and other viviparous animals some 
maternal genes doubtless have a DZ action on the embryo 
through the uterus, and it would be hard to distinguish 
them from DZ genes of the normal type.

The range in time covered by a single gene is a matter 
of some interest, though data are scanty, because only 
very striking differences in the gamete and embryo are 
noticed at all. Thus C in Pismn is necessary for antho- 
cyanin formation in the axils, color in the petals, the pods, 
and also in the seed-coat, i.e., ranges from Z3 to Z5. But 
its detection depends on the presence of other genes. It 
does not for example affect the axil unless a special gene 
is present, or the seed-coat unless one of several genes is 
present. Perhaps a suitable chemical technique might 
detect its presence at earlier or later stages.

Frost ( ’28) gives an example of a gene acting over 
more than a life-cycle, so that a Z1 gene of one generation
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interacts with a DZ gene of its predecessor. B B  and Bb 
Matthiola incana (provided the color genes C and R  and 
a plastid gene W are present) have purple flowers, bb 
being red. B B  plants have black seeds, and bb brown. 
On the whole a Bb plant selfed gives 3 black (B B  and Bb) 
to 1 brown (bb) seeded. But among the black seeds a 
few give red-flowered (bb) plants. Clearly the main 
action of B is to blacken embryos carrying it. But it 
may have a slighter effect in blackening bb embryos borne 
by zygotes carrying it. Fortunately, B can be scored 
unambiguously on flower color, but if it only affected 
seed color the genetic analysis would be very difficult. 
We must be prepared to find characters presenting this 
difficulty. Hogben ( ’31) thinks that in man blue sclerot- 
ics are due to a dominant gene of this type.

From the point of view of this paper certain evolution­
ary problems appear in a rather new light. As a general 
rule the embryos of related organisms are more alike 
than the adults. This merely means that the genes which 
determine interspecific differences mostly come into 
action rather late in the life cycle. The gill-clefts of 
embryo fish persist throughout life. Those of Amniota 
are transformed or disappear. The genes responsible 
for this difference must be present throughout the life- 
cycle, but only come into action during the stage Z2. The 
opposite is occasionally the case. The adult forms of 
many animals resemble one another more than the larval 
forms. Examples are the larva of Unio as compared 
with that of related salt-water mussels, the larvae of 
Culex, Chironomus and Corethra, and so on. These pre­
sumably differ by genes whose action is mainly confined 
to stage Z2.

There has been a common tendency in evolution for 
development to accelerate, i.e., for certain characters to 
appear progressively earlier in the life cycle. Thus in 
the Ammonoidea complicated types of suture line first 
appear in the adult, and then progressively earlier in 
development. This presumably means that the time of
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first action of certain genes has tended to be pushed back 
from stage Z4 or Z3 to Z2 and Zl. Although the genes 
may have been somewhat modified in the course of ages, 
this seems a simpler hypothesis than that quite new 
genes arose which produced an effect similar to that of 
the ancestral genes, but at an earlier stage.

Another common tendency has been a retardation of 
certain characters relative to the life-cycle, so that origi­
nally embryonic characters persist in the adult. This is 
known as neoteny or sometimes paedogenesis. In a 
neotenic animal such as man many adult ancestral char­
acters, e.g., the straightening out of the cranial flexure, 
do not occur. Presumably the genes causing cranial 
flexure, which in most mammals are confined in their 
action to stages Z l and Z2, act for longer in man. Or 
alternatively various genes which act in stage Z3 of most 
mammals have either been lost or never come into action 
in man.

These are of course well-known examples. But so far 
the existence of G, DG and DZ genes has been forgotten 
in their discussion. In acceleration Z3 genes come to act 
in stage Z2, in neoteny the opposite process occurs. The 
result is then the sudden appearance in an adult form of 
new characters, which have evolved in ancestral embryos. 
Be Beer ( ’30) to whose book I  am indebted throughout 
this paper, describes this process as clandestine evolu­
tion. I  think that the same processes may have an even 
wider scope. G genes may come to act in stage Z l and 
conversely. Z3 and Z4 genes may come to act in stages 
DG and DZ and conversely.

I t  is possible that some of the more mysterious of evo­
lutionary phenomena may be explained in this way. 
Very early Ammonoidea such as the Devonian Bactrites 
were straight, and the inner whorls of its contemporary 
Mimoceras did not meet. These primitive forms were 
replaced by organisms with normally coiled shells. But 
in later periods of degeneration the shells of a number 
of genera were coiled during the early part of the life
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cycle, but later uncoiled. Such were the Triassic Choris- 
toceras and Rhabdoceras, the Cretaceous Lytoeeras and 
Bactrites. The general tendency in Ammonoid evolution 
had been to push back the action of genes from Z3 to Z2, 
and so on. I  suggest that the gerontic straightness of 
degenerate forms was due to the pushing back of DZ 
genes governing embryonic development into the Z4 and 
Z3 stages. The adult Bactrites formed an uncoiled shell 
for the same reason that its ancestors formed a straight 
protoconch. The same argument could be applied to 
other cases where, after a long evolutionary history of 
acceleration, embryonic characters appear in the later 
stage of life-history.

The opposite process of caenogenesis may also perhaps 
occur in three ways, of which only the first has apparently 
been recognized. New Z1 or Z2 genes may appear. New 
DZ genes may appear. And finally Z3, Z4 or DG genes 
may come to act in stage DZ. We should expect the last 
to happen in connection with a general process of retar­
dation. To take an example, Garstang ( ’28) has sug­
gested that gastropod asymmetry began as a larval 
adaptation. We know that it is largely conditioned by 
DZ genes. These may have first appeared as such. But 
they may also have at first been Z3 or Z4 genes respon­
sible for relatively trivial asymmetry in the adult or its 
cells, whose action was retarded in relation to the life- 
cycle, and thus came to produce larval asymmetry.

Whereas the change in time of action of a gene from 
Z2 to Z3, or conversely, presumably has effects which can 
at least be roughly predicted, this is not in general true 
for the changes from Z3 to DG or DZ, and conversely. 
Such changes are likely to lead to violent evolutionary 
novelties. A G or DG gene responsible for a lipase or 
protease in the spermatozoon might render uterine im­
plantation possible for extending its action to cover stage 
Z1 or DZ. A DZ gene for rapid growth might cause 
malignancy if it came to act in stage Z4, and so on. The 
possibilities of clandestine evolution have probably been 
underestimated.

119



18 T H E  A M E R I C A N  N A T U R A L I S T  [ V o l . h X V I

It  may be objected that the above point of view is some­
what superficial. A DZ gene for shell straightness in an 
Ammonite, if its action were accelerated, would come into 
action of some kind, it might be urged, in the oocytes of 
the ovary, but not in the somatic cells responsible for shell 
form. I  doubt if this objection can stand. Presumably 
during the life-cycle the protoplasm of the cells in the 
germ-track passes through a cycle of chemically definable 
stages, each being associated with a particular pattern 
of metabolism, and each being to a large extent the cause 
of the next. I t  is, however, possible, within certain 
limits, to alter the timing of one event relative to others, 
just as the time of ignition in an internal combustion 
engine may be altered relatively to the piston stroke. 
The cells lying off the germ-track seem to remain fixed 
for a long time in one stage of the cycle. If, however, 
other processes were accelerated in relation to meiosis, 
this might mean that not only oocytes, but somatic cells, 
passed into a chemical condition which had hitherto only 
been found in the embryo.

Acceleration or retardation can occur in two different 
ways. Thus in the case of acceleration the appearance or 
disappearance of one or many characters may occur at 
an earlier stage in the life-cycle in a descendant than in 
an ancestor. I f  only one or a few characters are con­
cerned it is reasonable to suppose that the essential event 
was the acceleration of the action of the genes determin­
ing them (e.g., the heart in birds or the horns in Titano- 
theria). But where the acceleration was general, as in 
certain lines of Ammonoidea, it is simpler to regard the 
process at work as a retardation of maturity in relation 
to other events. Such a retardation would of course 
allow DG and DZ genes to come into action before instead 
of after meiosis.

The reduction to vestiges of organs present in the adult 
ancestor and retained in the embryo (e.g., notochord or 
pronephros) may often be due to acceleration. In some 
fish the notochord only ceases growing with the body as 
a whole. In other fish, and all Amniota, it ceases to grow
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(apart from cases of chordoma) in an embryonic stage. 
This may be due to the presence of inhibitory genes, or 
merely to a pushing backwards of the time of activity of 
some gene or genes involved in notochord growth. In 
view of the large number of other vestigial organs which 
have shared the notochord’s fate, the latter hypothesis is 
perhaps simpler.

So with the retardation of the appearance or disappear­
ance of characters. This is most usually part of the gen­
eral phenomenon of neoteny, which can be regarded as 
due to accelerated maturity in some cases (paedogenesis) 
and general retardation of structural development in 
relation to maturity in others (e.g., man). I t  probably 
occurs also for individual characters in the absence of 
any general neoteny, but I  do not know of any clear 
examples of this.

In the evolutionary speculations of the last century 
hypermorphosis played an important part. The descen­
dant was supposed to go through all the stages of its 
ancestor, and a final stage in addition. As de Beer ( ’30) 
and others have pointed out, many of the alleged ex­
amples of this process can be equally well explained by 
deviation. From the genetic point of view such a process 
involves one of two events. Either a large number of 
new genes must come into being which act in stage Z3 or 
Z4, and simultaneously maturity must be delayed; or, by 
a general acceleration, DG and DZ genes must come to act 
in stages Z3 or Z4. The former process is a complex one 
needing many simultaneous adjustments. It  is difficult 
to believe that it has occurred very often. The latter 
would be simpler, but might lead to racial “ second child­
hood.’ ’

Underlying all the above speculations is the tacit as­
sumption that the same process may accelerate or retard 
the appearance or disappearance of the activity of a large 
number of genes at once. I  believe that this is justifiable. 
In many cases genes seem to act, not directly, but by pro­
ducing enzymes. Whether these latter can be effective 
depends on circumstances. For example, catalase is es­
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sential for the well-being of bacteria in presence of 
oxygen, but in its absence forms with and without catalase 
may do equally well. Roller ( ’30) found that rabbits 
with the gene E D produced more (or a more resistant)

dioxyphenylalanine oxidase than E E  rabbits. But the 
question whether or not this gene will have any visible 
effect depends on the presence or otherwise of the inhib­
itor G,which produces little effect on rabbits with E D. Now 
enzymes depend particularly on the pH and salt content 
of their medium. The latter at anv rate often varies 
greatly during development. The growing tadpole ab­
sorbs proportionately much more water than salts from 
its environment. This process will affect a whole group of 
enzymes (e.g., amylase, fumarase and catalase) and have 
very little effect on others. Thus a change in permeabil­
ity due to a single gene would affect the time of action 
of many others. The same substance may be required 
for several quite separate processes, e.g., glutathione for 
oxidation (Hopkins and Elliott, ’31) proteolysis (Wald- 
schmidt-Leitz, Purr, and Balls, ’30), and starch hydrol­
ysis (Pringsheim, Borchardt, and Hupfer, ’31). So the 
biochemical effects of one gene may accelerate or retard 
the action of a whole group of others.

Equally important is the fact that at least in verte­
brates the development of many characters is conditioned 
by hormones, e.g., thyroxin and various gonadic secre­
tions. So several processes exist by which the time of 
action of a number of genes could be accelerated or 
retarded simultaneously.

The gradual acceleration or retardation of a number of 
genes will lead to orthogenetic evolution. In many cases, 
as Goldschmidt ( ’27) has pointed out, the sooner a gene 
starts work, the more it can do. So that selection for a 
character will not merely cause the spread through a 
population of genes directly causing that character, but 
of genes accelerating their action. These latter will 
probably accelerate the action of other genes as well, 
leading to apparently useless evolution.
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Two types of selection can be mentioned which proba­
bly cause general acceleration and retardation, respec­
tively. When a number of embryos or larvae are com­
peting in a limited area, e.g., embryos in a mouse uterus, 
or seedlings from seeds dropped by the same tree, rapid 
growth will commonly be of great selective value, and 
the slower growing individuals will be weeded out. 
There will be a tendency to cut short the period of intense 
competition, and to push back the first appearance of 
characters as early as possible. So Z2 genes will begin 
to act in stage Zl, Z3 in Z2 and so on. This will react 
on the adult form both by giving certain genes longer to 
act, and possibly by accelerating the action of DG or 
DZ genes.

On the other hand, where a larva or embryo is well 
adapted to its surroundings, and can go on growing in 
relatively slight danger, there will be a tendency to pro­
long the embryonic phase. Examples may be found in 
the human embryo, which rarely suffers from twin com­
petition, and in a savage country may well be safer than 
a new-born baby, or the aquatic larvae of many insects, 
which are well adapted to their surroundings, and do not 
generally compete directly with one another. In such 
cases the appearance of adult characters may be delayed. 
Z2 genes will not begin to act till stage Z3, and so on. 
There will be a tendency to neoteny, and possibly a 
retardation of Z3 and Z4 genes to act in stages DG or 
DZ. This can of course be counterbalanced by intercalat­
ing, as in the holometabolous insect, a period of catastro­
phic metamorphosis, during which genes act with very 
great speed. This again may lead to unpredictable 
results. Genes particularly adapted to the chemical en­
vironment of the chrysalis will assume particular impor­
tance. Others will cease to have selective value. As 
the metamorphosis becomes more and more pronounced 
there will probably be a tendency to select, on the one 
hand, genes acting only at this time, on the other, genes 
whose action abruptly ceases then. The more the time 
of action of genes can be limited, the more the possibility 
of combining adaptation in the larva and adult.
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In general the more limited is the period of action of a 
gene, the more unalloyed will be its benefits if it is useful 
at a certain period. There is no reason to suppose that 
the same type of polysaccharide is desirable in pollen 
and endosperm in maize, but so long as one gene controls 
both, the adaptation of the endosperm will be subordi­
nated to that of the pollen grain, or conversely. The 
greater the difference in cell chemistry at different stages 
of the life-cycle the greater should be the possibility of 
limiting gene action. I t  would therefore seem that 
within limits natural selection will tend to make life- 
cycles more and more variegated, as every increase in 
complexity will increase the possibility of fixing the time 
of action of genes. Clearly there are limits to the proc­
ess, but it may be a partial explanation of some of the 
apparently useless complexities of biology, such as the 
tendency of parasites to live in widely different hosts. 
We must consider the possibility that a liver-fluke is well 
adapted to its very different environments just because 
on changing from a diet of Limnaea to a diet of Ovis at a 
higher temperature, the chemical conditions in it are so 
changed as to allow a new set of genes to come into action, 
and it can thus possess two sets of genes, one acting in 
each host, and each capable of evolving in almost com­
plete independence of the other.

Another way of fixing the time of action of genes is by 
elimination of part of the chromatin in somatic cells, as 
in Ascaris and Miastor. This method has, however, 
rarely been adopted. I t  must involve the localization 
together of all genes whose action is limited to an early 
stage of development, and are not essential later on. In 
view of the lack of correlation between the location of 
genes and their function, it is surprising that such elimi­
nation ever occurs, and intelligible that it is rare, 
although it is the mechanism which one would obviously 
adopt in designing a ‘ ‘ synthetic animal. 9 ’

We see, then, that the time of action of genes not only 
merits further study by the geneticist, but is essential for 
a detailed discussion of evolution.
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S u m m a r y

(1) Genes can be classified according to their time of 
action. Not only can they act in diploid zygotes, endo­
sperms or gametes carrying them, but their action can be 
manifested in the following organisms which do not carry 
them: mothers of zygotes carrying them, and gametes or 
embryos borne by zygotes carrying them. Their time of 
action is therefore distributed over more than one life- 
cycle.

(2) It  is contended that change in the time of action of 
genes has been an important factor in evolution, and that 
some cases of orthogenesis, including degeneration, can 
be explained by it.

(3) In an organism undergoing metamorphosis the 
adaptive efficiency of a gene depends on the limitation in 
time of its action.
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The best known recent work on rates 
of evolution is probably that of Simpson 
(1 9 4 4 ) , though Small’s (1945, 1946) 
work on diatoms is more extensive. Small 
is concerned with the origin of species, 
which in this group seems to be a sud­
den or almost sudden process. Simpson 
compares evolutionary rates in different 
groups mainly by means of data on the 
origin and extinction of genera. Now 
among living animals and plants the dis­
tinction between genera is much less ob­
jective than that between species. On the 
other hand the paleontologist often finds 
it hard to be sure of differences less than 
generic. Moreover the criteria of gen­
eric distinction are certainly different in 
different groups. For example good sys- 
tematists from Linnaeus onward have as­
signed the polecat ( Mustela pulorius) and 
the ferret ( Martes furo) to different gen­
era, while in fact they give quite fertile 
hybrids and are probably to be regarded 
as at most subspecifically different. On 
the other hand I know of no viable, let 
alone fertile, hybrids between animals as­
signed to different genera of Diptera or 
Amphibia. This sugests that animals are 
rather more readily placed in different 
genera among mammals than in some 
other classes. And in view of the incom­
plete character of the best fossil remains, 
the svstematics of extinct animals are cer­
tainly less uniform than that of living 
ones.

On the other hand the dimensions of a 
solid organ, such as a tooth, a shell, or a 
bone, are often measureable with great 
precision; and when we have a series of 
fossil populations believed to form a line­
age, we can calculate the rate of change of 
the mean value of any measure. In speci­
fying a rate we must have scales for the
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time and for the character. From  data on 
radioactivity we have a fairly precise 
measure of the duration of the whole ter­
tiary period, and less accurate dates within 
it; and estimates of ten million years dur­
ing this period arc not likely to be out 
by much more than 25 r/< . The precisely 
dated strata from earlier rocks are not so 
common. The error is likely to be a good 
deal greater in paleozoic or meso/.oic ma­
rine deposits where we have continuous 
records over some millions of years, as in 
the English chalk or Idas. lien* esti­
mates of time may very well be out by a 
factor of 2, but are hardly likely to be so 
by a factor of 10.

As biologists we should like to be able 
to measure time in generations. In a fair 
number of insects the generation is e x ­
actly a year, in others there are two gen­
erations per year, and so on. W here gen­
erations overlap, as in most vertebrates, 
we can theoretically define a mean gener­
ation length exactly by definite integrals 
if we have life and fertility table's. In fact 
we can never do so for fossil forms. But 
we can be fairly sure that for a small ro­
dent the mean generation length was less 
than a year, for most ungulates more so. 
For mammals not larger than a cow we 
may be fairly sure that it was under ten 
years. The longest mean interval be­
tween sexual generations is probably to 
be found in clonally propagated inverte­
brates such as corals, where* it may pos­
sibly extend over centuries.

If evolutionary rales depend on muta­
tion rates (which L  doubtful), the year 
is as natural a unit a-- tlu* generation. For  
it seems possible that the inlensitv of na­
tural radiation produces a minimum mu­
tation rate per unit of time which is often 
exceeded (as in D ro s o p h ila )  but below

127



52 J . B. S. H A L D A N E

which mutation cannot fall ( Haldane, 
1948). If however evolution depends 
more on selection, the generation seems 
the more suitable unit of time, though it 
is of course less accurate.

In the case of a metrical character the 
simplest and most accurate measurements 
are linear. Even if we have as few as ten 
specimens of an adult mammalian tooth 
we can often state their mean value with 
a standard error of as little as 2 % . F o r  
an index, that is to say a ratio of lengths, 
the precision is often somewhat greater. 
If we wish to compare the rates of change 
of different organs, or of the same organ  
in different genera, it is clearly best to do 
so by comparing changes on a basis of 
percentage rather than absolute length. 
That is to say we shall do better to sav 
that one hone length has increased by 10°/o 
and another by 2 0 °/c in a million years 
than that one has increased by 1 cm and 
another by 30 cm.

Now suppose that in the time t the 
mean length of a structure has increased 
from x x cm to x 2 cm, the mean value of 
the proportional rate of change

1 dx 
xdt or j t (log* x)

is

log* .Vo — log* A t_

Thus if a tooth length doubles in ten mil­
lion years, the natural logarithm increases 
by .693, and its mean length increases by 
a factor of 1 4- .693 X 10~7 per year, or 
with a 5-year generation, by 1 +  3.5 X 
10~7 per generation. The figure 7 X lO 8 
can be regarded as a measure of its rate 
of evolution.

If our measures are made on mam­
malian adult teeth, the inner whorls of 
ammonites, or other structures not sub­
ject to growth or reabsorption, we can 
work with linear measures or more rarely 
areas or weights. If however we are 
concerned with vertebrate hones it will 
be better, where possible, to choose a 
measure of shape which does not change

much with the age of the animal con­
cerned. W here this is a ratio of lengths, 
such as a cranial index, matters are sim­
ple. W here it is an angle or an index of 
allometric growth, we shall meet with 
complications. Thus although our mea­
sure of evolutionary change would he the 
same if we measured our angle in degrees 
or radians, it would be altered if we m ea­
sured the change in tan 0 instead of 0. 
And in the case of the allometric equa­
tion y  =  (3xa it would be better to m ea­
sure a  rather than log0 a, since u is ef­
fectively a logarithm.

W e may also take as our unit of change 
the increase or decrease of a mean value 
through one standard deviation of the 
character in question as determined from 
a population found at a single horizon. 
Such standard deviations are not so ac­
curately known as the means. I hit since 
coefficients of variation of dimensions of 
homologous structures are generally 
nearly equal , in related species, we can 
use this fact with some confidence when 
populations are too small for their vari­
ance to be determined accurately.

The use of the standard deviation as a 
yardstick has a certain interest because, on 
any version of the Darwinian theory, the 
variation within a population at any time 
constitutes, so to say, the raw material 
available for evolution. It must however 
he added that since the fossil record con­
sists mainly of the hard parts of adults 
which have already undergone some na­
tural selection, this selection will already 
have reduced their variance appreciably. 
It may he noted that if two fossils differ 
by more than about four times the stand­
ard deviation of the populations from 
which either is drawn they would he re­
garded as almost certainly derived from 
different species, on the basis of the metri­
cal character under consideration alone.

E volutionary R atks in I Torsi .s and 
D inosaurs

Any measures of evolutionary rate made 
in this way will refer to particular metrical 
characters, and paleontologists are natu-
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T able  1. M e a n  a n n u a l  r a t e s  o f  i n c r e a s e  o f  t w o  l e n g t h s  a n d  t h e i r  r a t i o

Paracone Kctolopli Katin

Hyracothcrium-Mesohippus 3.6X10-* 2.3X10-8 I.3X10-®
Mesohippus-Merychippus 10.0X10-* 3.7X10-8 6.3 X HI-*
Mesohippus-H ypohippus 5.8X10-8 4.4X10-8 1.1X 10-8
Merychippus-Ncohipparion 8.6X10-* 0.8 X 10-8 7.8X Id '8

rally most interested in those which are 
evolving most rapidly. Others however 
remain stationary over very long periods. 
F o r example the constants a  and /? in the 
allometric equation y =  /3xa, where x  is a 
“horse’s” skull length and y its preorbi­
tal length, did not change appreciably 
from IJyracothcrium  to liquus, while the 
ratio of lateral digit length to cannon hone 
length was also constant over the same 
range, except for one very abrupt change 
(Robb 1935, 1936).

Let us now evaluate some rates on these 
lines. I use the data of Simpson’s (1 9 4 4 )  
table I concerning the paracone height and 
ectoloph length of unworn M 3 of five 
“horse” species, Hyracothcrium borealis, 
M esohippus Bairdi, Merychippus panicn- 
sis, Hypohippus osborni, and Neohippar- 
ion occidcntalc. I take the time intervals 
from Hyracothcrium  to Mesohippus to be 
16 million years, from Mesohippus to 
M erychippus and Hypohippus 14 million 
years, from Merychippus to N eohipparion  
5 million years. 'The first two figures, at 
least, are probably not more than 25%  
out.

The mean rates per year are given in 
table 1.

The calculation is as follows. In 16 
million years the mean paracone height 
increased from 4.67 to 8.36 mm. The na­
tural logarithms are 1.5412 and 2.1235. 
The rate is therefore 0 .5 8 2 3 /1 6  X 106 or
3.6 X 10"8. As Simpson points out, the 
ratio, which is a measure of hypsodonty, 
is the most interesting of the quantities 
considered, since it is likely to be little 
affected by a mere increase in the animals’ 
size. All the evolutionary rates are posi­
tive in this case, but that of ectoloph length 
from M erychippus to N eohipparion  is not

significantly so on the samples quoted by 
Simpson. The figure 3.6 X 10 8 means 
that the paracone height increased on an 
average by 3 .6%  per million years, and so 
on. The median is about 4 X 10 s.

The average length of a generation is 
unknown, but it can hardly have been less 
than 2 years in Hyraeotherimn  nor mure 
than 8 years in Neohipparion. To obtain 
the evolutionary rate per generation we 
must therefore multiply these figures bv 
factors of 2 to 8, giving a median rate per 
generation of about 2 X 10 '7. 'The co­
efficient of variation of the tooth measure­
ments was about 5%  (4 .6 %  to 6 .2 % ) e x ­
cept in Hypohippus of which there were 
only 4 specimens with the high value of 
14% . The coefficients of variation of the 
ratios varied between 2%  and 4 .5% , with 
a median value of 3 .4% . If 100 / ’ is the 
coefficient of variation, the time taken to 
move the mean through one standard de­
viation is approximately 1

V t  _ _
log* X2 — log* .Vi

‘ When the mean, .r, moves through o i k : stand­
ard deviation we may consider that x  moves fiom

x  = m  to x  = m  -f- o x  but I — —  bv delimlion,m
hence o x  = m V ,  m  -f- o x  = m  |- m V  -  m (l -b 
V ) ,  lienee x  moves from v ;  in m M (- K) and 
log,X from log,w to log. m  |- log (I -\- E). 
Expanding Iogf(l +  V) by M.ielnnrin’s theorem 
we have:

iog.(i +  v) = v  -  y 2 p
-f- h  p  -  } \  p  -f- • . . .

Now as V  is much less than one. P ,  P ,  P , etc. 
are very small numbers and we may safelv write 
the approximation log, (l -f V )  =  V.  The log 
of the .mean thu^ moves through a distance V  
and as the time taken to move a given distance 
may be expressed as distance divided by rate, 
the above formula is obtained.
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In the case of the evolution of the para- 
cone of M esohippus from Hyra-cotherium, 
the mean value of V is .055, so the time 
needed was 1.5 X 10" years or about half 
a million generations. Similar calculations 
could be made in the other cases, but this 
value is representative. About five times 
as long would be needed before a specific 
distinction could be made with confidence 
on the basis of a few metrical characters 
evolving at this rate, though of course if 
there were numerous diagnostic charac­
ters the time would he considerably less. 
Since the indices are less variable than 
the linear measurements, their rates of 
evolution, measured in standard devia­
tions, are about as high as those of the 
linear measurements.

Data are given by Colbert (1 9 4 8 )  on 
the increase in length of six suborders of 
Dinosaurs during the mesozoic era. The 
figures are taken from his graphs of figs. 
4 and 5, and arc probably rather less ac­
curate than Simpson’s data.

Suborder Annual rate Time in mil­
lion years

Sauropoda 3.0 X 1 0 -* 35
Stegosauria 2.1 X 1 0 -* 30
Theropoda 2.0 X 1 0 -* 97
Ornithopoda 2.2 X 1 0 - 8 60
Ankylosauria 0 .2 6 X 1 0 - 8 40
Ceratopsia 6.1 X 1 0 - 8 22

Further among the Ceratopsia the mean 
rate of evolutionary length increase from  
P rotoceratops  to M onoclonius was 15 X 
1 0 '8 over 7 million years, from M ono­
clonius to T riceratops  1.7 X 10"8 over 18 
million (the dates of Triceratops  given in 
the two graphs are slightly different). 
These figures are slightly less than the 
figures for Equidae, with one exception. 
However a generation was probably con­
siderably longer in the large dinosaurs 
at least than in the Equidae. Since Col­
bert’s graphs are given on a basis of ac­
tual length, the increase of the Ceratop- 
sians from 1.7 to 6.5 meters in 22 million 
years appears less impressive than that

of the Sauropoda from 6 to 17 meters in 
35 million years. On my reckoning he is 
fully justified in stressing the rapidity of 
their evolution.

E volutionary R ates in H o.minids

Another example may be taken from 
the evolution of our own species. Some 
workers regard Sinantitropus as a pos­
sible ancestor of H om o. Others think 
that more advanced forms typified by 
Eoanthropus were contemporaneous with 
Sinanthropus and nearer our ancestral 
line. If so the evolutionary rates were 
less, perhaps by a factor of 2, but hardly 
by a factor of 5, than those which may be 
calculated on the hypothesis that Sinan­
thropus was actually ancestral. W ciden- 
reich (1 9 4 3 ) gave a number of exact fig­
ures for linear measurements of skulls of 
Sinanthropus pekinensis and H om o solo- 
ensis, with more conjectural ones for 
cranial capacity.

The majority of measures of length do 
not differ significantly from those of 
H om o sapiens. Thus the mean maximum  
length (glabella to opisthocranion) is
193.6 mm in Sinanthropus and 185.6 in 
H . sapiens. The mean “maximum” 
breadths are given as 141.0 and 133.6  
On the other hand the heights are very 
different. Unfortunately basibregmatie 
height in Sinanthropus can only be esti­
mated from a reconstruction. Put 4  
heights (2  doubtful) of the opisthion 
above the Frankfurt horizontal averaged
104.6 as compared with 136.1 in II. 
sapiens, while 5 auricular heights above 
the same plane averaged 98 .4  as com ­
pared with 113.5 in H. sapiens. The 
greater cranial capacity of II . sapiens is 
partly due to increased height and partly 
to reduction of the bone which leaves more 
room for the brain.

Since the sex of the Sinanthropus skulls 
is not known with certainty, it is not cer­
tain what figures for II. sapiens should be 
taken as comparable. It is better there­
fore to compare height-length indices, 
which are almost independent of sex and 
cranial capacity in modern man ( Pearson
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and Davin, 1924). W e find that the ra­
tio of length to opisthion height has risen 
from .541 ±  .013 to .736. There is an­
other reason for choosing this index. 
Weidenreich gives it for Pithecanthropus 
(one skull), H om o soloensis (six  skulls) 
and H. neanderthalensis (six  skulls). 
The values are .521, .518, and .596. That 
is to say Sinanthropus was nearer to 
modern man in this respect than was 
H om o soloensis, although the latter is 
attributed to the upper Pleistocene. The 
difference of the natural logarithms of .541 
and .736 is .3078. If with Zeuner (1 9 4 6 )  
we take the date of Sinanthropus as — 
500,000, we obtain a mean annual evolu­
tionary rate of — 6.2 X 10 7 for the 
length/height index. Even if we sup­
posed that the common ancestor of Sinan­
thropus and H om o sapiens lived in the up­
per pliocene a million years ago, and that 
since his separation from our ancestral 
stock the skull height of Sinanthropus had 
not increased at all, we should be left 
with the high annual rate of 3 X 10-7.

If we use the standard deviation yard­
stick, we find that length/height -indices 
have coefficients of variation of about 4%  
in modern populations, so the number of 
years needed to move through a standard 
deviation is about 70,000. Hut the most 
striking evidence of the rapidity of human 
evolution in this respect is obtained if we 
try to reckon time in generations. The 
age of human or sub-human puberty may 
have increased considerably in the last 
million years. But it is hard to suppose 
that the mean length of a generation, even 
of Sinanthropus, was much under 20 years. 
If we allow this very short period, the 
number of generations needed for the 
mean to change through a standard de­
viation is 3500, and only 7000 if we put 
back the equivalent stage in human evolu­
tion to a million years. This is to be 
compared with a minimum value of about 
200.000 generations in the Equidae.

Standards of E volutionary Change

I do not suggest that any particular 
weight should be given to this comparison.

This would only be justified when quite a 
number of different structures had been 
compared, and particularly homologous 
structures in different lineages. However 
I believe that our knowledge both of ab­
solute geological time and of some pale­
ontological lineages is sufficient to allow 
many further calculations of this type to 
be made. It is equally clear that they can 
only be made satisfactorily by paleontolo­
gists. And it is likely that better indices 
of evolutionary rate can be made than any 
which I have suggested. It will be par­
ticularly important to characterize slow 
rates of evolution. Thus if a length or 
an index in a brachiopod line has not 
doubled or halved since the middle Cam­
brian, its annual evolutionary rate is less 
than 1.5 X 10'". It may be found de­
sirable to coin some word, for example a 
darnrin, for a unit of evolutionary rate, 
such as an increase or decrease of size by 
a factor of e per million years, or, what is 
practically equivalent, an increase or de­
crease of 1 /1000  per 1000 years. If so 
the horse rates would range round 40  
millidarwins, and rales much under a mil- 
lidarwin would be hard to measure. Rates 
of one darwin would be exceptional in na­
ture. But domesticated animals and plants 
have changed at rales measured in kilo- 
darwins, though not megadarwins.

If the mean rate of change in linear 
measurements per generation is fairly 
often of the order of 10 7, but rarely very 
much greater, wre can draw' s<>me tentative 
conclusions. Cones arc known in mam­
mals which alter skeletal measurements 
by several per cent, without any obvious 
pathological effect. Kor example the gene 
b (brow n) in mice increases body length 
by about 1.5%  when homozygous (Castle, 
1941). If genes with such a large effect 
played a part in the evolution of the 
Equidae, the substitution of such a gene 
for its allelomorph cannot have occurred 
more often than once per 3(X).000 years in 
the history of this family. It is more prob­
able that most of the genes concerned had 
smaller effects.

Again the median figure of 4 X 10 '8
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(4 0  millidcirwins) for the Equidae implies 
that the means were increased by a stand­
ard deviation in about half a million gen­
erations. That is to say if selection was 
acting at much the same rates on most of 
the genes responsible for variation, a ma­
jority of them were replaced by allelo­
morphs in a few million generations. Such 
calculations are extremely rough, but they 
suggest the remarkably small order of 
magnitude of the selective “ forces’' which 
are at work if natural selection is largely 
responsible for evolution, and the extrem e  
difficulty of demonstrating them in action. 
It is in no way surprising that progressive 
changes in gene frequencies in nature 
have only been observed in a few species. 
The fact that they have been observed at 
all is indeed probably only due to man’s 
alteration of natural conditions.

The slowness of the rate of change also 
makes it clear that agencies other than 
natural selection cannot be neglected be­
cause they are extremely slow by labora­
tory standards or even undetectable dur­
ing a human lifetime. The observed rates 
of mutation are quite large enough to ac­
count for evolutionary changes. Thus a 
mutation rate of 1 in a million at the 
brown locus in mice would, if unopposed, 
give a rate of change in the length of mice 
reaching a maximum of 7 X 10"° per year, 
a quite substantial rate. The reason why 
most biologists do not believe in mutation 
as a driving force is because such a gene 
would be expected to confer a selective 
advantage or disadvantage of much more 
than one millionth ; and therefore natural 
selection, rather than mutation, would de­
cide the direction of evolution. W e are 
not yet in a position to deny the possibility 
that under some environmental circum­
stances particular genes may mutate in na­
ture with frequencies of 10 '-1 per genera­
tion, as a few genes do in cultivated plants,

or that cytoplasmic changes of equal or 
greater rapidity may occur. Such rates 
cannot be frequent, or evolution would be 
quicker than it is. But they might deter­
mine the course of evolution in particular 
cases. It is premature to suggest that they 
do so, but not perhaps to suspect that they 
may.

1 have to thank Mr. K . A. Kermack for 
valuable advice and criticism.

S ummary

Suggestions are made for the measure­
ment of evolutionary rates of metrical 
characters. The unit of time may be the 
year or the generation. The unit for the 
character may be a unit increase in the 
natural logarithm of a variate, or alterna­
tively one standard deviation of the char­
acter in a ]X)pulation at a given horizon. 
Exam ples are given from mammalian pale­
ontology of the calculation of such rates.
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THE MEASUREMENT OF NATURAL SELECTION

bv

J . B. S. HALDANE

Although nearly a century has elapsed since Darwin and W allace
formulated the theory of evolution bv natural selection, it is remarkable

«✓  • /

that no agreement exists as to how it should be measured. Ideally we 
should wish to follow a sufficient number of members of every genotype 
(including gametes) of a species through a life cycle, and discover what 
advantages or disadvantages each possesses at every stage. This is 
clearly impossible. But it would also be insufficient. For natural or 
artificial selection acts on phenotypes. It is ineffective unless it favours 
one genotype at the expense of another. But it may occur without 
doing so. If we only breed from the heaviest 1% of members of a pure 
line, this intense artificial selection has no effect on the distribution of 
weights in the next generation. Nor would natural selection of com­
parable intensity have any effect. This is indeed the usual criterion 
for a pure line, though it may break down if there are strong maternal 
influences.

TVe must not judge the intensity of natural selection by its effect 
on the next generation, but by a comparison of the actual parents of 
the next generation with the population of which they are a sample, 
biassed by the very fact of selection. In this communication I shall 
only consider selection by differential mortality over a certain part of 
the life cycle, and I shall mainly be concerned with continuously variable 
metrical characters such as weight. How shall we measure the intensity 
of selection?

If, over the period considered, 10% of the population die, it is 
reasonable to assume that the intensity of natural selection cannot 
exceed 10%, or, if a logarithmic scale is used, -loge (.0) or .1054, If all 
phenotypes and genotypes have the same mortality, we say that the

480] [Caryologia, Vol. suppl., 1954
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deaths are entirely accidental, and there is no natural selection. If one 
phenotype has no mortality at all. but all the deaths occur in others, 
we say that the intensity of selection is .1054. If we can distinguish 
several phenotypes, there is an optimal phenotype, or set of phenotypes, 
of which a fraction s„ survives, while of the total population a smaller 
fraction S survives. If all the population had belonged to the optimal 
phenotype, then a fraction s0 of it would have survived. The extra 
mortality due to natural selection is s« — S. I define the intensity of 
natural selection as I = log* sc — log„S. For example if S = .9 and 
s(> = .05, that is to say 10% of the whole population dies, but only 5% 
of the optimal phenotype, then s()— S = .05, and I = .0541. The two 
measures are nearly the same when death rates are small.

In practice we generally consider only one measurable character x. 
sav weight at birth, at a time. We can then roughlv determine the value 
of x for which the mortality is a minimum. This is not usually, if ever, 
an extreme value, and is often close to the mean. Within this optimal 
phenotype we could doubtless pick out a still more ((favoured)) pheno­
type. to use Darwin’s word, by other criteria. For example ducks’ 
eggs have an optimal weight, but within the group of optimal weight 
there is presumably a group with optimal water content, if this could 
be determined without killing the eggs, and so on. Similarly there is 
an optimal genotype.

This measure of the intensity of selection for a metrical character 
is quite different from that of L ush (1053). If the mean value of x is 
the same in the survivors as in the original population. L ush puts the 
intensity of selection as zero. This may be justifiable when artificial se­
lection is being measured. It is not so in the case of natural selection, 
which may have no effect on the mean, while considerably reducing the 
variance.

In some cases full data are available which enable us to measure S 
and s0. Thus K arn and P enrose (1051) recorded the birth weights of 
13,730 babies, and the fractions in various weight groups which survived 
the hazards of birth and of the first 2S davs of life. I shall onlv consider 
their data on the 6G03 females. The mortality rates for males were 
slightly higher. The overall survival S was .050 ± .002. The survival for 
weights between 7.5 and 8.5 pounds was .085 ± .003. It fell to .414 ± .037 
for babies weighing under 4.5 pounds, and to .005 ± .004 for weights over 
10 pounds. Although the latter figure does not differ significantly from 
the optimal survival, there is no doubt of the lower viability of heavy 
babies. Although the distribution of birth-weights is decidedly negat­
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ively skew, and that of the weights of the dead babies is even bimodal, 
the ratio of survivors to dead, when plotted against weight at birth, 
has a very nearly normal (Gaussian) distribution. For K arx and 
P enrose's Fig. 3 shows that its logarithm, when plotted against birth 
weight, is well fitted by a parabola. That is to say if sx is the fraction
of babies of bin h weight x which survives. gives a parabolic graph :
and in the neighbourhood of the maximum value s0, sx gives a para­
bolic graph. The optimal survival s„ can be calculated with considerable 
accuracy, though the optimal birth-weight x0 is less precisely known. We 
find s0 = .0828. or very close to the survival frequency of the optimal 
group. That is to say only 1.7% of the babies would have died if all had 
been of the optimal weight, while, in fact 4.1% did so. Thus 38% of all 
the deaths were selective, on the sole criterion of weight, and the inten­
sity of natural selection for weight was :

I = .0240 ± .004.

These data do not, of course, show that any of the differences in 
weight were genetically determined. P enrose (1033) has produced evi­
dence that they depend to a considerable extent on the mothers genotype.

The effect of this natural selection on the population was to increase 
the mean birth weight from 7.00 to 7.13 pounds, that is to say by 1%,, 
but to decrease the standard deviation of birth weights from 1.22 to 1.10, 
that is to say by 10%. Its effect in reducing the variance was therefore 
far greater than its effect in increasing the mean.

This appears to be true in every case where natural selection for a 
metrical character has been observed. A little of this selection against 
extremes may be due to the elimination of mutants. Thus the majority 
of human achondroplasic dwarfs result from recent mutation, and a large 
fraction of these die at birth or in the first month of life. But the inten­
sity of natural selection on such a gene throughout the whole life cycle 
is less than the frequency in the population, and about equal to the 
mutation rate, natural selection against achondroplasics contributes 
about 2 x 10-5 to K arn and P enrose’s yalue of .024, that is to say about 
one thousandth. I believe that a large fraction of the selection is of 
homozygotes for pairs of genes at loci where the heterozygous genotype 
is fitter than either homozygote. That is to say selection is not mainly 
counterbalancing the effects of mutation, but those of segregation.

It is possible to calculate the intensity I of natural selection even 
when the fraction S of survivors is unknown, provided that the distrib­
utions of x among the population originally at risk, and among the survi­
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vors, is known. For if tlie distribution fuetion for the original popul­
ation is dF = (x)dx.

and tliat for the survivors is 
dF = f2 (x)dx.

then the fraction surviving for anv given value of x is
Sf2 (x)

S x  —  .

( x )
Hence if x0 is the optimal value of x. for which sx is greatest, 
I = logw f2 (x0) — loge i l (x0).

In particular if x has a normal distribution among the original pop­
ulation and among the survivors, and their means are m^ m2, their 
standard deviations and ct., then

I ln<v gi \ (m, — m,)2
(To / ' 2 (<Tr -  '

If in. and m., do not differ significantlv. the last term mav be neglect- 
ed. And where it is not negligible it mav often be made so bv a change 
in the scale of x, for example by taking logarithms.

R exdel (1943) weighed 960 ducks’ eggs of the X .P .I. breed. Of these 
*619 hatched, so S = .644S. The mean weight of the original population 
was 73.92 ± 0.23 gms., that of those which hatched was 73.7S ± 0.27 gms. 
The difference is insignificant. On the other hand the variance of weights 
was reduced from 52.72 ± 2.IS to 43.S7 ± 3.02, which was highly signi­
ficant. This gives I = .094. However, the distributions were both rather 
posilively skew and leptokurtic. The distributions of the logarithms of 
the weights were much more nearly normal, and give I = .100 ± .032. 
In this case about 30% of the total deaths during the period considered 
were selective for weight. Manv of the rest mav have been selective for 
other measurable characters.

However R endel made similar observations at the same time on 930 
eggs of the Allport breed. Here S was .6269, but s0 was only .6445, and 
I only .0276, which is not significantly positive, though probably so. The 
variance was in fact reduced from 44.62 to 41.32, but the reduction was 
not significant at the 5% level.

W eldon (1901, 1904) and his pupil di Cesxola (1907) worked on 
snails as follows. The earliest formed whorls of a snail’s shell are pre­
served in the adult. So if we make measurements on the shells of young 
snails, and on the early formed whorls of those adult snails, we can see 
whether natural selection has been occurring. W eldon proved that this
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bad occurred, but could not measure its intensity. In t'lausilia huninnta 
be measured the distance from the apex to the external groove between 
two whorls at various angular distances measured backwards towards 
the apex from the point where the coltimellar distance from the apex was 
o millimetres. This gave him a shape parameter for tin,* shell, measuring 
the increase in size with each successive coil.

He found that the mean values differed by less than 1% in 100 
young snails and in the juvenile parts of 100 old ones. But the standard 
deviations were always less in the adults, on the average less by 11.4°.',. 
It follows that the intensity of natural selection for this character was 
about .12. Di Gksxola’s somewhat less consistent data lor flrii.r arbits- 
tonnn give a- value of about .10 for I.

Wkldox’s sample of (lausilia huninnta came from a fairly ancient 
German forest. When he repeated the work on a population of ('hutsiUa 
it ala from the citadel of Brescia, he found no evidence of natural selec­
tion. We now see that this could be explained if this population were 
very homogeneous genetically, being derived from one or a few indivi­
duals which had colonized the citadel. It would clearlv be.of great

%j  >

interest, if an Italian biologist repeated this work, comparing the Brescia, 
population with one less isolated.

A number of results of other workers are concordant with those here 
cited. We can, of course, apply the same methods to populations studied 
over the whole life cycle. Thus Dobzhaxsky (IOoo) described a population 
of Drosophila psrudoobsrura which had reached equilibrium under labor­
atory conditions, and which was polymorphic for two chromosomal 
configurations, ST and CH. The relative fitnesses, or adaptive values,

S T  S T  p uof — > —  and -— were as 0.1)0 :1 .00 : 0.41. If these fitnesses are as 
S T  CH CH

1 —h : 1 : 1 —k, it can easily be shown that under random mating the 
frequencies of the three genotypes at fertilization are : 

k2 °hk h2----------- , —--------, and ----------- . If selection were entirely bv mortality
(U + k)»’ (I. + k)=’ (h + k)* - •
before maturity, the extra deaths of homozvgotes would b e ------------ [~

(h + k)2
+

klr
or

hk Since h = 0.1, k = O.oO, hk
h + k

= .0.S.V), and
(h +  k)” h +  k 

I = .080, a value close to those found above.
In fact much of the selection was for fertility rather than for via­

bility. This makes no difference to the value of I arrived at. The fact 
that the value found is close to those found above by quite different
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methods suggests that Dobzhaxsky’s results do not refer to a special 
case, but to a phenomenon which is occurring in many or most outbred 
populations.

It is entirely possible to apply W eldon's method, with suitable mod­
ifications, to populations of shells of fossil molluscs, such as ammon­
i t e s .  and thus perhaps to discover that natural selection was occurring 
in Palaeozoic times.

The interpretation of such data must vary in different cases. If, for 
example, as withy some of Salisbury' s (1943) data on plants, the larger 
individuals contribute up to 800 times more seeds than the smaller, this 
may well be (as he showed to be the case for Diant Juts prolifer) because 
the differences in growth were mainly determined by soil differences. 
There is no reason to assume selection for genotypes making for large 
sized plants. On the other hand when the mean of parents, or of survi­
vors. differs little from that of the original population, this kind of 
explanation is much less probable. It is difficult to suppose that the 
heavy babies or eggs, which had a higher death rate than those of the 
mean weight, were due to unfavourable environmental conditions, and 
it is reasonable to suppose that they were due to unfavourable genotypes, 
in these two cases maternal rather than individual. It is further reason­
able to suppose that a good deal of the selection was not for weight as 
such, but for heterozygosity for genes at a number of loci which, among 
other things, control weight.

In all the cases considered selection reduced the variance, that is 
to say it was of the type described as stabilizing or normalizing. Proba­
bly almost all natural selection for a quantitative character is of this 
type. Even when the mean of x is appreciably higher in the parents of 
the next generation it is probable that selection occurs against very 
high values of x. This seems to be so in a good many cases of artificial 
selection. The individuals showing the selected character with the highest 
intensiry*are often weak or sterile. If this is so, natural selection, even 
when it is altering the genetic composition of a population, is probably 
usually weeding out homozvgotes at a number of loci.

If a population is in equilibrium under selection for heterozygosis 
for genes at a number of loci, the mean value of a metrical character 
determinable in early life will not, in general, be quite the same in the 
parents of the next generation as in the population of which they are a 
sample biassed by natural selection, though it may not be very different. 
Fait this selective differential will not alter the genetieal composition of 
the next generation.
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The examples which I have discussed, apart from Dobzhax.sky 's
data, all refer to natural selection by differential survival over a fraction
of the life cycle. It is theoretically possible that this selection could be
reversed over another part of the life cycle. But this is improbable, as
it would usually involve a bimodal distribution of fitness, such as could
occur if. for example, a structural heterozygote were viable but infertile.
But even among these few examples there were very great differences in
the intensities of selection. In Render's case the difference was certainly1/
due to genetical differences between the two populations. In W eld o n ’s  
it may have been.

Similar work could and should be done on a number of different 
human, animal, and plant populations, for example by following up the 
survival and fertility of some thousands of men measured at school or 
in the army, by measurements on fossil populations, by following the 
birds which hatched from eggs of different weights through a life cycle, 
and so on. Only when this has been done shall we have a satisfactory 
knowledge concerning phenotypic natural selection. Genotypic natural 
selection will, of course, be still harder to follow. At present we merely 
know that both of them occur. We know verv little about their intensitv.

SUMMARY

When any phenotypic character is measured or otherwise determined, there is 
usually an optimal phenotype, whose fitness, either over the whole life cycle or a portion 
of it, exceeds that of other phenotypes. The intensity of natural selection for the 
character in question is defined as the logarithm of the ratio of the fitness of the 
optimal phenotype to that of the whole population. This can sometimes be determined 
from frequency distributions, even when the actual fitnesses are unknown. The values 
found for the intensity of natural selection range from near zero to about 12%. In all 
cases natural selection reduces variance by weeding out extreme forms.
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T he theory of selection for melanism in L epidoptera

B y J .  B. S. Haldane, F.R .S . 

Department o f Biometry. University College. London

Dr Kettlewell’s proof that the dark form carbonaria of Biston betularia has replaced 
the type, a t least in part as the result of selection by bird predators, gives me the 
right to bring my calculation (Haldane 1 9 2 4 ) on this m atter up to date.

Assuming random mating, if the relative fitnesses of the genotypes CC, Cc and 
cc are as 1 : 1  — k : 1 — A', and the gene frequencies are pC + qc, then the annual change 
in the value of p  is

Ap  =
pq{kp  — Icq + Kq) 

1 — 2 kpq — K q2

But K  and k are not constants, even in a constant environment. They change with 
the frequency of other genes (or possibly plasmons). A t present in industrial areas, 
K  is positive and k nearly zero, since C is apparently fully dominant. However, 
on the genetic background of unpolluted areas, Cc is intermediate and k may be 
about \K (Ford 1 9 5 5 ).

Before industrial pollution began, C was a rare mutant, rendering the moth 
conspicuous to birds, and K  and k were negative. If // was the mutation rate of

c to C, p was about
2 //f 1
"T-

-K )
A

. or perhaps 3 or 4 times the value o f//, say in If
k is zero the final state in an industrial area would be given by q2 =  vK~l, where 
v is the rate of mutation of C to c. Thus q would be of the order of 1 0 -2 to 10 -3 , 
with one recessive per mono or per million. This, however, would not be achieved 
until after over K~lq~l years, that is to say. several centuries or millennia, of 
selection. Dr Kettlewell tells me that at present about 1 ° 0 to 1 0 % of recessives 
are commonly found in industrial areas, so that q =  0-2 approximately.

If 1 — K  =  (1 — k)~, that is to say. the fitness of the heterozygotes is the geometric 
mean of that of the homozygotes, the time needed for p  to increase from 10 -3 to

0-8 is 11-20
Iogio(l ~

k  = 0 it is

~pr. vears, or 37 years if K  = ,\k ) „

4 — ( l — A") In o Ill (8 x 104) 
K  l n ( l —A’ )

as Kettlewell’s Table 3 suggests. If

(Haldane 1 9 3 2 ),
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or 27 years if K  =  £. The effect of dominance is to double the rate of selection at 
first, but to slow it down greatly when recessives become rare.

I conclude, either that selection is usually much less intense than Kettlewell 
found, that immigration from unpolluted areas is important (which is unlikely) or 
that selection has slowed down for a reason which I consider.

I t  appears th at during the last century genes have been selected which have no 
effect of CC, but make Cc nearly as dark as CC. Now such genes will only confer 
an advantage if they are present in Cc animals, and, as shown in the Appendix, 
the total number of Cc moths, on the hypotheses so far considered, will be of the 
order of 4 to 6 times the annual population at most, so the frequency of a modifying 
gene is unlikely to increase even twentyfold. On this hypothesis the selection of 
modifiers of heterozygotes cannot be explained.

A possible hypothesis is that heterozygotes are or were physiologically fitter 
than either homozygote. Ford ( 19 4 0 ) showed that when partially starved, Cc 
survived better than cc. There is no evidence as to whether Cc is fitter than CC. 
If it is so, or was so for a number of years, then w'e can suggest that the primary 
selective process in the more polluted industrial areas was complete by about 
1890, leading to a balanced polymorphism with p  =  0*86 or some neighbouring 
value, giving about 74 % CC , 24 % Cc, 2 %  cc a t hatching. If  the fitness of cc was 
\ that of Cc, as Kettlewell’s results suggest, that of CC would have been about 
92 % that of Cc. In this case selection has had a reasonable opportunity of 
favouring genes which increase the dominance of C. I t  should be possible to test 
this hypothesis, a t least on genetic backgrounds where C is not fully dominant.

I  wish then to emphasize that the problem is not yet fully solved, and th at 
numerical calculations of the type here given are of a certain value if only as 
suggesting further experiments.
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A p p e n d i x  (Haldane)

T h e  $ c h - c f io n  o f  m o d i f i e r s  o f  h i  t e r o z y g o f e s
Consider any case of transient polymorphism, where a population passes from 

being almost all cc to being almost all CC under the influence of selection. In each 
generation there is a fraction h of heterozygotes. We ask what is the total value 
H of all these fractions? For oniy if 11 is fairly large will natural selection have 
much opportunity to increase the frequency of genes which are only of value in so 
far as they act on heterozygotes, by increasing the dominance of C or otherwise. 
For example, if H = 1 0 . such genes will only have increased as much as they would 
have done had selection acted on a population consisting entirely of Cr. during 
10 years. I neglect the small numbers of heterozygotes kept in being by mutation 
before and after the chance.

J .  B . S . H a ld a n e  (D is c u s s io n  M e e tin g )
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Let the relative fitnesses of CC, Cc and cc be as 1 : 1 — k : 1 — K , where K > k >  0 , 
and let q be the frequency of c in a random mating population. Then if AT is small 
d</,d£ = — q { l — q) (k + K q  — 2l:q) approximately, taking the generation as the unit 
of time. If I I  is not small the rate is somewhat greater, so H  will be less than the 
number here calculated. The total fraction of heterozygotes is approximately

// = J *  2t f( l -g )  d<
2d q

o k  +  q — 2kq
o

In 1 X - t \ if K > 2 k
K - 2 k ' k 1

o
In I \ if K  < 2k

~ 2k - I I \ K - k !

= i  if K  =  2k.

Putting k  = XK,  w here 1 > A > 0

(1 — 2A) K if A < i

(2A  -  1) A"
if A > I

= -LfiT- 1 if A = b.

H  has a minimum when A = J, and becomes infinite w'hen A =  1 or 0 . How'ever, 
even if A is near to 1 or 0 , H is not very large. Thus if A =  0*1 or 0-9 ,

H =  5 In 3 A' -1  =  5-5K -1.

Lot us investigate the infinite values of H  which arise when k  = 0 , or k  =  K .  
that is to say. dominance i* complete. Suppose C to be completely dominant, so 
that k = 0 . but the final value of q is Q. where Q is small but not zero.  Then

J o  Kq
= -  2K~l In Q.

Thus if Q =  0*1 , giving 1 % of recessives. II  =  4 -0K~\ However, this case does 
not concern us, for if k  is zero there is no selective pressure tending to select 
modifiers of heterozygotes.

Now if a modifier M  present in a small fraction x  of the gametes increases the 
fitness of Cc from 1 —k  to unity, then A.r= 2kq{ \ - < / )  v ( l  — x) approximatelv. That 
is to say. x  is increased by a factor of approximatelv l - 2 /.v/(l— q) or l -^kh.  If 
a; is not small the increase is less. So during the whole selective process, x  will be
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1 — ^\2A/(l-2A)

increased by about ekH. This is e2 when A =  and in general ( —3 —)
/ ^ \ 2A/(2A—1) \ A /
I- — . The value rises from 1*73 when A =  0*1 to 7*39 when A =  0*5,

27 when A =  0*75, and 140-3 when A =  0-9. However, if A were initially 0-5 except 
in the presence of a rare modifying gene, a twenty-fold increase in the frequency 
of the modifier might raise it to 0-6 , if the frequency of the modifier rose from  
1 to 20 % . B u t this would not greatly accelerate the selection of the modifier. 
I conclude th at it is improbable that the frequency of a modifier would increase 
as much as 20 times, though it might increase 10  times.

The above calculations are only based on the selection of a rare gene with full 
dominance as a modifier. The process would be slower if the modifier were not rare 
or not dominant.

The r e l a t io n  b e t w e e n  d e n s it y  r e g u l a t io n  a n d  n a t u r a l  s e l e c t io n

By  J .  B. S. Haldane, F .R .S .

Department o f Biometry, University College, London

Darwin ( 1 8 5 9 ) introduced the notion of natural selection by showing th at if the 
density of a species is to remain steady, most of the individuals in each generation 
must die prematurely. Nicholson (1 9 5 4 ) has analyzed the factors determining the 
density of a species in great detail. Haldane ( 1 9 5 3 ) did so more summarily. I t  is 
simplest to consider annual plants or animals. Their increase or decrease from one 
year to another is a function, among other things, of their density. A factor which 
leads to increase as the density increases is called density-disturbing (Nicholson), 
or positive density-dependent (Haldane). Such factors include all forms of mutual 
aid, from the mutual protection of trees from storms and the greater ease of finding 
mates if the population is not too sparse, to various forms of social behaviour. 
Density-regulating (Nicholson) or negative density-dependent (Haldane) factors 
include all forms of competition, including competition for food and space, 
and disease facilitated bv overcrowding. Other factors, which Nicholson calls 
density-legislative and density-inactive, are independent of density. Examples 
are the effects of heat and cold, in so far as they are not modified by competition or 
co-operation.

Clearly at high densities some negative density-dependent factor must come 
into action, or density would increase indefinitely. Positive density-dependent 
factors may be important at low densities. If  so there may be an unstable equilibrium, 
and populations which fall below it decrease further and die out. for example, 
sessile bisexual or self-sterile organisms with juvenile dispersal. They always make 
for instability of equilibrium. N e g a t i v e  density-dependent factors may do so if 
their effect increases very sharply with density, or if it is delayed (Nicholson 
& Bailey 1 9 3 5 ).
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All these factors are, or may be, agents of natural selection. Parasitism is the 
main negative density-dependent factor regulating the density of many insect 
species. If  so, as Nicholson & Bailey showed, other adverse factors m ay actually  
cause the population density to increase. For example, increased predation of 
larvae by birds, provided the same fraction of parasitized and unparasitized larvae 
are killed, will cause an increase of density if the parasite is fairly specific, so th at 
predation diminishes its numbers nearly as much as those of the host. A gene 
causing cryptic coloration of larvae and thus protecting them from predators will 
spread through a population as the result of natural selection. I t  will, however, 
lower the population density in areas or in years where, owing to high density, 
parasites are the main controlling factor. But it will raise the population density 
in areas where, owing to density-independent factors, the population is sparse.

The range of a species includes many types of habitat. But it can roughly be 
divided into favourable areas where the density is high, and from which, on the 
whole, there is emigration, and unfavourable areas of low density into which there 
is, on balance, immigration. The latter will usually include the marginal geo­
graphical areas such as the hottest and coldest in which the species is found. In  
these marginal areas selection is mainly against density-independent factors such 
as frost, and in favour of positive density-dependent factors such as sexual 
recognition at a distance or self-fertility. In the central areas selection is against 
density-dependent factors such as disease and the effects of various kinds of 
competition, and of course against the local density-independent factors.

But just because there is a net migration from central to peripheral areas, 
adaptation in the latter must be incomplete. If  there are adequate geographical 
barriers, or if a species is sufficiently immobile, it may break up into subspecies, 
some of which are potentially new species. Let me take a concrete example. 
Several moth species such as Peridroma saucia and Agrotis ypsilon  winter over in 
southern England. But large numbers occasionally migrate from the south. This 
must make it hard or impossible for a race adapted to our climate to establish 
itself. If  the English Channel were as broad as the Straits of Mozambique, rare 
migrants might have given rise to a local race or subspecies.

Matthew ( 1 9 2 6 ) observed that contemporaneous species of Hipparion  could be 
advanced in their dentition or their leg skeleton, but not in both. A species which 
had made both advances would presumably have eliminated all its competitors. 
Kennack ( 1 9 5 4 ) similarly found that in a fossil echinoid population, characters 
which were found together in populations some million years later were negatively 
correlated. It was presumably impossible or at least difficult to achieve both in 
the same organism with the available genes.

Applying the Matthew-Kermack principle to an existing species, it appears that 
selection in the central areas for protection against density-dependent factors must 
make it difficult to achieve the resistance to density-independent factors which is 
needed in the peripheral areas. The converse tendency may operate to some extent, 
a  ̂ there often some migration buck into the central areas.

If a species is insufficiently mobile it will be unable to exist in areas where the 
birth-rate does not suffice to balance the death-rate. If it is too mobile there will
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be no chance for specialization to develop in such areas. This is just one of the 
conflicts between opposing tendencies which must be, and have been, overcome 
in the course of evolution, but which have slowed down evolution.

But, owing to the net direction of population flow, a species must, I think, 
usually tend to be overadapted to conditions in the area where its density is 
greatest, including negative density-dependent factors, and underadapted to con­
ditions where it can barely hold its own, but which it could conquer with the aid of 
new adaptations.

J .  B . S . H a ld a n e  ( D is c u s s io n  M e e t in g )
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THE CONFLICT BETWEEN INBREEDING AND SELECTION
I. S EL F-FER T IL IZ A T IO N  

B y  J .  B. S. H A LD A N E

Department o f Biometry, University College, London  

(W ith One Text-figure)

On the whole, inbred populations become more homozygous in successive generations. 
But occasionally heterozygosis is preserved, either a t a locus or for a pair of chromosomal 
orders, permanently or for longer than would be expected unless heterozvgotes were at 
a great advantage. Hollingsworth & Maynard Smith (1955) give an example.

Haym an & Mather (1953) have discussed this question. However, their principal 
results appear to me to be incorrect, and they have only considered a very few of the 
ways in which selection may act. I t  is therefore desirable to deal with the m atter afresh.

In any system of complete inbreeding, as opposed to inbreeding varied by an occasional 
outcross, the population is divided into a number of lines. In each generation a line is 
represented by one or more individuals, one in the case of self-fertilization, two in th at of 
sib-mating, and so on. I t  is convenient to consider a population consisting of a fairly 
large and constant number of lines. In fact this number is often far from constant in 
practice. Thus Hollingsworth & Maynard Smith inform me th at in their O line the 
number of pairs set up per generation between F 2 and F 17 varied irregularly from 13 to 
55, with mean 24-6.

It is theoretically possible to keep the number of lines constant, breeding from only one 
individual, pair, trio, etc., of each line in each generation, provided the depression due to 
inbreeding is not too severe. In this case there is no selection between lines. More usually 
some lines die out owing to inbreeding depression, or are discarded either because they  
show signs of weakness or sterility, or because they do not conform to some desired 
standard (Fig. 1 ). In this case there is voluntary or involuntary selection between lines.

In this series of papers I shall mainly consider selection acting on a single pair of 
alleles at one locus, or on a pair of alternative chromosome orders. Either may be denoted 
by A and a. It is not assumed that a is recessive. Selection is supposed to favour Aa  a t  
the expense of one or both homozygotes, but this selection is assumed not to be complete, 
as it can be when heterozvgotes can be picked out with certainty, or in the case of balanced  
lethals. I shall also neglect mutation, which I have considered earlier (Haldane, 1936).

It follows that in every line there is in each generation a finite chance th at the next 
generation will consist entirely of like homozygotes. This is not necessarily so if numerous 
alleles or chromosome orders are present in a population. For example, the mating 
a la~ x a3a4 cannot give rise to homozygotes. But a line consisting of like homozvgotes 
will always give rise to like homozygotes. Hence no amount of selection within lines 
can prevent the population from ultimately consisting of homozygotes in the case of 
self-fertilization, and of sets of like homozygotes in the more complicated cases. It m av 
of course slow this process down considerably.
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If. however, there is selection between lines, there are two possibilities. The homozygous, 

or like homozygous, lines may die out or be discarded so rapidly, and the heterozygous, 
or partly heterozygous, lines expanded so rapidly, th at heterozygosis never disappears. 
Or the heterozygotes m ay ultimately disappear, as with selection within lines. There 
will be a critical value of selection for which heterozygotes just disappear, as H aym an & 
Mather pointed out.

However, this critical value is a little deceptive. Supposing th at we were keeping 
twenty-five lines in each generation, some being discarded, and others split into two or 
more, and th at calculation showed th at in a large number, N, of lines 0-08iV would be 
expected to remain wholly or partly heterozygous. W e should expect two out of tw enty- 
five to remain so. B u t if so the probability of finding no heterozygous or partly hetero-

J . B. S . H a l d a n e

1 2 3 4 5 6 7 8 9  10

Fig. 1 . Hypothetical diagram of selection between lines. Ten selfed individuals or mated sib pairs are grown 
in each generation, represented bv the points. But lines 1 , 3 , 4 , 7 and 8 are extinguished, while line 10 
is finally represented by two lines, and lines 2 and 6 by three lines each.

zygous lines would be (0-92)25, or 0-12. Thus in the course of time heterozygotes would be 
bound to disappear. In fact, therefore, homozygosis is ultim ately achieved with intensities 
of selection well below the critical values calculated. I shall neglect this complication in 
what follows. In consequence the results are onlv valid in the case of selection between 
lines if the number of lines is pretty large.

The present paper deals entirely with self-fertilization. I suppose th at, in the 
/>th generation, the breeding population consists of: X xnAA, X ytiAa, 3>znaa, with 
xn Un. +  -n ~  1, where A” is large, but not necessarily constant. As measures of selection 
I use k  and /, which correspond with H aym an & M ather’s parameters 1 — x and 1 — y.

S e l e c t io n  w it h in  l in e s  o n l y

Suppose th at in a progeny from Aa  selfed, A A and aa  are a t disadvantages given by k and/. 
Then the probabilities that A A. Aa and aa  will be the genotype of the next parent in 
a heterozygous fine are not j . \ and but

1 - k  2 j l - l
4 - k - V  4 - k - l  4 - k - l
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On the other hand, AA  and aa  lines are a t no disadvantage, k  and l are assumed to be 
positive, but cannot exceed unity. Then

The conflict between inbreeding and selection 58

, ( i - k ) y n
Xn + l ~ X n +  4 —  k  —  l  ’

Vn+1 4 - k - V

, ( i - 0 yn
^ i = z » + 4 - - T - v  I

(i)

Clearly yn =  i - —^— \ y0. So since it is assumed th at both k  and l are not unity, th at
fC 6/

is to say, th at homozygotes of at least one sort have a chance, heterozygotes ultim ately 
disappear. Also

1 - k
Xn X° +  4 - k - l ( 2 / o + ^ l + y 2 +  •  •  •  + V n - 1 )

The population therefore tends to an equilibrium given by

Y - r  | (l ~ k )yo 1 
X  0 + 2 - k - l 9

Y =  0,

Z = z0 + (i - l ) y 0
2 - k - V

And in the nth generation

v  1 - *  (  2  y *

** X 2 - k - l \ ± - k - l )  Vo’

yn = ,4 - k - l yo:

Z* = z

(2)

(3)

S e l e c t io n  b e t w e e n  l in e s  o n l y

I next suppose that there is no selection within each progeny of a self-fertilized hetero­
zygote, but that there is selection between lines. This could occur, for example, if A and a 
had no effect on viability, but the Aa plants were, on an average, somewhat superior to 
AA and aa as regards an economically important character. I suppose that an AA  line 
has only 1 — k times the chance of a segregating line of being perpetuated, and an aa  line 
1 — l times the chance. Some homozygous lines are discarded in each generation, and some 
heterozygous lines split. This is what happens in the early stages of wheat breeding, 
though there is usually selection within lines also. In fact k and l probably tend to
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increase with time, since as other loci become homozygous, it is easier to pick out A a  
lines. I neglect this complication. W e find

xn+1 =
( l - f c ) s w+ j y w 

1 - k x n - l z n

» = ____k n ____
y ',+1 l - k x n - l z n'

_ ( l ~ l) Zn +  h n  
n+1 1 - k x n - l z n '

(4)

Now suppose th at a t equilibrium the frequencies are X , Y and Z. Then if Y  4=0 , 
1 — kX  — lZ = \, from the second of equations (4), or kX  +  lZ = \. Hence the first of

Y Y
equations (4) becomes X  =  2( 1 — k)X  +  4 Y, or X  =  — -  . Similarly Z =  —— . This

2 (2 *  —1 ) 2(21 — 1)
implies th at k > \ , l >  Hence

1 = X + Y + Z

4 - i
L2 (2 *-

The equihbrium frequencies are thus

X  =

- l )  +  1_f 2 (2 1

21-1

Y =  

Z =

2(4 k i - k - i y  
( 2 k - l ) ( 2 l - l )  

4 J d - k - l  : 
2k —l

2(4 k l - k - l ) '

(5)

N ext suppose th at l > b  but k < 4 , th at is to say, th at there is strong selection against
aa, but not very strong against AA. The only possible equilibrium is JY =  1 , Y  =  0 , Z  =  0 ,
th at is to say, the whole population comes to consist of AA. If  k < 4  and l< \ , hetero-
zygotes first disappear, and then the less fit homozygote.

The progress towards homozyorosis can readily be calculated in the artificially simple
case where l = k. If so , 7 „ 7 1 7 , 7

1 -  kxn -  kzn =  l - k  + kyn.

Hence from (4) y,i (6)
y " ' 1 2 ( i - k ) ~ 2 b j , ;

This is a non-linear equation, and we cannot hope, save in exceptional cases, to obtain 
linear equations describing selection. It is, however, readily soluble. For

1 2( 1  - k )

Vn
+ 2 k.

So
1 0 7.

1 -
' 1 - 2 k~

and
1 I 2k

Vn ' 1 - 2  k ~
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Hence

Vn
(1 - 2  k)y Q

(2 -  2k)n(\ - 2 k  + 2ky0) -  2 ky0

( 2 k - l ) y 0
2kyQ + ( 2 - 2 k ) n( 2 k - l - 2 k y 0)

if k< \ ,

if k > l (? )

_ y (2&-l)(2-2*)»(2*-l-2*y0)
2k[2ky0 + (2-2k)n(2k -l-2k y 0)] ^

Another simple case occurs if 1 =  1, th at is to say, no aa  plants are bred from. In  
practice the progeny of plants segregating for aa, th at is to say, of A a  plants, would 
probably be discarded also. However, the case is perhaps worth working out. Equations

(4) become zn =  0 , £n + y n =  l , and yn+1 =  — — - . Hence equation (7) holds in this
6(i — fc) +  z/cyn

case also.

The general case is only a little more difficult. I write equations (4) as

±unxn^  = 4 :( l-k )x n + y n,

^u rJ/n+ 1 ~ V n  ’

=  I  k'X'n • >
From  the last of these equations

un= l - k x n- l ( l - x n - y n)
= l — l — (k — l)xn +  lyn ,

or (k-l)xn = lyn + l - l - u n
Vn

— tyn +  1 — l ~
2y„+i*

(8)

Substituting in the first equation

(k -  l)yn +  4(1 -  k) (lyn + 1  - l -  ^  (lyn^  + 1 - 1 -  =  0,
\ tyn+lf Vn+1 V -yn+1/

(k + l -  4kl)yn+2yn+1yn +  4 ( 1 -  k)( 1 -  l)yn^ y n+1 -  2(2 - k -  l)yn+tfn +  y n+1y n =  0. 

1 2(2 —k — l) , 4(1 — X:)( 1 — Z)

or

Hence
Vn+ 2

If

y,t+1

1
— = tn +

Vn
i k l - k - l

+  k +  l — 4A7 =  0 . (9)

y„ - (2 i-i)(•>(-!)’
then /„+2 -  2 (2  -  k -1)1,t +  4( 1 -  i )(  1 -  /)/„ =  0 .

Hence tn = A(2 — 2k)n +  5 (2  — 2 l)n.

Substituting the values of tQ and tx we find

a J ±
i

y0 2(1 - 2 k r

D _ ~ 0 ____ ^
2(1-2/)'

2/„ = 2(2* -  1 )(2i -  1W  2(«/ -  * -  /)>/„ -  (2 -  2*)»(2/ -  1 ){y0 -  2(2/.- -  1 )x,
-  (2 -  2i)-{y0 -  2 (2 / -  l ) : , } ] - 1. ( 1 0 )

'IUJ
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The expressions for xn and zn are readily found from (8 ). The difference from the equili­
brium value soon approxim ates to a geometric series whose common ratio, if l > k , is 
(2 — 2k) if k> \ ,  and (2 — 2£)_1 if k< \ .  I have given this calculation in what is perhaps 
needless detail, as others have clearly found it difficult.

J . B. S. H a l d a n e

S e e d  s e l e c t io n

L et us next suppose th at seeds are sown at random, and the relative fitnesses of A A . A a  
and aa  are 1 — k : 1 : 1  — l. This appears to correspond to H aym an & M ather’s hypothesis, 
and is also an approximation to what might happen in nature, though rarely under 
artificial conditions. We find

V n +l =  ( l " % + W .

Unyn-l = hn>
^n^n-rl (1 0(^n "b 4 V n )’

^n 1 k^EnflVn)

At equilibrium, provided Y is not zero, Z7 =  |. So

2 ( 2 k - l ) X  = ( l - k ) Y  or X  =
(1  —k)Y
2 ( 2 k - i y

and similarly (1 - D Y  
2(21 — 1)'

This implies th at k > l > L  Hence

4 =  1 -
k Y IY

4 ( 2 * - 1 )  4(21-1)*  

from the last of equations (1 1 ); and at equilibrium, if k > \ , l > \ ,

( 1 1 )

( l - k ) ( 2 l - l )  |
4 k l - k - l  ’

V _ 2 (2 * - 1 )(2J - 1 ) , 10,
1 m - k - i  *r ( - /

/ / _ ( !  — l)(2k — l)
4 k l - k - l  * t

If k or l< \ , only the fitter homozygote survives. If k = l =  \ there is an unstable equi­
librium, and in the long run one homozygote or the other will prevail.

Again the solution of ( 1 1 ) is simple if k = l, or 1 = 1. If l =  k,

y n- 1 = Vn

2 (1  - k )  + kyry

and solving as before

=  (1 —2k)i/0
Jn (2 — 2k)n(2 — 2k -I- kyQ) — ky0

if k < 4.

Un =
(2 k -1)1/0

ky0 4- (2 -  2 k)n(2k -  1 -  ky0)
—  if * > 4 .

(13)
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If 1 =  1 , so th at aa  is eliminated at once,
___________Vn_________

Vn+1~ 2{l-k)+\{?>k-\)yn'

So 2 (1  -2k) y0__________

The conflict between inbreeding and selection

V n  =

V n  =

(2 -  2k)n\2 -  i k +  {Zk-  l)y0J — (3^ — 1 )y0 
2(2k — l)y0

' (U  - l ) y 0 + ( 2 -  2k)n[±k -  2 -  (3k -  l)y0] 

In the general case we find, by the same method as before,

if k< i ,  

if k>\.

Hence

V n =

yn+2 yn+1 /̂n

2 (2£ —1)(2Z —l)y 0

62

(14)

(4*Z -  £ - 1) y0 +  (2 -  2 k)n {21 -  1 )[2 (2*  - 1 ) x0 -  ( 1 -  k) y0] +  (2 -  2l)n(2k -  1 )[2 (2Z - 1 ) z0 -  (1 -  l)y0]
115)

The corresponding values of xn and zn can easily be calculated. Again the difference from  
the equilibrium value falls off in an approximately geometrical series.

If we think of this situation in terms of lines, we see th at there is selection both between 
lines and within lines.

A  CONSIDERATION OF H a YMAN AND M a THER’s ANALYSIS

Hayman & Mather (1953, pp. 167-70) have dealt with the case when a generation con­
sisting of a fraction p  of homozygotes and q of heterozygotes, is selfed. Denoting the 
corresponding values in the next generation by p  and q , the upper m atrix on their 
p. 168 is equivalent to , ,
r  f  =p+k<

? '=  k
which is correct. They then suppose that ‘ all the heterozygotes have the same viability, 
a n d .. .only x of any of the homozygotes survive for each one of the heterozvgotes’. They 
give a second m atrix which is equivalent to

p = x p -r  hxq.
q =  \q.

This is incorrect. For
p +  q =  xp -f \ (1 +  r)q =  1 -  (1 — x )(\p ~ hq).

They state in a footnote that this ; need cause no trouble \ However the correct equations

are / , i \x(p + $g)
^ x p Jr h { l+ x ) q ’

, _  jq
 ̂ xp + h { l+ x )q '

These equations, which are equivalent to my ( 1 1 ) with k =  l =  l — x. are non-linear, and 
cannot be solved by m atrix methods, though they are readily solved bv the methods 
given in this paper. All Haym an &; Mather's subsequent calculations both as regards
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63 J . B. S . H a l d a n e

self-fertilization and other forms of inbreeding seem to be based on similar errors. How­
ever, they give the correct critical values of £ for k  and l, or x. This is because when 
yn is approaching zero in equations (1 1 ) the value of un becomes almost constant.

On the other hand, H avm an’s (1953) calculations as to the equilibrium reached under 
a mixed system of self-fertilization and random mating, which are not based on m atrix  
algebra, appear to be correct.

D is c u s s io n

I hope th at I have proved two points. F irst, if there is any such complication as th at 
referred to in the footnote of H ay man & M ather’s p. 168 it is always desirable to write 
out the equations to be solved in full, rather than as a m atrix. In my experience it is 
quite unusual to obtain a set of linear recurrence equations such as my equations (1 ) in 
connexion with a problem of selection. Secondly, it is desirable to specify the conditions 
of selection as carefully as possible. If  so, it will often turn out th at, as in this paper, such 
an expression as ‘ a disadvantage of homozygotes equal to 1 — k  ’ m ay have a number of 
different meanings.

Thus I agree with H aym an & Mather th at the critical fitness of homozygotes is half 
th at of heterozygotes if there is selection between lines. B u t if x (in their terminology) 
is the relative fitness of homozygotes, they find th at the frequency of heterozygotes at 

1  _  2x
, whereas I find th at in different circumstances it m ay be zeroequilibrium is 

(equations (2 )),

1 —x 
1 — 2m 1 — 2a;

(equations (5)), or -------  (equations (12)).
2 (1  - x )  ^  v' " ’ ”  1 — x

I have not considered the situation where selection of unequal intensity against 
homozygotes occurs within fines and between fines. I t  can be discussed by the methods 
developed here, but I doubt if enough biological data exist to warrant its discussion. 
I also postpone a general discussion of inbreeding as it occurs in practice until the 
publication of calculations of the same type as those here set out, on sib mating.

I must thank Dr B . I. Haym an and D r E . Reeve for correcting an error in my algebra.

S u m m a r y

Reason is given for doubting the validity of H aym an & M ather's results on this question. 
Selection in favour of heterozygotes within fines slows down the onset of homozygosis, 
but cannot prevent it, if any homozygotes are allowed to breed. Similar selection between 
fines leads to different equilibria in different circum stances.

R E FE R E N C E S

Haldane, J. B. S. (1936). The amount of heterozygosis to be expected in an approximately pure line 
J .  G e n e t. 32, 375-91.

Hayman, B. I. (1953). Mixed selfing and random matins when homozygotes are at a disadvantage. 
H e r e d i t y .  7. 185-92.

Hayman, B. I. &, Mather. K. (1953). The progress of inbreeding when homozygotes are at a disadvantage. 
H e r e d i t y ,  7, 165-83.

Hollingsworth, M. J. & Maynard Smith. J. (1955). The effects of inbreeding on rate of development 
and on fertility in D r o s o p h i la  s u b o b s c u r a . J .  G e n e t . 53, 295.

154



[ 511 ]

THE COST OF NATURAL SELECTION
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I n t r o d u c t io n

I t  is well known th at breeders find difficulty in selecting simultaneously for all the 
qualities desired in a stock of animals or plants. This is partly due to the fact th at it m ay  
be impossible to secure the desired phenotype with the genes available. But, in addition, 
especially in slowly breeding animals such as cattle, one cannot cull even half the females, 
even though only one in a hundred of them combines the various qualities desired.

The situation with respect to natural selection is comparable. Kerm ack (1954) showed 
th at characters which are positively correlated in time m ay be negatively correlated a t  
any particular horizon. The genes available do not allow the production of organisms which 
are advanced in respect of both characters. In this paper I shall try  to make quantitative  
the fairly obvious statem ent th at natural selection cannot occur with great intensity for a 
number of characters a t once unless they happen to be controlled by the same genes.

Consider a well-investigated example of natural selection, the spread of the dominant 
carbonaria gene through the population of Biston betularia in a large area of England  
(Kettlewell, 1956a, 6). Until about 1800 the original light type, which is inconspicuous 
against a background of pale lichens, was fitter than the m utant carbonaria due to a gene 
C. Then, as a result of smoke pollution, lichens were killed in industrial regions, and the 
tree trunks on which the moths rest during the day were more or less completely 
blackened. The cc moths became more conspicuous than Cc or CC and the frequency of 
the gene C increased, so th at cc moths are now rare in polluted areas. During the process 
of selection a great many cc moths were eaten by birds. Kettlewell (19566) showed th at 
the frequency of the more conspicuous phenotype m ay be halved in a single day.

Now if the change of environment had been so radical th at ten other independently 
inherited characters had been subject to selection of the same intensity as th at for colour, 
only (^)10, or one in 1024, of the original genotype would have survived. The species would 
presumably have become extinct. On the other hand, it could well have survived ten  
selective episodes of comparable intensity occurring in different centuries. W e see, then, 
th at natural selection must not be too intense. In what follows I shall try  to estim ate the 
effect of natural selection in depressing the fitness of a species.

The principal unit process in evolution is the substitution of one gene for another a t the 
same locus. The substitution of a new gene order, a duplication, a deficiency, and so on, is a 
formally similar process. For the new order behaves as a unit like a gene in inheritance. 
The substitution of a maternally inherited self-reproducing cytoplasmic factor by a dif­
ferent such factor is formally similar to the substitution of a gene by another gene in a 
haploid or of a gene pair by another gene pair in a self-fertilized diploid. I shall show th a t  
the number of deaths needed to carry out this unit process by selective survival is indepen­
dent of the intensity of selection over a wide range.

33-2
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Natural selection m ay be defined as follows in a population where generations are 

separate. The animals in a population are classified as early as possible in their life cycle 
for phenotypic characters or for genotypes. Some of them become parents of the next 
generation. A fictitious population of parents is then constituted, in which a parent of 
n progeny (counted a t the same age as the previous generation) is counted n times. If the 
sex ratio is not unity a suitable correction must be made. If  generations overlap Fisher’s 
(1930) reproductive value can be used instead of a count of offspring. N atural selection is 
a statem ent of the fact th at the fictitious parental population differs significantly from the 
population from which it was drawn. F o r example, with respect to any particular 
metrical character it m ay differ as regards the mean, variance, and other moments. 
A difference in means is called a selective differential (Lush, 1954).

Selection may be genotypic or phenotypic. Phenotypic selection m ay or m ay not result 
in genotypic selection. B y  definition it does not do so in a pure line. Nor need it do so in a 
genetically heterogeneous population. If  underfed individuals are smaller than the mean, 
and also on an average yield less progeny as a result of prem ature death or infertility, 
there is phenotypic selection against small size. B u t this could be associated with geno­
typic selection for small size, if organisms whose genotypes disposed them  to small size 
were less damaged by hunger.

In what follows I shall consider genotypic selection; th at is to say, selection in which 
some genotypes are more frequent in the parental population than in the population 
from which it was drawn.

W e can measure the intensity of natural selection as follows. F irst let us consider 
selection by juvenile survival. F o r any range of phenotypes there is a phenotype with 
optimal survival, s0, compared with S  in the whole population, and similarly for a range of 
genotypes which includes the whole population. The intensity of selection is defined 
(Haldane, 1954) as /  =  ln (s0/S ). Thus K arn & Penrose (1951) found th at about 9 5 -5%  of 
all babies born in a London district and 9 8 -5 %  of those weighing 7-5-8-5 lb. survived 
birth and the first month of fife: s0 =  0-985, 5  =  0-955, 7 =  0-03. The notion is even simpler 
for genotypes where they can in fact be distinguished. If  all genotypes had survived as 
well as the optimal genotype, s0 individuals would have survived for every S  which did so. 
T hat is to say, of the 1 — <S deaths, s0 — S  were selective. When s0 and S  are nearly equal, 
I  =  s0 — S  approxim ately.

If  selection is measured by comparing the parental population with the one from which 
it is derived, suppose th at a number of genotypes are distinguished. L e t / r be the frequency 
of the rth  genotype in the original population, F r its frequency in the parental population:

z/r=SfV=i.
L et F rf ~1 be m axim al when r =  0 . The 0 th genotype is called the optimal. If  all genotypes 
had been as well represented in the parental population it would have contained F q/ q- 1  

individuals for every one which it contained in fact. Thus the intensity of selection is 
7 =  ln (F qI /q).

I t  is convenient to think of natural selection provisionally in term s of juvenile deaths. 
If  it acts in this way, by killing off the less fit genotypes, we shall calculate how many 
m ust be killed while a new gene is spreading through a population. This supplements my 
earlier calculation (Haldane, 1937) as to the effect of variation on fitness. I pointed out 
th at, in a stable population, genetic variation was mainly due to m utation and to the

The cost of natural selection
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lesser fitness of homozygotes a t certain loci. I calculated th at each of these agencies might 
lower the mean fitness of a species by about 5 - 1 0  % . In fact the effect of sublethal homo­
zygotes is much greater than this in such organisms as Drosophila subobscura and
D. pseudo-obscura. I did not deal with the dynamic effect of Darwinian natural selection 
in lowering fitness.

Loss of fitness in genotypes whose frequency is being lowered by natural selection will 
have different effects on the population according to the stage of the life cycle a t which it 
occurs, and the ecology of the species concerned. In some species the failure of a few eggs 
or seeds to develop will have little effect on the capacity of the species for increase. This is 
perhaps most obvious in such polytokous animals as mice, where a considerable prenatal 
elimination occurs even when no lethal or sublethal genes are segregating. B u t we can  
judge of the effect of elimination of a fraction of seeds from Salisbury’s (1942, p. 231) 
conclusion th at ‘ for ecologically comparable species, the magnitude of the reproductive 
capacity is associated with the frequency and abundance of which it is probably one of 
the determining factors’. Failure to germinate lowers the reproductive capacity. B u t 
death or sterility a t a later stage is probably more serious in species whose members 
compete with one another for food, space, light and so on, or where overcrowding 
favours the prevalence of disease.

Natural selection, or any other agency which lowers viability or fertility, lowers the 
reproductive capacity of a species. This is sometimes called its ‘ natural rate of increase’, 
but this expression is unfortunate, since in nature a population very rarely increases a t  
this rate. Haldane (1956 a) pointed out th at in those parts of its habitat where clim ate, 
food, and so on are optimal, the density of a species is usually controlled by negative 
density-dependent factors, such as disease promoted by overcrowding, competition for 
food, and space, and so on. In such areas a moderate fall in reproductive capacity has little 
effect on the density. In exceptional cases, such as control by a parasite affecting no other 
species, it can even increase the density (Nicholson & Bailey, 1935). B u t in the parts of 
the habitat where the population is mainly regulated by density-independent factors 
such as temperature and salinity, the species can only maintain its numbers by 
utilizing its reproductive capacity to the full. A fall in reproductive capacity will 
lead to the disappearance of a species in these marginal areas, except in so far as it 
is kept up by migration from crowded areas. Birch (1954) showed very clearly th at  
in some cases species with a similar ecology compete on the basis of their reproductive 
capacities.

I t  must, however, be emphasized th at natural selection against density-independent 
factors is quite efficient in populations controlled by density-dependent factors. If  in 
some parts of its range Biston betularia is so common as to be controlled mainly by para­
sites favoured by overcrowding, selective predation is not abolished. If  90 %  of the larvae  
die of disease, the 1 0 %  of imagines which emerge are still liable to be eaten by birds. 
Negative density-dependent factors must, however, slightly lower the overall efficiency of 
natural selection in a heterogeneous environment. If as the result of larval disease due to  
overcrowding the density is not appreciably higher in a wood containing mainly carbonaria 
than in a wood containing the original type, the spread of the gene C by migration is 
somewhat diminished.

A serious complication arises in bisexual organisms if the selective killing or steriliza­
tion is of different intensity in the two sexes. In any particular species and environment

J .  B .  S. H a l d a n e
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there is presumably an optimal sex ratio which would give the most rapid possible rate of 
increase. This would be near equality for monogamous animals, whereas an excess of 
females might be optimal where a male can m ate with many females. B u t if males are 
smaller than females or have to search for them intensively an excess of males might be 
optimal. There is little reason to think th at the sex ratio found in nature is closely 
adjusted to the optimum.

In a species with considerable embryonic or larval competition, and an excess of males 
above the optimum, the early death of some males might be advantageous. B u t even in 
this case an increased death-rate of males soon before m aturity or during m aturity would 
be of no advantage. Before dying they would have eaten the food which might have 
nourished other members of the species, and would have infected them, and so on. There 
seems no good reason why natural selection should fall more heavily on males than on 
females except in so far as males are haploid or hemizygous. B u t even if it fell wholly on 
males, it would not in general be harmless to the species.

I shall investigate the following case m athem atically. A population is in equilibrium 
under selection and mutation. One or more genes are rare because their appearance by 
mutation is balanced by natural selection. A sudden change occurs in the environment, 
for example, pollution by smoke, a change of climate, the introduction of a new food 
source, predator, or pathogen, and above all migration to a new habitat. I t  will be shown 
later th at the general conclusions are not affected if the change is slow. The species is less 
adapted to the new environment, and its reproductive capacity is lowered. I t  is gradually 
improved as the result of natural selection. B u t meanwhile a number of deaths, or their 
equivalents in lowered fertility, have occurred. If  selection a t the ith  selected locus is 
responsible for di of these deaths in any generation the reproductive capacity of the 
species will be 1 1 ( 1  —d^ of th at of the optimal genotype, or exp ( — nearly, if every dj- is
small. Thus the intensity of selection approxim ates to

L et Di be the sum of the values of di over all generations of selection, neglecting the 
very small values when the eliminated gene is only kept in being by m utation. I shall 
show th at Di depends mainly on p 0, the small frequency, a t the time when selection begins, 
of the gene subsequently favoured by natural selection. I shall assume th at the frequency 
of the phenotype first kept rare, and later favoured, by natural selection is about 1 0 -4 , a 
value typical for disadvantageous but not lethal human phenotypes. If  so p 0 would be 
about 5 x 10-5  for a partially or wholly dominant gene, and about 0-01 for a fully recessive 
one. The former are probably the more im portant in evolution. All the known genes 
responsible for industrial melanism are a t least partially dominant, and most gene pairs 
which are responsible for variation of m etrical characters in natural populations (as 
opposed to laboratory or ‘ fan cy ’ m utants) seem to give heterozygotes intermediate 
between the homozygotes.

The cost of natural selection

S e l e c t io n  in  h a p l o id , c l o n a l , o r  s e l f -f e r t il iz in g  o r g a n is m s , o r  f o r

MATERNALLY INHERITED CYTOPLASMIC CHARACTERS 

L et the nth generation, before selection, occur in the frequencies

PnA ><lna > where p n + qn =  1 .

Here A  and a  are allelomorphic genes in a haploid, genotypes in clonal or self-fertilizing
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organisms, or different types of cytoplasm. If 1 — k  of a  survive for every one of A , then  
the fraction of selective deaths in the nth generation is

dn = hn -

Also

So

(1 ~k)qn 
1 - k q n -

A„ - k M n
A?“ = T

(2)

Hence qn =  \\ +  (1  —k)~n (q^1 — l ) ] -1 , which tends to zero with (1  —k)n. So the total of the  
fractions of selective deaths is »

D = k 2  qn,
71 =  0

which is finite. When k  is small, taking a generation as a unit of time,

approxim ately. This is also true if generations overlap. So, approxim ately,

D = k ^  qdt

- j ;

'«• dJt T - q - y d q  
o
q<> dq 
o i —q

=  — In p 0 + O(k).

If  greater accuracy is required, we note th at

ffc h,(lf2 s*A
Jqn + l l - q  \1 - q n J

=  — In (1  —kqn)

=  kqn + \k2q2n + \k?(?n +  .

We require the sum of the first term  of this series, namely,

D =  £  kqn.
71 =  0

We must subtract suitable terms from the integrand.

*«»

(3)

fJ (Z»+i
fdq  = (r + 1 J"1 (qr+1 -  )

= (r + 1)_1 qrn+1( 1 [(1 -^n)r+1 -(1 -^)r+1]
=  ̂ 2n+1( l — ?») ( !  ~ k q n)~r~1 [1  — \kr{\ + qn) + \k2r{r — \) ( l  + qn + qn) +  . . . ] .

Hence we find

ftfn + i
[(1 -  V* -  Tzk2) ( 1 -  q )-1 +  \k +  -^ k2 -  \k2q\ dq =  kqn + 0{W).
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So D =  P ‘ [( 1 -  p  -  & P )  (1 -  +  p + A i *  -  W f l  <*?

= - { \ - \ k - y\k2) In (1  -  q0) +  {\k +  ̂ F )  q0 - t - ^ q l  +  0 ( F )

=(1 -  \k - ± k 2) In ( j O  + \k - (\k - 1\k2) p0 + 0 (F ) + 0{k2pl). (4)

To obtain the coefficient of k 3 we have only to use the method of undetermined coeffi­
cients, adding F [ a ( l  — <7)- 1  +  /3-f yq + &q2] to the integrand, and equating the coefficient of 
F  to zero.

Clearly if k  is small, D is almost independent of k, while if k is large, D is less than  
— In p 0. When k =  1 , th at is to say, the fitness of a  is zero, D =  q0, for selection is complete 
after one generation; th at is to say, D =  1 , very nearly. If  p 0 =  1 0 -4 , as suggested, D =  9 *2 , 
provided selection is slow. If  p 0 were as high as 0-01, or 1 %, D would still be 4-6, while if 
it were as low as 10-6 , D would only be 13-8.

The correction to be made for the fact th at qn does not become zero, but reaches a small 
value set by the rate of back m utation, is negligible. If  the final small value is Q, (3) 
becomes

D =  - I n  jo0 +  ln (1  —Q)
=  - I n  p 0- Q ,

The cost o f natural selection

very nearly. If  Q is about 1 0 -4  the error is of this order, though, of course, a slight loss of 
fitness equal to the back m utation rate will go on indefinitely. The same is true for other 
expressions such as (7 ).

We m ay, therefore, take it th at when selection is fairly slow, the total number of selec­
tive deaths over all generations is usually 5 -1 5  times the total number in the population 
in each generation, 10 times this number being a representative value. When k  exceeds 
this number is appreciably reduced.

During the course of selection the value of k  m ay vary. If  the environment is changing 
progressively it will, on the whole, increase. B u t provided it is small this makes no dif­
ference to the result. The cost of changing q from qx to q2 is

P  + 0(k) =  In +  0{k),
J q, i - ?  U - ? i /

which is nearly independent of the value of k.

S e l e c t io n  a t  an  a u t o so m a l  l o c u s  in  a  d ip l o id

Consider an autosomal pair of allels A  and a  in a large random mating population, with 
frequencies p n and qn in the nth  generation. L et their relative fitnesses be as below:

Genotype A A A a aa
Frequency P i 2p n qn q l
Fitness 1 1 - k 1 - K

where K ^ k ^ O .  L et k  =  \K.  If  A =  l , a  is dominant as regards fitness. If  A =  0 , A; =  0 , 
and a  is recessive as regards fitness. A is usually between 1 and 0 . I assume A< 1 , for if 
k  < 0 , the gene A  will not displace a  completely, but an equilibrium will be reached, while 
if k > K  selection will not occur. F o r the reasons given above I assume £>0 =  5 x lO -5  

unless A is very small or zero, in which case p 0 m ay be about 0 -0 1 .
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The fraction of selective deaths in the nth generation is

dn = 2kpnqn + K q 2n
= K qn[2X + ( l —2X) qn~\.

So the total deaths are the population number multiplied by

D = K  2  [2A?n + ( l - 2 A ) ^ ] .
71 =  0

Also A„ -Pn9nW Pn~in)+K qn\
1-2 kpn U - K f n

=  -A ry n ?n [A +  ( l - 2 A)?„],

approxim ately. Using the same approximation as before,

[2 A+ ( 1  — 2 A) q] dq
D =

q) [A +  (l  — 2 A) q]
A(1  — 2 A)

(provided A< 1 )

nearly. If, however, A =  1 ,

_  [2A
Jo  ( 1 -

1 f  1 A(1 — 2A) ~[
1 — A J o |_1— <7 A+(l — 2A)gJ

= l 4 A [ - l n p » +  A l n ( 1- ^ P >) ]

= r 3 A [ - l n : P » + A l Q  ( r r j ] ’

fg»(2 - g )  dq
Jo  ( l - ? ) 2

”  J T  [ r = i + ( T ^ p ]  ^

= p 0~1-\ n p 0 + O(k).
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(5 )

(6)

(7 )

(8)

If  A =  0 (A  dominant), then from (7), D = —\np0, if A =  ^, D =  — 2\ n p0, if A =  §, 
D = — 4 ln p 0 —3 -3 , and if A =  0 -9 , D =  - 1 0  In p0 - 1 9 - 8 .  Thus if p 0 =  5 x  1 0 ~5, ln )̂0 =  9-9, 
and D ranges from 9*9 to about 79. However, when A  is nearly recessive, p 0 is probably 
somewhat larger than 5  x 1 0 -5 , and when it is fully recessive p 0 is more probably about
0 -0 1 , giving D =  105 approximately, from (8 ). Thus D usually lies between 1 0  and 1 0 0 , 
with 30 as a representative value.

We can find corrections to be made when K  is not small. They are analogous to (4). In  
the limiting cases when K =  1 , k =  0 , D =  1 approximately. While if K  =  k  =  1 ,

1 1 1
Z ) = 1 + 2 2  +  3 2  +  4 2 +  ' • •

=  1-645.

Once again the value of D is not affected by the intensity of selection provided this is 
small, and is not very sensitive to the value of p Q.
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S e l e c t io n  a t  an  a u t o so m a l  l o c u s  w it h  in b r e e d in g

If  inbreeding is almost complete, as in self-fertilized crop plants, the deaths of hetero­
zygotes can be neglected, and equation (3) holds with sufficient accuracy. If there is 
partial inbreeding, suppose th at gene frequencies and genotypic fitnesses are as in the last 
section, but the mean coefficient of inbreeding in the population is/  instead of zero. Then 
the survivors of selection occur in the ratios

Hence

Hence

i v l  + fv n  qn) AA: 2( 1 -  k) (1 -/) p R qnAsL:(l-K) (f p nqn + ql) aa.

dn=<In[2H l - f )  Pn + K (fPn + Vn)]>

-P n V n W  “ / )  (Pn ~ 9n) +  K (fPn  +  ?n)]
H n  = l - 2 k { l - f )  p n qn -  K ( fp n qn + q2n)

l
2(1 —f ) k + f K  + (1  —/ )  (K  — 2k)q 

\ ( l - q ) [ ( l - f ) k + f K + ( l - f ) ( K - m q ] q’ y
K

■ +  ;= [ K - ( l - f ) k ]

= [K -  (1 - / )  i ] - 1 f  -  ifln p0 + (1 - / )  k In |

( l - f f k ( K - 2 k )
- q  ( l - f ) k + f K  + ( l - f ) ( K - 2 k ) q

l  K - k + f k  \1
K + f K - f k !J

]
dq

(9)

nearly. If  (1  — / )  k =  ixK ,

D = ( l - ^ ) ~ 1 —In p 0+ fi  In

T h at is to say, the effect of partial inbreeding is very nearly to replace A by (1  —/ )  A in 
equation (7). The value of D is slightly reduced, as if the heterozygotes were a little fitter. 
B u t D is never as small as the value given by equation (3). If  k =  \K, D is divided by 
(1  + / ) .  Partial inbreeding thus saves a few deaths, but has little effect on the value of D 
unless A  is recessive, when it reduces it drastically.

S e l e c t io n  a t  a s e x -l in k e d  l o c u s  in  a d ip l o id

I assume males to be heterogametic. The results are the same, mutatis mutandis, if females 
are so. I assume th at selection is so slow th at the gene frequencies are very nearly the 
same in both sexes. L et the frequencies and relative fitnesses be

Genotype A A A a aa A a
Frequency P i 2 P n qn i i Pn
Fitness 1 : 1 - k : 1 - K : 1 : l - l

In fact the frequencies of a  differ in the two sexes by a quantity of the order of the 
largest of k, K  and l, but this can provisionally be neglected. The selective death-rates in 
females and males are respectively:

d f , n  =  2kPnqn + K q l,
d =  lq .m,n in

And A qn =  -  \pn qn[2k(pn - q n) + K qn +  l], ( 1 1 )
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since there are twice as many loci in female as in male gametes forming the next genera­
tion. Thus, the total of female selective death-rates approximates to

Df  =  3
* *  [2k + { K - 2 k ) q]dq
o (1  — q) [2 k -\ -1 2 (K — 2k) q]

Provided 2K  + l>  2k, 

Df = 2 K - 2 k  + l 
3

P T J L .+ 1J o — ^k
( K - 2 k ) ( 2 k - l )

0

2 K - 2 k  + l 

and similarly the total for males is

31

+ l + 2 { K - 2 k ) q J  dq
r i  2k + l

— K  In p 0 + l(2 k  — l) In
,2 K - 2 k  + l) ] •

Dm 2 K - 2 k  + l [-inft+b(2iSy]- ( 1 2 )

If, however, 2K  + l = 2k, which implies th at k >  K , unless 1 =  0, in which case A  is fully 
recessive as regards fitness in females,

D' = l ( l 4 r i p ° - l a p ° ) ’

3lPo
Dm 2{K + l)'

(13)

I t  is possible th at almost all the selective m ortality should be concentrated on the males. 
This will be so if K  is small, provided 2K  + l>  2k. This is unlikely but not impossible. For  
the reasons discussed earlier this would probably not ease the burden on the species very  
greatly.

The value of p 0 would be about 10 -4  provided th at in the preliminary period A  males 
were a t an appreciable disadvantage. The mean of Df  and Dm is

D
2 { 2 K -2 k  + l) 

unless 2K  + 1 =  2k, when

\_ +  0  ln p 0 + (k + %l) In + (14)

(15)^  =  f ( ? o - ln ^o)*

If  2k > 2K  + 1 an equilibrium is reached.
We see th at the cost of selection a t a sex-linked locus depends, as a t an autosomal locus, 

on — In p0, and on the ratios of selective intensities, provided these are small. The factor 
multiplying — In p 0 will seldom be large. I t  is, for example, 3 if K  = k = l, and 1 if K  = l, 
k =  0 . Thus a representative value of D is 2 0 , and it will probably be between 10  and 40 in 
most cases. I t  will not be greatly increased if the gene selected is completely recessive in 
females, provided th at it is of selective advantage in males.

S e l e c t io n  o f  h e t e r o z y g o t e s

The total death-rates of heterozygotes a t an autosomal locus are given by

Dh =  ̂ 2 k p nqn 
= 2XKLqn{\—qn).
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This approxim ates to

r°° Cq* dt
2AA' ? (1 - ? ) A  =  2 AA q ( l - q ) ^ d q

J o  J «. «?

= 01 f"' d 1
J» .A  +  ( 1 - 2 A )q

2 A «°r I
= r ^ 2 A5i lnfA +< 1 _ 2 A ,?}J -

I f l > A > ° , 5 * =  ' f ^ A ln ( ^ f ) ’

except when A =  |, when Dh =  2.

If  A =  l ,  Dh =  —2 In p 0. (16)

Over the range considered Dh is a monotone increasing function of A, being 0-549 when 
A =  0 -1 , and 4-944 when A =  0 -9 . That is to say unless A is very nearly unity, or A  alm ost 
recessive as regards adaptive value, Dh is small. And it is always a small fraction of D. 
During most of the course of a gene substitution heterozygotes are rare.

I t  can easily be shown th at in the case of a sex-linked locus the total deaths of hetero­
zygous females are

^  (6k . / 2 K - 2 k  + l\
D h = T = T k la [  2 k + i  7 ’

unless K  — 2k, when Dh =  3K /(K  +  1). These are also relatively small numbers.
In  a recent discussion on natural selection (Haldane, 19566) I gave the total numbers of 

heterozygotes produced in the course of a gene substitution, or k^ D ^  The results are 
equivalent. Since so few heterozygotes are killed, there can, in the course of a gene 
replacem ent, be little selection in favour of genes raising the fitness of heterozygotes by 
altering dominance or otherwise, unless they affect homozygotes also.

520

D is c u s s io n

The unit process of evolution, the substitution of one allel by another, if carried out by 
natural selection based on juvenile deaths, usually involves a number of deaths equal to  
about 10  or 20  times the number in a generation, always exceeding this number, and per­
haps rarely being 10 0  times this number. To allow for occasional high values I take 30 as a 
mean. If natural selection acts by diminished fertility the effect is equivalent.

Suppose then th at selection is taking place slowly a t a number of loci, the average rate  
being one gene substitution in each n generations, the fitness of the species concerned will 
fall below the optimum by a factor of about 30ft-1 so long as this is small. If  the depres­
sion is larger we reason as follows. If a number of loci are concerned, the fth depressing 
fitness by a small quantity 8f, the mean number of loci transformed per generation is 
D- 1  E 8£ or about ^  £ 8£. The fitness is reduced to 11(1—8t) or about e x p ( — ZS£). B u t 
ft =  3 0 /£ 8 £, roughly. Thus, the fitness is about e-30n_1, or the intensity of selection 
I  =  3Qn~l .

To be concrete, if a species had immigrated into an environment where its reproductive 
capacity was half th at obtainable after selection had run its course, so th at I  =  In 2 =  0-69,
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n would be 43. This represents, in my opinion, fairly intense selection, of the order of th at 
found in Biston betularia, where it has had a rapid effect because it was concentrated on a 
phenotypic change due mainly to a single gene. I doubt if such high intensities of selec­
tion have been common in the course of evolution. I think w =  300, which would give 
I  =  0 *1 , is a more probable figure. Whereas, for example, n =  7*5 would reduce the fitness 
to e-4 , or 0 0 2 , which would hardly be compatible with survival.

We do not know at how many loci two ‘good’ but fairly closely related species differ. 
Their taxonom ic characters may depend mainly on as few as twenty gene substitutions. 
B u t there is every reason to think that substitutions have occurred a t a great many other 
loci. Punnett (1932) showed th at among eighteen fully recessive mutants in Lathyrus 
odoratus which he studied the viability increased with the time which had elapsed 
since the mutation occurred. In Table 1 I have presented the data of his Table VI 
in a different form. The second column is the estimated viability. If d dominants and r

J .  B .  S . H a l d a n e

Table 1 . Punnett’s data on sweet peas
Mutant Viability S.E.

9i White 1037 0-024
a i Red 1021 0-017
h Light axil 1011 0-017
Sx White 0-996 0-038
d 5 Picotee 0-996 0-022
a 2 Round pollen 0-990 0-024
h Sterile 0-988 0-017
a 3 Hooded 0-977 0-021
e Cupid 0-976 0-032
fz Bush 0-936 0-030
d2 Blue 0-931 0-024
93 Mauve 0-917 0-031
d t Acacia 0-964 0-020
d\ Smooth 0-940 0-020
d 2 Copper 0-909 0-040
h Spencer 0-897 0-030
b3 Cretin 0-886 0-048
A Marbled 0-821 0-023

recessives are found out of n, this is 3 r /(d + l)  (Haldane, 1956c) and its standard error 
is 3<J(rn/d3). The standard errors are given in the third column. The first group of 
m utants occurred in wild populations, in the eighteenth, or possibly in the early nine­
teenth, century. The second group originated between 1880 and 1899. The third group 
originated between 1901 and 1912. In each group the order is th at of viabilities. None of 
the viabilities in the first group differs significantly from unity, nor does their mean. 
I know of no equally satisfactory series of data in any other organism. I t  seems th at a 
m utant on appearance is generally somewhat inviable. B ut intense selection exercised by 
breeders accumulates ‘ modifiers ’ which, in the course of fifty years or so, raise its viability 
in F 2 to normal.

Presumably the same kind of process occurs in evolution. The number of loci in a verte­
brate species has been estimated a t about 40,000. ‘ Good ’ species, even when closely related, 
may differ a t several thousand loci, even if the differences a t most of them are very slight. 
B u t it takes as many deaths, or their equivalents, to replace a gene by one producing a 
barely distinguishable phenotype as by one producing a very different one. If two species 
differ a t 10 0 0  loci, and the mean rate of gene substitution, as has been suggested, is one
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per 300 generations, it will take a t least 300,000 generations to generate an interspecific 
difference. I t  m ay take a good deal more, for if an allel a 1 is ultim ately replaced by a 10 

the population m ay pass through stages where the commonest genotype a t the locus is 
a la x, a 2a 2, a3o3, and so on, successively, the various allels in turn giving m axim al fitness in 
the existing environment and the residual genotype. Simpson (1953) finds the mean life of 
a genus of Carnivora to be about 8 million years. That of a species in horotelic vertebrate  
evolution m ay average about a million.

Zeuner (1945), after a very full discussion of the Pleistocene fossil record, concluded th at  
in mammals about 500,000 years were required for the evolution of a new species, though 
in the vole genera Mimomys and Arvicola the rate was somewhat greater. Some insects 
seem to have evolved a t about the same rate, while other insects, and all molluscs, 
evolved more slowly. He estim ated the total duration of the Pleistocene a t 600,000 years, 
but some later authors would about halve this figure. On the other hand environmental 
changes during the Pleistocene were unusually rapid, and evolution, therefore, probably 
also unusually rapid. The agreement with the theory here developed is satisfactory.

Some writers, such as Fisher (1930, 1931), appear to assume th at the number of loci a t  
which ‘ modifiers’, for example, genes affecting the dominance of other genes, m ay be 
selected, is indefinitely large. The number of loci is, however, finite. B u t even if enough 
modifiers were available, the selection of, say, ten modifiers which between them  caused a 
previously dominant m utant to become recessive, would involve the death of a number of 
individuals equal to about 300 generations of the species concerned. Even the geological 
time scale is too short for such processes to go on in respect of thousands of loci. Renwick 
(1956) has made it very probable th at dominance modifiers occur a t the m utant locus, 
and if so recessivity m ay often be assured by strengthening the ‘ w ild-type’ allel (W right, 
1934; Haldane, 1939).

Can this slowness be avoided by selecting several genes a t a time? I doubt it, for the 
following reason. Consider clonally reproducing bacteria, in which a number of disadvan­
tageous genes are present, kept in being by m utation, each with frequencies of the order of 
1 0 -4 . They become slightly advantageous through a change of environment or residual 
genotype. Among 1 0 12 bacteria there might be one which possessed three such m utants. 
B u t since the cost of selection is proportional to the negative logarithm of the initial 
frequency the mean cost of selecting its descendants would be the same as th at of selection 
for the three m utants in series, though the process might be quicker. The same argum ent 
applies to m utants linked by an inversion. Once several favourable m utants are so linked 
the inversion m ay be quickly selected. B u t the rarity  of inversions containing several 
rare and favourable m utants will leave the cost unaltered.

There can, of course, be other reasons for the slowness of evolution. In some cases 
several genes m ust be substituted simultaneously before fitness is increased. This process 
can perhaps occur in two ways. On the one hand in a species broken up into small endo- 
gamous groups such a combination of genes m ay be established by a random process of 
‘ d rift’ (W right, 1934 and earlier) or a single founder crossing a geographical barrier m ay  
possess them (Spurway, 1953). Or they m ay be linked by an inversion. B u t such events 
are not perhaps very frequent even on an evolutionary time scale. On the other hand, 
each gene m ay change by a number of small successive steps. Fisher’s (1930, pp. 38 -40 )  
argum ent is applicable here, though he m ay have envisaged changes a t a large number of 
loci, rather than successive changes a t a few. In either case the cost is high and the
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process must, therefore, be slow. The slowness of evolution of such an organ as the 
vertebrate eye is thus intelligible.

Evolution by natural selection can be very rapid if a species, like the first land verte­
brates, or the first colonists of an island, finds itself in an environment to which it is very  
ill-adapted, but in which it has no competition, and perhaps no predators and few para­
sites. If  so selection might be so intense as to reduce the capacity for increase to one- 
tenth of th at of its adapted descendants, and it could yet hold its own. Such episodes 
have doubtless been important, and account for tachytelic (Simpson, 1953) evolution. 
B u t they are probably exceptional.

On the whole it seems th at the rate of evolution is set by the number of loci in a genome, 
and the number of stages through which they can m utate. If  pre-Cambrian organisms had 
much fewer loci than their descendants, they m ay have evolved much quicker, though the 
possibilities open to them were more limited.

The calculations regarding heterozygotes enable us to answer certain questions. 
Kettlewell (19566) has evidence th at C in Biston betularia is now more dominant than it 
was in the nineteenth century. CC is now usually indistinguishable from Cc by human 
beings, and probably by birds. This is thought to be due to selection of one or more genes 
which modify dominance. The value of A in equations (5) to (8 ) has decreased from about 
| to nearly zero. If A was originally the total number of Cc moths killed selectively 
was about twice the number in a generation, and since A diminished, it can hardly be as 
many as this.

Now supposing a modifier M which made Cc as dark as CC had been selected by deaths 
of heterozygotes which did not carry it, the natural logarithm of its frequency would have 
increased by about 4, from equation (7). That is to say its frequency would have increased 
about e4, or 55 times. This is certainly an overestimate, since fewer heterozygotes would 
have been killed as soon as the modifier became a t all common. Probably a twenty-fold  
increase is the most th at could be expected. This is not enough to make C almost always 
dominant when it was previously semi-dominant.

However, two other possibilities are open. I t  is quite possible th at a t the present time 
Cc has a higher adaptive value than CC, and this accounts for the persistence of cc in all 
populations studied. If  so the proportion of Cc moths may be much higher th at it would 
be if CC had a higher adaptive value than Cc. In fact A may sometimes a t least be 
negative in equation (5), leading to balanced polymorphism. Another possibility is th at 
M improves the physiological adjustment of CC. Suppose, for example, th at C is respon­
sible for a tyrosinase or a similar enzyme absent in cc, and th at CC moths produce twice 
as much of this enzyme as Cc. Then if the substrate concentration is low, it m ay not be 
possible for Cc moths to make enough melanin to become fully black. However, CC 
moths m ay use up most of the available phenolic substrate, and the resulting shortage 
may lead to ill-health. There will then be selection for a gene M which leads to the 
synthesis of more substrate, and incidentally permits Cc moths to make enough melanin to 
appear as black as CC. This is, of course, only one of many hypotheses. B u t it is impor­
tan t to realize th at a dominance modifier may be selected for its effect on homozygotes.

To conclude, I am quite aware th at my conclusions will probably need drastic revision. 
B u t I am convinced th at quantitative arguments of the kind here put forward should play 
a part in all future discussions of evolution.

J. B. S. H a l d a n e  523
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S u m m a r y

Unless selection is very intense, the number of deaths needed to secure the substitution, 
by natural selection, of one gene for another a t a locus, is independent of the intensity of 
selection. I t  is often about 30 times the number of organisms in a generation. I t  is sug­
gested th at, in horotelic evolution, the mean time taken for each gene substitution is 
about 300 generations. This accords with the observed slowness of evolution.
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POLYMORPHISM DUE TO SELECTION DEPENDING ON 

THE COMPOSITION OF A POPULATION

B y  J .  B. S. H A LD A N E a n d  S. D. JA Y A K A R  
Genetics and Biometry Laboratory, Government o f  Orissa, Bhubaneswar-3, Orissa, India

It has been frequently pointed out that if rarity confers selective advantage on a  
phenotype, and hence on a gene, this can be a cause of stable polymorphism. Thus 
m im icry becomes less and less advantageous as the ratio of palatable mimics to distaste­
ful models rises. I f  a pathogen tends to adapt itself by selection of those genotypes 
which affect the commonest host genotypes, then rare host genotypes are favoured so 
long as they remain rare. The selective advantage or disadvantage of a gene responsi­
ble for an antigen causing immunization of a mother by the foetus is well known to 
vary with its frequency. M ore examples might be given. It m ay be thought advisable 
to describe such selection as non-Darwinian, reserving the term Darwinian for selection 
in which the advantage of belonging to a “ favoured race” , or better, favoured genotype, 
is independent of the frequency of that genotype in the population, or at least is never 
reversed by changes in that frequency. It is not suggested that Darwin was unaw are  
of the existence of non-Darwinian selection. But as it is irrelevant to the large-scale 
evolution in which he was interested, he did not consider it in any detail.

W e think most writers on this topic have assumed something like the following: 
“ If  genotype A is fitter than its alternative genotype B  when its frequency in a popula­
tion is below a certain v^lue, and less fit when it exceeds it, there will be a stable equili­
brium when the frequency is such as to equalise the fitnesses” . This is not in fact true  
in theory, though it may be true in all or almost all cases which occur in nature. It  
is a well-know'n physical fact that if a system is brought back towards equilibrium too 
violently, it will overshoot the equilibrium and m ay go into undamped oscillation. 
Can this happen in a population under natural selection ?

H a p l o id  S e l e c t io n

As usual, the treatm ent of selection in a haploid, or a population consisting of two 
clones, is very simple. Suppose that generations are separate, and that the population  
consists, in generation n, of (1 — qn) AA-qn B, the population being so large that fluctua­
tions m ay be neglected. Let the fitness of B  relative to A be 1 —<f>(qn). Clearly there 
is an equilibrium when cf>(qn) =  0. This m ay theoretically be so for several values of qn, 
but such cases, if they occur at all, must be very rare. Let =  0, and qn =  Q

_  I n — I n  <fr(qn )
?“+1 1 - q n i ( q n) (1)

So -v„+1 — — 0 .( 1  - 0 . )  +*„[■ - ( ■  - 0 ) *(% )]
i - ( 0 + * » ) *(?»)
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But if <f> is regular in the neighbourhood of Q., 

(tf/i) ~ x n t I - V  V  ( Q , \

So .v [I -0 ,(1  -Q)4>'«1)] .v„-(l -Q.) W ( d ) + j  Q,<HQ.)] a v + 0 ( O
1 -£ < * '■  Q.) v„

=[ i  - Q . n - 0 . ) • ' „-[(!  -2 Q \4 > '«i)  ( i-Q .)  ( n o .) )*

+ i q . (i  - q .) r « m  v „--o (,v „> ). (2)

W hen .v„ is sufficiently small, ,vnTl will be num erically sm aller than provided  

1 — Q ,(l — Q,) <f>'{Q) lies between ^  1 , that is to say

0 < Q,(l — Q.) < 2 ,

2
or 0 < f ( Q J <

Q.U -CL)
z

Since d ( l  — Q j reaches its m axim um  of }  when Q  - .V, — q  ̂ ^ 8 .

(3)

So the equi­

librium is stable to small displacements if <£'(QJ is positive and less than 8 . It m ay  
be so for much higher values if Q,or 1 — Q,is small.

If  0 <  Q,(l —Q,) <f>'{QS), then, at least when x„ is sufficiently small, it does not change  
sign, that is to say the equilibrium is approached from above or below. I f  £^(1 — Q J  

( f> '{Q J-  1, the equilibrium is approached very rapidly, x„ +1 falling off with x l. T h e  
details depend on the second term  of (2 ). If  l < Q , ( l — QJ<f>'{QJ>  then after some 
value of n, successive values of ,v„ have opposite signs, and the equilibrium  is overshot 
in each generation, though it is approached m ore closely.

It is to be noted that for biologically plausible values of the equilibrium is
approached rather slowly. Thus if the fitness of B  fell from 120%  of that o f A when 
<7 = 0  to 100%  when q ~Q,~*4 and 70%  when q — 1, while (f>'(q) was constant, we 
should have (f>'{Q) =  £, and xn+1 -  0 -8 8 .v„. T h e result of a disturbance of equilibrium  
would persist for a good m any generations.

W hereas in most, if not all, cases so far considered by geneticists, the stability of an 
equilibrium calculated when generations are separate'is not appreciably altered when 
they overlap, this is not true for non-D arw inian selection. L et us suppose th at every­
thing is as in the preceding paragraphs except that the population in year n is composed 
of JV(1 —qn- J  bx A individuals born in year n — 1, JV"(1 —qn- . J b 2 .4s born in year n — 2, 
and so on, and similarly N  qn- r\\ —<j> (^„-r)] br B  individuals born in year n —r. T h at  
is to say

?” =  ' \ - Z b , q n-A (q „ - r) ’ (4)
r

when summation is over all values of r, and E b r =  1. This implies that selection is
r

based on differences in infantile m ortality, determ ined by the frequencies o f the two 
types in the first year of life. This m ay often be an approxim ation to truth. C om peti­
tion may be very intense between seedlings, but less intense between adults. Allow ance
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for various types of competition in different years of life would lead to more com plicated  
expressions, which would usually be compromises between (l )  and (4 ). W e have 
chosen a rather extrem e but simple hypothesis to illustrate the stabilizing effect of  
overlap. W e have assumed that ail adults are equally fertile. Insofar as fertility is 
a function of age, this can be allowed for by adjustment of the values of bn and insofar 
as it is a function of genotype, by adjustment of that of <!>(<])• There is no difficulty 
in passing to the case where fertility is not concentrated in seasons; this involves integral 
equations.

Now if< £ (Q J= 0  and qn =  ( lr -x m as before, (4) becomes

< m ) i  z b rxn- r + o ( x n- * ) .
r

I f £  =  Q.(l  — Q) <h'(Q) this approximates to the linear recurrence equation 

m
*» =  ( ! - * )  Z l>r xn- r (5)

r = l

when A*n is small and m is the maxim um age which any individual can attain. T h e  
corresponding integral equation is

.v, =  ( l - * )  f  / M  xt. Tdr,
0

w h e re ^ r) is the probability of an A producing an offspring between ages r  and t + S t, 
and t is the time at which x is observed.

The solution of (5) is

m
* n =  2  A t A,"

i =  1
m

where Xm=  (1 —k ) 27 br Am-r,
r = l

is the f-th root of this equation, and At are parameters depending on initial 
conditions. The condition for stability is that every A, < 1 . It can be shown that 
if 0 < £ < 1  there is one real positive root less than unity and exceeding the moduli of 
all the other roots, which are complex or negative. Thus for 0<£<^1  the situation  
is the same as in the case of separate generations. However when k exceeds unity the 
region of stability is often if not always increased. For example let bx= b , bz =  \—by 
br = 0  ( r > 2 ) .  Then

A2 4~{p — 1) b\-\~(k — 1 ) ( 1 —b) = 0 .

W hen k=  0 the roots are 1 and —(1 — o).
W hen 0 < k <  1 the positive root is smaller than 1, the negative exceeds b — 1.
W hen A: =  0, both roots are zero.

W h e n i> I ,A  =  l ( * - 1 ) *  [ ±  {<* — !)**—4(1 —*)} J —*(* —1)^].

Polymorphism, Selection and Population Composition
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So when k — 1 is small enough there are two com plex roots, \ = re± i9i

where r2 = ( / t - l )  (1 - A ) ,  cos 20 =  ~  1 : when k > l  +  the roots

are real.

I f  /><§, the equilibrium  becomes unstable w h en /: >  1 -f- —— ; for exam ple if£  =  £,

when k > 2 h ,  and if b =  \, when k > 3. T h e system goes into undam ped oscillations 
when k  exceeds these values. I f  b=%, the system oscillates with A =  — 1, and a period  
of one year when k =  4 . I t  is unstable if k >  4 . I f  b>%, the roots becom e real before

k reaches its critical value, and the condition for instability is A: >  1 —j 1 f°r exainple

if b=%, k > 3, if b - f , k > 2£ . T h e critical values of k all lie between 2 and 4  inclusive, 
whereas if generations do not overlap the critical value is k =  2 . H igher critical values 
can  be obtained with larger numbers m of breeding seasons.

J. B. S. H a l d a n e  &  S. D. J a y a k a r

Selection in Diploids

Consider a large random  m ating population, with separate generations, the /2th 
generation being produced from gametes ( 1 — qn) A ~-qn a ? where a is recessive. L et  
the fitness of aa relative to AA and Aa be 1 —<j> (qn). T hen

„ _  9 n ~ 9 n 2<ft(?n)
? “+l 1 - ? „ 2 H in)  •

if, as before, <f>(Q,)= 0, and qn =  QjTXni we find

-o,xn [Q,(i - o )  n o.)+ {(2—3<2.) no.) +{Q.(i - o )  ^'(o)

(6)

(7)

H ence for stability Q,2(l —QJ) must be between 0 and 2. However it is m ore
satisfactory to consider the fitness of the recessives as a function of their frequency 

rn=<ln2- I f  f ( rn)=<f>(qn) and £  =  then <f>'{QJ = 2 Q , f { R ) . So the condition for 
stability is

0 < / ' ( * ) <
1

03(i-0 ) (8)

T h a t is to say the relative fitness of the recessive or dom inant m ust fall off as. its fre­
quency increases, but not too rapidly.

F o r Q,3(l — QJ) is m axim al and equal to when Q, - f ,  or R =  so f ,' (R )  ^  
^ b?« = 9-481 for instability. As before, the upper limit of stability m ay be found from

equation (8) putting k =  Q? (1 — Q.) / ' ( / ? ) .  Stability is greatest when f ' {R )  =  2 Q3^[— q j *

T h e deviation xn from equilibrium clearly diminishes approxim ately in a geom etric 
progression whose com m on ratio is 1 —k. Even if f { R )  has a value of \y which we
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consider improbably high, this ratio is likely to exceed 0 -95 ; so progress to equilibrium  
will be slow, and, what is more im portant, deviations from it due to “ random ” events 
will only slowly be damped out.

There is no difficulty in finding results similar to (7) and (8) for more com plicated  
hypotheses, or “ models” , for example one in which the fitness of Aa is interm ediate  
between those of AA and aa.

For example if the fitnesses of Aa and aa relative to AA are 1 —ip(qn) and 1 — <f>(qn), 
then

d q n = q „ ( l  - q „ )  [(2</„-l)vK</„) — q,><f>{qn)]

approximately', and an equilibrium is possible when qn =  0 ,
a„d(2a- l  m u - m o . ) .

Then if =  ,

4v»=(l -Q J [a (2 Q .- l) f (Q .) - ( i! f(a.)-h0(Q.)J .'„ +  0(.v„=). (11)
So the condition for stability is

o < - * ( a > - f £ m ) + Q . ( i - 2 C i ; ' f ( Q . ) <  t ~ (1 '  (12)

Similarly we may find conditions for stable equilibrium when more than two genes, 
at the same or different loci, are concerned. Inbreeding and assortative m ating only 
have large effects on the composition of a population when the frequency of one of the 
genes concerned is fairly small. In the case here considered, either would give rise to 
conditions for stability intermediate between those found for haploids and diploids.

D iscussion

T he case discussed here is very simple. For a single pair of allelomorphs there are  
9 different types of m ating. Not merely may each have its own characteristic fertility, 
but for each of them there may be a characteristic pattern of prenatal and perinatal 
m ortality as between the three genotypes. In fact a full treatm ent would involve the 
specification of 27 arbitrary parameters, or of 26 ratios of such param eters. A full 
specification of selective intensities at a locus such as ABO or Rh would be much more 
com plicated.

However the analysis brings out two points. An equilibrium may be unstable 
because regulation is too intense. And the conditions for stability are widely different 
when generations overlap and when they are separate. Neither of these results is true  
for Darwinian selection.

On the other hand, in the cases considered, instability due to over-regulation is 
most unlikely to occur. From  equation (9) we see that this would mean that a 1%  
increase in the frequency of recessives near the equilibrium would result in a fall of  
over 9-4%  in their fitness. It is perhaps worth pointing out two conditions under which 
such a drop might conceivably occur. One such possibility is that the dominants or

Polymorphism, Selection and Population Composition

(9 )

( 10)
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recessives, though fitter in other respects, should be liable to a severe epidem ic disease 
when their frequency reaches a  certain  threshold. This threshold would not, of course, 
be definite, but in such a case large oscillations m ight occur. If, again, one form was 
a m im ic, it is conceivable th at the advantage of m im icry m ight fall off very rapidly  
when the ratio of mimics to models reached a critical level. Such a critical level would 
presum ably depend on the details of learning or conditioning in a predator, and it is 
very unlikely that the critical ratio would be the sam e for different species of predators, 
or even for all m em bers of a species.

Nevertheless in any consideration of equilibria of this kind, it is w orth discussing 
the stability, and if possible, verifying it. It is likely that once such an equilibrium  is 
approxim ately established, further selection will occur of modifiers which increases 
the fitness of the heterozygotes, and hence the equilibrium  will be still further stabilized. 
It would of course be interesting to treat the hypotheses here considered stochastically, 
taking account of the finite num ber of a  population. But it does not seem that this 
would greatly effect the conclusions.

S u m m a r y

Polym orphism  m ay be due to the fact that the fitness of a phenotype diminishes as 
its numbers increase. T h e stability of the equilibrium is discussed, and it is shown that 
under natural conditions instability is unlikely.

J. B. S. H a l d a n e  &  S. D. J a y a k a r  323

A ddendum  to

“ Polym orphism due to selection depending on the com position of a population” 
by J .  B. S. H aldane and S. D . Ja y a k a r , Journal o f  Genetics, 58  (3 ) , 318-323 .

R . G. Lew ontin (1958 , Genetics, 43, 419) h ad , unknown to us alread y proved that 
“ stable equilibria m ay exist despite an inferiority of the heterozygote, provided that 
the adaptive values o f the genotypes change properly w ith gene frequency” , and for 

some of our conclusions we acknow ledge his priority.

J .  B. S. H aldane  
S. D. Ja y a k a r
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SELECTION FOR A SINGLE PAIR OF ALLELOMORPHS 
WITH COMPLETE REPLACEMENT

81

B y  J .  B. S. H A LD A N E and  S. D . JA Y A K A R

Genetics and Biometry Laboratory, Government o f Orissa, Bhubaneswar-3
Orissa, India

I n t r o d u c t io n

Haldane (1924) discussed some simple cases of what he called familial selection, 
meaning selection with complete replacem ent within families or litters. Only a few 
of the possible cases were, however, considered, and it is now possible to produce a  
more general theory, though, as will be seen, the theory is far from complete even for 
the case of two allelomorphs.

Hull (1964) has obtained data on mice which are best explained by prenatal selection 
at one locus. There was evidence that this did not decrease the m ean size of litters 
in which selection occurred. It emerged from a stimulating conversation between 
J .B .S .H . and Peter Hull and R .C . Lewontin that in such cases the algebra is unexpect­
edly easy.

W e are of course aware that the hypothesis, or “ m odel” , is unduly simple. Neverthe­
less it covers cases where the relative fitness of foetal genotypes depends on the m aternal 
genotype. If  this is not the case, the number of param eters required in the autosom al 
case is reduced, but the algebra is not greatly simplified. W e shall only deal here with 
the case of a single locus, a single pair of allelomorphs at it, and a large random  m ating  
population. The extensions to several allelomorphs, several loci, and inbred popula­
tions, are easy in principle, but complicate the algebra very considerably. T h e hypo­
thesis that selective intensities are different in embryos of the two sexes clearly doubles 
the number of param eters required. It may be better to postpone such developments 
until the relatively simple cases here set out have been considered by others.

A n A u to so m a l  G e n e  P a ir

W e consider a pair of allelomorphs G and g at an autosomal locus. T he use of a 
capital letter does not imply dominance. W e suppose generations to be separate. 
L et the nth generation at fertilization consist of:

*«GG+2>’„Gg+<;„gg
where xn+ 2 y n+ Z n =  1, / > „ = * « ?»=^n +  ̂ «* Clearly p n and qn are the gene 
frequencies. The progeny of G G ^ x G g ^  at fertilization are X jj^G G -b*^,, Gg. W e  
suppose that at birth (or later, if selection and replacem ent occur after birth within 
litters) they are (1 -fa )  v „ G G f  (1 — a)xny n Gg. T h e total of progeny from such  
matings is unaltered, 1 ^  af^  — \. W e have six param eters such as a, and make the
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convention that they are given positive values when selection favours the m aternal 
genotype. T h e progeny surviving to m ate are shown in T ab le 1.

T ab le 1

Selection with complete replacement

Mother Father
Mating

frequency

Surviving progeny

GG G g gg

G G G G *> x * <»x~

G G G g 2 x y (l+ a)xy (1 - a ) x y

G G g g x z x z

G g G G 2 x y (1 — b )x y (1 + b ) x y

G g G g 4r (i c) y 2 (2 + c+ y)/- (1 - v ) y -

G g g g 2 y z ( 1 +/S ) y z ( 1 - J 8

gg G G x z x z

gg G g l y z (1 a ) y z ( 1 -f a ) y z

gg g g z* z 2

Explanation in text, x  is written for x nt and so on.

If  selection were independent of m aternal genotype we should have a =  —b, a =  —/?, 
and probably c = b ,  y = /J .  How ever it is precisely in such cases as this that we m ay  
expect the relative viabilities of foetal genotypes to depend on the m aternal genotype. 
This schem e m ay apply to selection in the hum an species at the A BO  locus, but it 
can n ot apply to selection a t the R h  locus. F o r though the death of Dd offspring of  
dd mothers and Dd fathers m ay be com pensated fully by replacem ent with dd, this 
cannot occur from the union of D D q and dd£.

O n adding the columns in T able 1 we have:

* n + l = p n +  [(*■ - b ) x n —  c y „ ] y n ,

2.)’n+i —2/>„?n-J-[(— +  £)*„ + (r+y)^n +  ( —a +/?)£„ ]jy„, >

£n+1 “b [ y^,n-b (a

( H )

If we put a — b = d ,  a —/3= S , this becomes 

* n + L = pn  +  (dxn -  cyn)yn, 

yn+\==PnQn~\~W_ dxn~\~ (^~by)^n 

£«+l==<7n -̂l- ( yyn~\~l*Zn) •

“\

0 - 2 )

V
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Thus we have reduced the param eters specifying selection to four.

Since xn= p n—y n, Zn=qn—y n> we find:

Pn+l=:Pn~\~$yn [dpn fyM-f (y  +  S — C — d)_>’n], (T 3 )

yn+l—pn<hiJc\yn\. — dpn — &(ln Jr { cJr d Jry-\-$)y^\, 0 *4)

with a similar equation for qn. Clearly there are equilibria, stable or unstable, at 
p = 0  and 1, and there m ay be equilibria at one or more intermediate values of p . 
W hen p n is sm all,y n = P n —0 (p n-), while q n = \ —p n. So from (1*3)

Pn+1= (1 — $)P n  +  O (pn2) .

So the equilibrium a t p = 0 is stable if 8 is positive, and p n tends to zero with (1 — |S)n. 

If  8 is negative this equilibrium is unstable. If  8 = 0 ,  p n-ri=pn~\~^(y~c)Pn2jr^ {P n d)' 
So the equilibrium is stable if c > y ,  though it is approached slowly, and unstable if 
c < y . If  8 = 0  and c = y .  />n+1= p n4- ^dxny ni so the equilibrium is stable if d is negative, 
unstable if d is positive. Similarly the equilibrium  at p =  1 is stable if d > 0 ; if d = 0 
and c < y ;  or if d = 0, c = y , 8 < 0 .

Let us now consider an equilibrium at p n =  P, where 1 > P > 0 .  L et P -| -{)= 1 ,  
an d y n= T .  Then from (1-3), since T  is not zero, dP—SQ -f-(y-{-8—c—d )T — 0, or

J .  B .  S. H a l d a n e  a n d  S. D. J a y a k a r

r =
d P - S Q

c-j-d—y —8
O n substituting this value in (1*4) we find:

or

P Q = ( c + d - y - h ) - \ d P - X l )  [ { c + d - y - Z - d y - d S j P + i c + d - y - Z + c h + d ^ Q } ,  
whence
d{c -{-d—y —8 —dy —d8)P2 “b [(y  —c) {c -f-d —y —8) —c/S (c -\-d-\-y -{-8)]P  Q, 
- S ( r + d - y - S + r 8 + ^ S ) Q ,2= 0 .  (1-5)

This is a quadratic equation for PQy1. The number of equilibria other than 0 and 1 
is equal to the number of its real positive roots. However their num ber and stability 
can also, in many cases, be determined from the condition that stable and unstable roots 
must alternate. If  d and 8 are positive, i.e. a > 8 ,  a > /? , then there is one other unstable 
equilibrium, and (1*5) must have one negative root which is biologically meaningless. 
If.d and 8 are both negative, i.e. a < b , a < £ ,  then there is one stable equilibrium at an 
intermediate value, and again (1*5) has a negative root. If  however d and 8 have 
opposite signs, (1*5) m ay have two real positive roots, in which case one represents a 
stable, the other an unstable equilibrium. O r both roots m ay be negative or com plex, 
in which case there is no equilibrium other than p = 0 or 1.

W e have to show that all these are actually possible. This is readily seen to be so 
when c, d, y and 8 are all num erically small when (1*5) reduces to

dP2-\-(y—c)PQj— 8Q,2= 0 ,  nearly.
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84 Selection with complete replacement

H ence PQj~l =
c —y i [ ( c  — y )24-4-£/Sp

2d

Since d and S have opposite signs, dh is negative. Both roots are com plex if (c—y )2 
< — 4 dfi. In this case there is no interm ediate equilibrium . W e m ay suppose d to 
be positive, or a > b ,  without loss of generality. I f  (c—y )2>  — 4 db and c > y  both  
roots are positive. If (c—y )2>  — 4 d& and c < y  then both roots are negative, and there 
is no interm ediate equilibrium . Thus an interm ediate equilibrium is only possible 
if c —y > 2 (  — dS)K If  (c—y )2-f-4 t/5= 0  the roots coincide, and yield an equilibrium  
w hich is effectively unstable, though change in its neighbourhood is very slow. Sim ilar 
conditions can  of course be derived from (1 -5) when squares and products of the p aram e­
ters are too large to be neglected.

In a small population drift will of course tend to fix the population at ^ = 0  or 1, 
that is to say in homozygosity, if either is stable. O n the other hand when d and S are  
both negative, i.e. a < b , a < /3 , an interm ediate equilibrium will alone be stable, and  
if drift leads tem porarily to homozygosity in a small population, m utation or im m igra­
tion will bring it back to the interm ediate value. In all cases where an interm ediate  
equilibrium is stable, p n—P  falls off like a geom etric series when it is sufficiently small.

T h e case where the only stable equilibrium involves the presence of both allelo­
morphs is perhaps the most interesting. T he conditions for it arc that b > a ,  f3 > a. 
Both these conditions m ean that, on the whole, heterozygous embryos or foetus in 
heterozygous mothers are fitter than homozygous embryos or foetus in homozygous 
mothers. O n the other hand if these conditions are not fulfilled c and y m ay both be 
quite large and positive without stabilizing the interm ediate equilibrium. T h at is 
to say greater fitness of heterozygotes carried by heterozygous mothers m ated to hetero­
zygous fathers is without influence; though the values of c and y will, of course, 
influence the frequencies at an interm ediate equilibrium. Thus a higher fitness of 
heterozygotes, averaged over all types of m other, is not a  necessary or sufficient 
condition for a stable equilibrium. It is also perhaps worth noting that the case 
where both a stable and an unstable equilibrium occur with both genes present is 
not found for a single pair of allelomorphs whose fitnesses do not depend on the 
m aternal genotype.

Selection at a Sex -linked Locus

W e assume that the m ale sex is heterogam etic or haploid. T h e adjustment to be 
m ade in the case of birds and Lepidoptera is obvious. Consider a pair of sex-linked 
allelomorphs S and s. H ere selection of the kind considered can  only operate in the 
progeny of heterozygous m others, so the algebra is m uch simplified. T h e param eters  
b and /? are taken as positive if the foetal genotype is that of the father. Since this very 
rarely if ever influences pre-natal fitness, b-\-(2= 0 as a general rule. L et $  genotypes 
in the nth generation occur in frequencies *nSS, 2_ynSs, £nss, and genotypes in fre­
quencies unS, vns . L et p n= x n+ y n, qn= y n+Zn‘ Clearly un +  vn= p n+ q n=  1. T h e  
progeny surviving to m ate are shown in Table 2.
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Table 2

Mother Father
Mating

frequency

Surviving $  progeny Surviving o progeny

SS Ss S S s s

SS S ux UX UX

ss s vx vx VX

Ss S 2 uy ( l - a ) u y (1 -\-ci)uy { \  k-b)u y ( 1  - b ) u y
Ss s I v y (1 -J-alg ( \ - a ) v y (1 - p ) v y V + f r y
ss S u z uz u z
ss s vz vz v z

Here x  means x n, and so on.

On adding the progeny columns we find: 

un+1 =Pn  -f  (bun —Pvn)y m 

vn+i =  q n  — (l>un—Pvn)y ni

•̂ 71t 1 ^ n P  n njr n >

2>>n+l =  Un<In +  VnPn +  (<*«„ +  a O j b n  

Zn+1=  UnQ n r at'nJ;n*

W hence

J

(2*1)

^ n + l  =  K / ' n  +  “ n )  r K - ^ n  +  t O A .

^n+1 /^n “b ip U n ^ n ) j n >

7 n + l= 2 (Wn(7n +  yn/,n) + K rtWn + a0 ^ n )

( 2-2)

with similar equations for r̂n and vn. It is easily seen that there arc equilibria when 
p n= un—yn= 0, and p n= u n= \ , y n — 0. There m ay also be an interm ediate equili­
brium. Equations (2-2) m ay be w ritten:

P n + 1 =  2 1\ P n Jr u n Jr  <*yn ~  ( a  +  a ) Mn7n] j 

^n+1  P n  “t” [ P~\~ iP  “b P ) ^ n \ y n i

J* n + 1 2 LP n  ~b Uji ~b a y n  ^ P n ^ n  “b {fl a,)^n^’rt] •

*\

(2-3)

It is clear that when n is large and p n, un a n d ^ n are all small quantities of the same 
order,

P n + l  =  2 ( P n  +  +  a y n )  +  O  ( P n 2) >

“n + l ^ n - ^ n  +  O M .

y  n+1 +  “>«) + 0 ( / ,r»2) ’
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8 6 Selection with complete replacement
H ence +  0 ( £ n2), and

/>n+l==HO “ra)/>n +  wn ]-rO (pn2), ^

Mn + l ~ 0  —tyPn +  QiPn2))

so that 2pn+2 — (\ ~ a )p n+l — ( 1 — P)pn= 0 { p n2).

Thus p n tends to zero with the ;tth power of the num erically larger root of
2A2 — (1 -f-a)A— 1 4 - /J = 0 , provided this root is less than unity. This is so if and  

only if a < /J, in which casc p n tends to zero with An, where

A=H(9 +  2 a - 8 j ^ a 2)*-|-l+a].

Thus i f a < /3  the equilibrium at p n =  un =  0 is stable, while if a < b  that at p n =  un =  1 

is stable. In either case_>’n tends to zero.
Let us now consider an interm ediate equilibrium where p n =  P, un= U , y n= Y .  

From  (2*2),

P = U + ( - a U + a V ) T ,  )
C (2-5)

u = p + ( b u - p v ) i :  )

H ence 2~=0, or (b —a) U Jr { a —fi) V = 0. Thus since U Jr V =  1,

£ /= a ~ y _  a—b
a — b-\-a—/? ’ a — 6 -f-a—/?

(2 -6)

These are positive if a —b and a — /? have the same sign, that is to say in this case 
there is an interm ediate equilibrium. It is clearly stable if a > b ,  and a > /? , that is to 
say if the other two equilibria are unstable, and conversely. I f  one is stable and the 
other unstable, e.g. a >  b, a < p ,  (2-6) gives one negative value and one exceeding unity. 
These have no biological meaning. Equations (2*3) and (2-6) give:

{a — b-\-a— f3)P—(afi — ba) Y—a Jrfi= Q ,

— b —a - — [2(rt — b-\-a.—j9) —%aa.-\-Qf3-hb<i~\Y-\-Q-—j9= 0.

W hence

p  .( * —P) [ (a —b +  a —P )—(l(a—P)]
( a - i  +  a - j 3 ) 2- a ( a - / 3 ) 2- a ( a - i ) s ’

„  (a-b)[(a-b +  a-l3)-a(a-b)] I
^  ( < z - A  +  a - / 3 ) 2 - a ( a - j 3 ) 2 - a ( < i - 4 ) 2  ’  f

V ( * - * )  ( « - £ ) _______________
(a - b  +  a - P ) 2- a { * - P y - a { a - b ) 2 ’ J

Successive values o fpn—P etc., when small, approximate to a geometric progression.
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Discussion

It is perhaps worth pointing out why the algebra in this case is relatively simple. 
Suppose that in the autosomal case the litter size, or total fertility, were different for 
different maiings, we should require 14 param eters instead of 6 to specify selection in 
T able 1. And the equations analogous to (T l )  would all share a denom inator, namely 
W right’s IV, the mean fitness of the population, which is a quadratic function of xn, y n, 
and z n‘ No doubt this is nearer to the truth than the hypothesis or “ m odel” here 
studied. But the expressions for the stability of equilibria are very com plicated, and  
num erical data do not exist and are unlikely to exist for many years.

W e have found new conditions for stable polymorphism at a locus. Some do not 
involve a greater fitness of heterozygotes. Thus if in Table 2, b and /? were zero, while 
a and a  were negative, there would be stable polymorphism. It is difficult, but not 
impossible, to imagine mechanisms which would make a and a negative. They would 
perhaps, be more probable if the female sex were heterogam etic, in which case this 
would m ean that the female genotype differing from the m other’s would be favoured. 
Since the m other’s genotype as well as its own influences the characters of eggs and 
larvae in many cases in Bombyx mori, it seems likely that such effects might be found in 
Lepidoptera.

Overlap of generations will lead to the same equilibria, though the dynamics will 
require special treatm ent. M any variations on the theme are possible, but it would 
hardly be worth considering them all until a concrete case arises. The methods here 
used seem, however, to be fairly widely applicable.

Summary

R ecurrence equations are given for genotype frequencies at an autosomal or a sex- 
linked locus when selection is entirely prenatal, and all matings are equally fertile. 
In some cases stable polymorphism is possible. These do not necessarily require 
greater fitness of heterozygotes.
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Mutation and Human Genetics
Haldane’s contributions to human genetics, which at first began quite inadvertently 

because of his interest in genetic equilibria, were of great importance in laying the 
foundations of that science. Whether we consider the first estimation of human 
mutation rate (1932, 1935), pedigree analysis (1932), first estimation of linkage 
(1937), mutation damage in populations (1937), role of modifying genes (1941), 
gene-environment interaction (1946), or any other aspect of human genetics, we 
must consider Haldane’s work first.

In his analysis of the effect of variation on fitness, Haldane (1937) showed that 
the impact of mutation on the fitness of a population is almost entirely dependent 
on the mutation rate but not on the deleteriousness of the individual mutations. This 
principle, which was later discovered independently by H.J. Muller,1 was the basis 
for developing a theory of genetic loads byJ.F. Crow 2 and had been applied to the 
analysis of genetic damage resulting from ionizing radiation.

During his last years in India (1957-64), he was deeply interested in the mating 
patterns and genetic consequences in the local populations. The last paper with S.D. 
Jayakar was written during that period and was quite deliberately designed as a 
bridge between anthropology and human genetics.

The papers included in this section contain novel concepts, methods, and 
suggestions that continue to influence the direction of human genetics today, though 
some younger workers may not be aware of the source of these ideas. This, as Haldane 
once said, is the greatest compliment one can pay to a scientist: to accept and 
incorporate his contributions so thoroughly that the need to mention his name 
seldom arises.

1. Muller, H.J., Our load of mutations. Amer.J. Hum. Genet., 2: 111-176 , 1950.

2. C row J.F ., Genetic loads and the cost of natural selection . In: K. Kojima(Ed.),
Mathematical Topics in Population Genetics. Berlin: Springer-Verlag.
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A METHOD FO R  IN V ESTIG A TIN G  R E C E S S IV E
CH A RA CTERS IN  MAN.

B y  J .  B . S. H A L D A N E .

(Joh n  Innes H orticultural Institution, M erton.)

H o g b e n  (1931), who reviews the form er literature, em ploys a m ethod  
due to  Lenz (1929) for investigating hum an ch aracters which are believed  
to  be recessive. Allowance is m ade for the fact th a t a num ber of families 
derived from unions of tw o heterozygotes are not included am ong the  
observed d ata  because th ey contain  no recessives. A value p  is then  found  
for the probability th a t (after m aking the necessary allowance) the child  
of two heterozygous parents should be recessive. Its  stan d ard  error is 
determ ined by a m ethod due to Hogben. If it differs from  I  by less th an  
several tim es its standard  error, it is reasonable to  assum e th a t  the  
ch aracter is recessive.

This method suffers from the defect th a t the calculation of p  involves 
the expected value of J . The m ethod here given does n ot involve this 
assum ption, and leads to different values. The following theorem  will be 
p ro v ed :

If a group of families derived from  norm al parents, each fam ily con­
taining a t  least one abnorm al, consists of ns families of size s, the values 
of s ranging from 1 to c, and contains R  recessives in all, then the m ost 
likely value of q, the proportion of normals in a fam ily (supposed con ­
sta n t), is the real root other th an  unity of the equation

R CV S. )l<
. ( i )1 - q

and the standard  error a  of q (and hence of p  =  1 — q) is given by the  
equation

o  = R____  £  S2q3~2ns
Y (1  “  <z)2 s = l ( l - f ) “ ‘

.(2)

To prove this theorem , let the num ber of families of size 6' containing
k  abnorm als be nsk, so th a t

S  nsk =  ns .
A.-1
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Also the total number of abnormals in families of size s is given by
9 e

r3 = 2  kn3k, and R = 2 rs.
k = 1 s = 1

We now apply Fisher’s (1921) method of maximum likelihood. The 
probability that a family of s individuals will contain k abnormals is, as 
Lenz pointed out, sCk pkqs~k, provided we include the families containing 
no abnormals, the proportion of such families being qs. Thus the prob­
ability that a family containing at least one abnormal will actually 
contain k is

sCk pk qs~k 
1 -  q* '

The number of such families found is nsk. Then the most likely value of 
q is found by making L (q) a maximum, where

l ( q ) = i  i  »,* log ( £ £ £ ) .s=l k=l \L — q /
The factor 3Cky which is not a function of q, is omitted.

.\ L ( q ) =  2  2  n3k [k log (1 -  q) -f (s -  k) log q -  log (1 -  q*)].
s = l  fc=l

The condition for this to be maximal is 

0=Z/  (q) =
c s
2  2  n3k

yS — l

s = 1 k=  1
k s — k sq 

1 -  1 ~ ~ < I  + 1 -

= 2 2 «
S=1 k=l s k

c
_  V  

5 =  1  

r
_  V

S7lc

q { l - q s) q{l~q)_ 

'• 1
< is )

S)L R
s~iqC -  qs) q (1 -  q) '

R _ v S)i3
" 1  - q  s - i l - q * ’ 

since q is finite. This mav be written

R =  2 S7l3
c-=.i i + q *f 7" ••• v’

since q # 1, whence it is clear that the right-hand side decreases steadily
C rfrom 2  sn3 to 2  n3, as q increases from 0 to 1, and as R  lies between these
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values there is only one real positive root which is less th an  1 , if we dis­
regard the solution q =  1. The standard  deviation is given by

R C

-  2
sn ,

a~2 =  — L" (q) =  5-  ,, . — sv
s = i q ( i - q 5)]

where q is given the value determ ined by equation ( 1 ).

• -2  =  v  (1 -  sg3 -  qs) sn3 _  R  ( 1 -  2 q)
" a s = 1 U -  qs)2 f  l 1 -  q)2

R  R  (1  — 2 q) 4 , s 2 qsns

~ r  (i -  q) ~~ q2 (1 -  q)~ * - i  q2(l -  qs)2
R  4 . s 2 q - 2n, 

q ( i - q ) 2 s - i ( i - q t)2'
L et us apply this m ethod to Sjogren’s (1931) d ata  on juvenile  

am aurotic fam ily idiocy, as sum m arised by H ogben. W e can  clearly  
neglect the families where 5 =  1 , since the term s due to  them  cancel out 
in both equations ( 1 ) and (2). Thus to find q we m ust solve th e equation

6 , 21 40 35 36
1 -h q ^  1 -±- q -h q2 1 -h q -h q2 -h q* 1 -h q -h ... q~4 ~̂~ 1 +  q +  ... q5

____ 49_ ^  56 _  18 _____11______
1 4- ? 4- ... q6 ' 1 4- 7 4- . . .  7 7 1 4- g 4- . . .  <78 1 -I- <7 4* .. • <710

i •> n
4- 1---------- =------- n 4 - , -------- —----- ^  =  108.

1 4- q 4- . . .  7 11 1 4- q 4- . . .  ql-

Such equations are m ost easily solved by the m ethod of trial and error. 
q is easily seen to be less than  0-75. q =  0-68 makes the left-hand side 
=  108*72, while q =  0*60 makes it 100*39. q =  0-683, p  =  0*317. 

P u ttin g ^  =  0-683  in equation (2), we find

a - 2 =  995-3, 
o* =  -0317.

Hence p  deviates from its exp ected  value of 0*250 by 0*067, or 2*2 tim es 
its standard error. Such a deviation is alm ost certainly significant. 
Hogben finds p  =  0 -2 S6 , and the standard deviation of this q u an tity  
calculated  by his method is 0*015. The deviation is thus found to be 2*4 
tim es the standard . The results obtained by the two m ethods do not 
diverge widely in this case, in so far as concerns the probabilitv of so 
great a deviation from the expected  value of

The relation between the two methods is as follows. Lenz solves the 
equation

R _  sns
i~ — q ~  *- i  i - a r
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If we call this value qx and proceed to  solve the equation

R  =  y  Sns
i -  q 1 1 -  qi ’

we ob tain  a value q2 . Sim ilarly b y su b stitu tin g  q2 on the right-h and  side 
we obtain  a value qz and so on. I t  can  easily be shown th a t these values  
converge to  the value of q given b y equation  (1). The ap p roxim atio n  of 
qx is b etter, and the convergence quicker, th e larger the average size of 
th e fam ilies.

A n oth er m ethod of trea tin g  such d a ta  b y th e m ethod of m axim u m  
likelihood is as follows. W e can  consider onlv the families of size s. Then  
for each such group of fam ilies we h ave

sns rs 
1 — qs 1 — q' 

q%  -  qsns -f- sns -  rs =  0.

.*. q =  1 — ( 1 -  qs) r3 
sn .

This form ula has been given b y B ern stein  (1931 ). W e now su b stitu te  
some value of q such as J  or J  on th e  righ t-h an d  side, and find qx on th e  
le f t ; we rep eat until the values con verge. This m ethod has the g rea t m erit 
th a t  m istakes in arith m etic  are a u to m a tica lly  corrected . S jogren ’s d a ta  
for s =  4  give the following successive ap p roxim ation s to  q :

0-75, 0-6753 , 0 -62379 , 0 -5 9 6 9 1 , 0 -5 8 5 1 7 , 0 -5 8065 , 0 -57898 , 0 -5 7 8 7 5 .

W e tak e 0-579 as the tru e value. The results for all Sjogren’s d a ta  are  
given in Table I. I t  will be seen th a t  th e  u nexp ected ly high v alu e  of p  is 
wholly due to  the small fam ilies. The high values in these seem  to be 
significant. Thus for s =  -1, the stan d ard  d eviation  of p  is 0-v»93, the a c tu a l  
deviation  0-171. F ro m  d ata  such as those of Table I it is possible to  
calcu late the overall value of p. each  individual value being w eighted  
with the squared reciprocal of its stan d ard  error. B ut the resu lt is ra th e r  
in accu ra te  when the values of r, are sm all.

3
ne

oO

o-so
10

0-33S

4
10
19

0-421

i
11

0-22S

TABLE I.
G
6
9

0160

7
7

130-21S 25
0-441

o
0-323

10 11
0 1
0 3

—  0-204

12
1
3

0-241

13
1
4

0-305

Several explanations are possible. In view of the extremely thorough 
nature of Sjogren's work it is uaruiv likeiv that any appreciable number 
of cases of juvenile amaurotic idiocy within the area studied were
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om itted. W e m ay be dealing with a peculiar biological fact, b ut a p sych o­
logical explanation is also possible. I t  m ay be th a t a num ber of parents, 
after producing one or tw o idiot children, voluntarily or involuntarily  
lim ited their families in future.

The m ethod here given is certainly  slower th an  th a t  of Lenz and  
H ogben. B u t considering th a t Sjogren spent three years in his investi­
gation, an expenditure of three hours on calculations concerning it is not 
excessive. I t  has two m erits. In  the first place it is free from  an y bias 
regarding the value of p, excep t th a t all values in the neighbourhood of 
th a t  found are considered about equally likely, a  priori. The e x a c t as­
sum ption is given by H aldane (1932). In  the second place it gives con­
siderably b etter results if p  deviates seriously from  F o r  exam ple  
should double recessive ch aracters exist, for which p  =  yy, this value 
would not be given by the Lenz-H ogben m ethod, if one started  with the  
assum ption th a t  q =  f . The m ethod is obviously applicable to  cases of 
sex linkage, where values of p  in the neighbourhood of J  m ay be exp ected  
when all male offspring of norm al parents in families containing a t  least 
one affected person are considered.

I  have to  thank Prof. Hogben for suggesting the investigation of this 
question, and for allowing me to  see his paper in proof.

S u m m a r y .

A m ethod is given by which the tru e proportion of recessives m ay be 
calculated  from  hum an or other d ata  on small families.
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T H E  P A R T  P L A Y E D  B Y  R E C U R R E N T  M U T A ­
T IO N  IN  E V O L U T IO N

J .  B. S. HALDANE
J ohn I nnes Horticultural I nstitution', Merton, London

T he d iscovery  that certa in  m u tation s occu r with a 
m easurable frequency has had a g re a t influence on evo­
lu tion ary  speculation. I t  is the object of this p ap er to 
attem p t to delim it the p art which it m ay have played in 
evolution. The suggested effects have been p rim ary  and  
secondary . In the first place, it has been thought th at as  
the result of recu rren t m utation of a gene to its allelo­
m orph, the new allelom orph has grad u ally  spread  
through the population, displacing the origin al gene. In  
the second place, it has been pointed out th at recu rren t  
m u tation  of a gene would have secon d ary  effects, even if 
the m utations were d isadvantageous. L eth al genes, like 
p a ra site s  or p red ato rs , are  p a rt of the environm ent of 
the o th er genes. F ish e r (1928 ) thought th at the m ain  
secon d ary  effect of d isadvantageous m utations would be 
the accum ulation of m odifying genes tending to make the 
m u tan t type recessive. Som e oth er secon d ary  effects a re  
suggested  in this paper. Throughout I shall use the word  
“ m u ta tio n ’ ’ to denote a change in a single gene, and not 
with referen ce to such events as m utation  in Oenothera ,  
which gen erally  depends on a rearran g em en t of the  
chrom atin .

The evolutionary  effects of m utation which will be con­
sidered a re  as follow s:

(1 ) E vo lu tion  due to a m utation ra te  so larg e  as to 
cause the sp read  of a d isad van tageou s ch a ra cte r .

5
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(2 )  P r im a ry  effects of the sp read  of genes n early  
n eu tral from  the point of view  of n a tu ra l se lectio n : 
(a )  A p p earan ce  of valu eless but not h arm fu l c h a ra c te rs .  
(1>) D isap p earan ce  of valu eless but not h arm fu l c h a r a c ­
ters . (c )  D isap p earan ce  of genes in the Y  chrom osom e, 
(d ) D isap p earan ce  of genes in the “ c o m p le x "  of p e rm a ­
nently h eterozygou s species, (e ) D isap p earan ce  of e x ­
t r a  genes in polyploids and p olysom ics. ( f )  P r im a r y  
in crease  of dom inance.

(3 )  S eco n d ary  effects of freq u en t d isad v an tag eo u s  
m u ta tio n s : (a )  In cre a se  of dom inance due to m u tation  
of dom inant allelom orph s, (b ) In cre a se  of dom inance  
due to sp read  of m odifyin g genes, (c )  S elective value  
of polyploidy, polysom y, and d up lication . (d ) M ale 
haploidy. (e ) H etero g am etism  of m ale ra th e r  than  
fem ale sex. ( f )  C o n cen tratio n  of m utable genes in the 
X  chrom osom e, (g )  D evelopm ent of in tern al balance in 
the X  chrom osom e.

In gen eral, m u tation  is a n ecessary  but not sufficient 
cause of evolution. "Without m u tation  th ere  would be no 
gene d ifferences fo r n a tu ra l selection  to act upon. B u t  
the actu al evo lu tio n ary  tren d  would seem  u su ally  to be 
d eterm in ed  by selection , fo r  the follow ing reason .

A  sim ple calcu latio n  shows th a t re cu rre n t m u tation  
(e x ce p t of a gene so u nstable as to be classifiable as mul- 
tim u tatin g ) can not overcom e selection  of quite m o d erate  
in ten sity . C onsider tw o phenotypes whose re la tiv e  fit­
nesses are  in the ra tio s  1 and  1 -  k, th a t is to say , th a t  
on the av erag e  one leaves ( 1 - k )  tim es as m an y p rog en y  
as the oth er. Then, if p is the p rob ab ility  th a t a  gene  
m u tates  to a less fit allelom orph  in the cou rse of a life  
cycle, it has been shown (H ald an e , 1932 ) th a t when k is 
sm all, the m u tan t gene will only sp read  th rou gh  a  sm all 
fra ctio n  of the population  unless p is about as la rg e  as k 
o r la rg e r . T his is tru e  w h eth er the gene is dom inant o r  
recessive .

Now p is u sually  sm all. T h e la rg e s t value found by 
S ta d le r (1 9 2 9 ) in the case  of 8 m aize genes w as 4 x 1 0 " * ,

1 9 2



the low est being less than 10"\ "We m av take 10"3 as an  
u pper lim it in ord in ary  cases. T his m eans th at a coef­
ficient of selection k of lO*3 would p reven t them  fro m  
sp read in g v ery  fa r . The best cases of rep eated  m u ta­
tion of the sam e gene induced by abnorm al environm ent 
a re  those of G oldschm idt (1929 ) and Jo llo s  (1 9 3 1 ) . U n ­
fo rtu n ately , the values of p can not be determ ined from  
th eir d ata , though it probably exceeded 01. B u t the heat 
used by them  on D rosop h ila  larv ae  killed m any, and  
sterilized m any m ore, and it seems likely th at such s trin ­
gent environm ental conditions would wipe a species out 
ra th e r  than force it into a p articu lar evolutionary  path.

V e ry  high m utation ra tes  due to heat m ay p erhaps  
have played a p art in evolution in two cases. I t  m ay  
have caused orthogenetic evolution of species n ear the 
tro p ical lim it of their range, and thus m ay possibly be 
p a rtly  responsible for the g re a te r  d iv ersity  of species  
found in trop ical as com pared with tem p erate  and a rc tic  
h ab itats. A gain , the gonads of m am m als and birds a re  
perm anently a t a higher tem p eratu re  than is usual in 
oth er organism s. I t  is possible th at when this tem p era­
tu re was first evolved, it increased the m utation  ra te  of 
th eir genes. A t the sam e tim e m any new ecological 
niches w ere open, and th erefore m any types of m utation  
possessed a selective ad van tage. These two facts  m ay  
have played a p a rt in the very  rapid  evolution of m am ­
m als during the E ocene. B u t no definite opinion on this 
question is called for till a population of D rosop h ila  or  
some oth er form  has been shown to evolve under the 
influence of high tem p eratu re. I f  this could be exp eri­
m entally shown to occur, and not to be due to selection, 
such an experim ent would be decisive.

T h ere are  oth er possible causes of a v ery  rapid  m u ta­
tion ra te . N atu ral rad ioactiv ity  m ay have caused local 
ou tb ursts of m utation, but a simple calculation  dispels 
the a ttra c tiv e  idea th at the am ount of rad ioactive sub­
stances n ear the e a r th ’s su rface  10® y ears  ago w as su f­
ficient even to double the present m utation ra tes . The
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evidence fo r m u tation  u nder chem ical influences is a t  
p resen t inconclusive. D em erec (1 9 2 9 ) lias found th a t  
one gene m ay influence the m u tab ility  of an oth er, and it 
is conceivable th at such genes m ay have p layed  a te m ­
p o ra ry  p a rt  in evolution, being elim inated  v lien  a re la ­
tive equilibrium  w as reach ed, and m u tab ility  ceased  to be 
ad v an tag eo u s.

"While, th erefo re , we can  not deny the p ossib ility  th a t  
m u tation  freq u en cy m ay o ccasion ally  h ave been larg e  
enough to cou n terb alan ce n a tu ra l selection , and even to 
cau se o rth o gen etic  evolution of a d isad v an tag eo u s c h a r ­
a c te r , such events m ust h ave been ra re . I  have pointed  
out elsew here (H ald an e , 1932) th a t m an y of the cases of 
orth ogen esis ending in extin ction  can  be explained  on 
quite o rth o d o x D arw in ian  lines. F o r  the su rv iv al of the 
fittest individuals does not n ecessarily  produce a fitter  
species, and com p etition  based on such c h a ra c te rs  as  
em bryonic or pollen tube grow th  ra te s  m ay be exp ected  
in som e cases to lead to m o n strou s ad ult form s. W e  
m ust, th e re fo re , exp ect th a t the m ain effects of re cu rre n t  
m u tation  have been due to m u tation  ra te s  of m uch less  
than  one in a thousand p er g en eratio n . I t  is to these th at  
we now tu rn .

W h e re  a num ber of allelom orph s seem  to be of equal 
selective value, as in the case of those responsible fo r  
banding in snails and blood grou p s in m an, th eir re la tiv e  
freq u en cy in the p op ulation  will be determ ined, not by  
the fitness of the gen otyp es, but by the stab ility  of the  
genes. D iver (1 9 2 9 ) has shown th at the p ro p o rtio n  of  
banded to unbanded C e p a e a  in E n g la n d  has not v aried  
ap p reciab ly  in the la st few  thousand y e a rs , k is th e re ­
fo re  m uch less than  one th ou san dth , and m ay be less  
than  the m u tation  ra te  of one of the genes concerned . In  
this case, if the “ b an d ed ’ ’ gene m u ta tes  less freq u en tly  
th an  the “ unbanded , ”  it will sp read  until m ost B ritish  
C e p a e a  a re  banded. Such  cases a re  p erh ap s ra re  and  
th eir evo lu tio n ary  im p ortan ce  slight, but th ey  do seem  to 
exist.
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The m ain cases where m u tation  is a p rim a ry  cause of 

evolution have in common the fea tu re  th at m u tation s in 
one direction  are  weeded out by n a tu ra l selection, those  
in the o th er being neutral. C onsider the genetics of a 
useless organ  such as the pelvis of a whale or the clavicle  
of a dog. Such organ s m ust be p ractica lly  n eu tral. The  
am ount of e x tra  calcium  and phosphorus m ade available  
to a whale or dog by the com plete d isap p earan ce of these  
bones would be extrem ely  sm all, and neither whale nor  
dog, from  the n ature of th eir diets, can suffer from  a 
sh o rtage  of these elem ents, w here a sm all m argin  would 
be im p ortan t. Of the genes affectin g  such vestig ial  
organ s a m ajo rity  will probably affect oth er organ s too, 
and be selected in accord an ce with these effects. A  few  
genes will m ainly affect the useless organ . Now the 
m ajo rity  of m utations affectin g an organ  gen erally  tend  
to bring about a reduction in its size. This is well seen 
in the case of the num erous genes affectin g  wings and  
b ristles in D rosop h ila , and is intelligible on an y biochem ­
ical th eory  of any gene action. The usual, though very  
slow, effect of m utations will thus be to dim inish the size 
of vestiges. B u t as an organ  becom es useless, genes 
which e x a g g e ra te  it also become less h arm fu l than be­
fore . F o r  exam ple, m egalocornea would be of little  h arm  
to an anim al living in com plete darkness, and petalody  
of the stam ens, though involving a slight w aste of m ate ­
rial, would not seriously h and icap  an apogam ous plant. 
In spite of such occasional exceptions it is c lear th at the  
gen eral tren d  will be tow ards the v ery  slow p ro g ressiv e  
reduction of vestiges. A s this will in some cases be due 
to the actu al d isap p earan ce of genes, it m ay, in its la te r  
stag es, be irreversib le .

A n im p o rtan t p a rticu la r case of the d isap p earan ce by 
m utation of useless organ s is the d isap p earan ce  of the 
genes in the Y  chrom osom e. T h ere is s tro n g  reason  to  
believe th at the Y  chrom osom e has been evolved from  a 
chrom osom e with a norm al com plem ent of genes, o rig i­
nally hom ologous with the X . Such chrom osom es ap p e a r
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still to ex ist in som e dioecious p lan ts, and in fish such as  
L e b is te s .  On this view the Y  chrom osom e orig in ally  d if­
fered  from  the X  only in resp ect of one gene. A s soon  
as sex d ifferences com e to depend on m ore than one gene, 
cro ssin g  over m ust be su p p ressed  in the h e tero g am etic  
sex, o r else the Y  chrom osom e m ust d iffer so much from  
the X  m orp h ologically  as to ren d er cro ssin g  over ra re .

C learly , in so f a r  as genes in the X  chrom osom e a re  
fully dom inant, n a tu ra l selection  will not oppose re ce s­
sive m u tation s of genes in the Y  chrom osom e. A nd  
deficiencies, th at is to say , com plete d isap p earan ce  of 
genes, a re  stab ler than o rd in a ry  recessiv es, which m ay  
occasion allv  m u tate  back. T h us in the long run o rd in a ry  
recessive genes will be rep laced  by deficiencies. In  som e  
cases w here dom inance is incom plete the re la tiv ely  sm all 
d isad v an tag e  caused  by h etero zy g o sity  will not be 
enough to weed out recessive  m u tation s, and these will 
tend to accen tu ate  the d ifference betw een the sexes. In  
o th er cases of incom plete dom inance, dom inance will 
evolve, as pointed out la te r , by the F is h e r  effect, until the 
Y  gene can  safely  be lost.

On D a rlin g to n ’s (1 9 3 2 ) th eo ry  of chrom osom e p airin g  
it is n ecessary , if the X  and Y  chrom osom es a re  to p ass  
re g u la rly  to opposite poles, th a t a sm all len gth  of both, in 
the neighborhood of the spindle fiber a ttach m en t, should  
rem ain  hom ologous, and give rise  to ch iasm ata . In  this  
neighborhood a few genes a re  to be exp ected  in the Y  
chrom osom e, and it w as h ere  th a t S te rn  (1 9 2 9 a ) found  
the n orm al allelom orph of “ b obbed.”

A  som ew hat an alogou s case  occu rs in p erm an en tly  
h eterozygou s p lan ts such as O en oth era  L a m a rc k ia n a .  
H ere , as D arlin gton  points out, th ere  is a certa in  section  
in m an y of the rin g -fo rm in g  chrom osom es in which c ro s s ­
ing ov er ra re ly  if ev er o ccu rs. T h ese section s ap p e a r to  
c a r r y  the genes of the R en n er “ co m p lex .”  T h ey should  
show a ten den cy to evolve in the sam e w ay as the Y  
chrom osom e. B u t this will be checked by the fa c t  th a t  
the m ale gam etop h yte, and to a  less ex ten t the fem ale
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gam etophyte, is under the con trol of the genes ca rrie d  
by it, while the sperm atozoon is not. T his is probably  
one reason why the dioecious h igh er plants ra re ly  show  
a m arked dim orphism  of X  and Y , and these ch rom o­
somes p air reg u larly  in prophase. A n y gen eral tendency  
of Y  genes to m u tate would be stopped by n atu ra l selec­
tion, as it would elim inate m ale-p rodu cin g pollen. B u t  
in so fa r  as the genes in the chrom osom e sections th at do 
not cross over are  indifferent to one a t least of the 
gam etophytes, th ere will be a tendency fo r  a gene in one 
com plex to d isap p ear, while the corresp on d in g gene in 
the other com plex is u naltered  or in creases its dom i­
nance. Thus, although the d egen erative  p rocess is never  
likely to go as fa r  as in an anim al Y  chrom osom e, it is 
not su rp risin g  th at m any O en oth era  species c a r ry  m ore  
lethals than are  needed to produce a balanced system .

The next th ree p rocesses on our list all have the sam e  
evolutionary effects, though due to ra th e r  d ifferent 
causes. The p rocesses will th erefo re  all be dealt w ith  
before the effects due to in crease  of dom inance. W hen  
we consider any series of m ultiple allelom orphs we find 
th at as reg ard s any p a rticu la r s tru ctu re  o r function the 
phenotypes can be a rran g ed  in a certa in  o rd er. Of 
course the con sid eration  of an oth er s tru ctu re  m ay give  
a different ord er, but th ere is usually a  fa ir  a g re e m e n t  
A t one end of the series we usually find a dom inant, a t  
the oth er recessive form s. Thus in roden t color genetics  
we have the E  series ran gin g from  black th rou gh  the 
wild g ra y  and ‘ ‘ Ja p a n e s e ”  to yellow, the ligh test form  
being recessive. On the oth er hand, the G (o r  A ) series  
ran ges from  g ra y  (in the m ouse yellow ) th rou gh  “ black  
and ta n ”  to black. H ere the d ark est fo rm  is recessive. 
The wild type m ay be a t one end of such a series o r in the 
m iddle. B u t in the la tte r  case we n ever find recessive  
gen es on both sides. Thus in rodents we do not find two 
allelom orphs, one d ark er and one lig h ter than the wild  
fo rm , and both recessive to it. A s a gen eral rule, how ­
ever, the wild type is a t one end of a series, usually the 
dom inant end.
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G old sch m id t’s (1 9 2 7 ) th e o ry  of dom inance s ta te s  th a t  
genes which ca ta ly ze  a reactio n  rap id ly  a re  dom inant 
ov er those which ca ta ly ze  it slow ly. B u t in m an y cases, 
e.g ., “ bobbed”  (S te rn , 1929b ) a lim it is reach ed  w here  
fu rth e r  speeding up of the reactio n  o r ad dition  to the 
num ber of genes p rod u ces no fu rth e r  effect on the c h a r ­
a c te r  studied. "Where this is so, and the wild type is 
dom inant, it is c le a r th a t m inus  m u tation s will give rise  
to recessive  gen otyp es, and. if the wild typ e is fitter than  
these, the m u tan t genes will be elim inated  by n a tu ra l  
selection. On the o th er hand, p lu s  m u tation s will have  
no effect on the ad u lt gen otyp e (a t  least as re g a rd s  the 
c h a ra c te r  co n sid ered ). T h ere  will, th e re fo re , be a ten ­
dency fo r  them  to accu m u late . In  the absence of the 
seco n d ary  effects of m u tation , we should exp ect to find 
in a given locus, first recessiv e  genes and deficiencies in 
sm all num bers, co n stan tly  being p roduced  by m u tation  
and abolished by selection , and second a num ber of 
allelom orphs p rod u cin g  alm o st in distinguishable pheno­
typ es, but some p ossessin g  a g re a t  deal m ore a c tiv ity  
than the m inim um  req u ired  to p roduce the wild type. 
The p ro p o rtio n  of th ese dom inant allelom orph s, p ro d u c­
ing v e ry  sim ilar gen o ty p es, would depend on th eir re la ­
tive m u tation  r a te s ;  in o th er w ords, on th e ir re la tiv e  
stab ilities.

A ctu ally , how ever, the p rocess of dom inance evolution  
is probably su p p orted  by two seco n d ary  effects. H a l­
dane (1 9 3 0 ) pointed out th a t p lu s  m u tation s in an y  locus  
m ay  be fav o red  by selection  provided  th a t the o rig in al  
gene is not com pletely d om inant, since the o rig in al typ e  
of gene is a t  a d isad v an tag e  in h etero zy g o tes, and the  
new gene is not. F is h e r  (1 9 3 1 ) accep ts  this as a su p p le­
m ent to the m echanism  of dom inance evolution w hich he 
o rig in ally  suggested , nam ely, the sp read  of m od ifyin g  
genes which in crease  dom inance. W rig h t (1 9 2 9 ) and  
H ald an e (1 9 3 0 ) have criticized  F is h e r ’s o rig in al th eo ry , 
and it is f a r  from  ce rta in  which of the two seco n d ary  
effects is likely to h ave the g re a te s t effect in in creasin g
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dom inance. I t  is to be noted th at both the secon d ary  
causes of in creased  dom inance a re  lim ited in th eir action , 
and cease when dom inance is com plete. T h eir in ten sity  
is p rop ortion al to the frequency of m inus m u tation s in 
the locus concerned. I f  plu s  m u tation s a re  an yth in g  like 
equally comm on, the p rim ary  effect will be m uch m ore  
rapid than the secondary .

A  p a rticu la r case of the F is h e r  effect (seco n d ary  in­
crease  of dom inance) is to be looked fo r in the case of 
sex-linked genes. The T  chrom osom e “ em p ties ’ ’ in the  
course of evolution, i.e., genes borne by it d isap p ear o r  
a t least pass into a recessive condition. T his can  be 
cou n teracted  in two w ays, by an in crease of dom inance  
of individual genes, or by the acquisition  of in tra-ch ro -  
m osom al balance. The fo rm er p rocess would be fav ored  
if the genes in the Y  chrom osom e d isap p eared  one by  
one, the la tte r  if they d isap peared  in blocks as the resu lt 
of sectional deficiencies.

The evolutionary effects of in creased  dom inance a re , I  
think, m ore profound than F is h e r  has realized. On 
G oldschm idt’s (1923 ) th eo ry  a dom inant gene has a m ore  
extended sphere of action, both in space and tim e, than  
a recessive. So much of his th eory  m ay be accepted, even  
if we do not adm it th at it alw ays con tain s m ore gene sub­
stan ce. Goldschm idt gives several exam ples from  anim al 
genetics, illu stratin g  the w ider sp atia l and tem p oral  
ran ge of the m ore dom inant gene, and th ey can be p a ra l­
leled in plant genetics. Thus, in m aize, a series of allelo­
m orphs, not unlike the scu te-ach aete series  in D ro sop h ila , 
govern s the distribution  of anthocyanin  over the cobs, 
silk, husks and grain , the fo rm  with the w idest d istrib u ­
tion being dom inant (A n d erson , 1 9 2 4 ). In  P rim u la  
sin en sis  de W inton  and H aldan e (1 9 3 2 ) find th a t J J  
flowers a re  fully colored, jj open w hite, but la te r  assum e  
a pale color, while J j  open white o r pale, but la te r  color  
up so as to overlap  J J .  Thus two “ d o ses”  of J  p roduce  
th eir effect quicker than one.
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X o w  con sid er an org an ism  in which a num ber of genes  
a re  ju st sufficient, in the hom ozygous condition , to p ro ­
duce the m ost ad v an tag eo u s ad u lt p hen otype. The resu lt  
of in creased  dom inance will be to s tren g th en  th eir action  
so th a t, w here possible, its  ran g e  both in sp ace and tim e  
is in creased . B u t how ever m uch the la tte r  is extended, 
th ere  wdll alw ays, on G old sch m id t’s view , be a period  
when the hom ozygote is m ore ad van ced  tow ard s the 
ad ult condition  than the h etero zy g o te , even if both a re  
quite alike in the final s tag e . T h us in so f a r  as develop­
m en tal ab n o rm ality  is d isad v an tag eo u s, the F is h e r  effect 
will alw ays be tending to in crease  the a c tiv ity  of the 
genes.

T his tendency m ay be held up on biochem ical grou n ds, 
o r by n a tu ra l selection if such exten sion  of a ctiv ity  is 
d isad van tageo u s. B u t it will be the n orm al tendency. 
Thus, w here the em bryo is sh eltered  by an eggshell o r  
u teru s, its form  has v e ry  little  su rv iv al valu e, and the  
tim e of action  of genes orig in ally  activ e  only in the adult 
will tend to extend p ro g ressiv e ly  back into the life cycle. 
W h a te v e r be the em bryonic fo rm  a t an y  stag e , th ere  will 
in g en eral be an ad v an tag e  in keeping to the n orm al 
schedule of developm ent, and thus a d isad v an tag e  in the  
incom plete dom inance which, on G old sch m id t’s th eory , 
all h etero zy g o tes m ust show in th e ir  e a rly  stag es.

W e thus have a sound exp lan atio n , in term s of m u ta ­
tion  and n a tu ra l selection, fo r  the phenom ena of tach y- 
genesis and recap itu latio n . G enes will a t first com e into  
actio n  ra th e r  late , but g ra d u a lly  exten d  th eir sphere of  
actio n  in tim e, and on the whole the genes responsible fo r  
the p hylogen etically  old er c h a ra c te rs  of the adult will 
com e into action  earliest. B u t these phenom ena a re  of
cou rse fa r  less likelv to o ccu r w here th ere  is an unshel-*

te red  la rv a  in which form  and fu n ction  h ave stro n g  su r­
vival values. W e  need not be su rp rised , fo r exam p le, 
th at limb buds ap p e a r a t an e a rlie r  s tag e  in the develop­
m ent of the body as a  whole in A m n io ta  than  in A m ­
phibia.
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S im ilar arg u m en ts hold good con cernin g neoteny. 
Genes which origin ally  determ ined tem p o rary  em bryonic  
or larv al c h a ra cte rs  will tend to extend th eir action  fo r­
w ard  into adult life. The p reserv atio n  in the adult of the 
em bryonic cran ia l flexure, which has been an orthoge- 
netic trend in the evolution of the P rim a te s , culm inating  
in the hum an head, has not only been of ad v an tag e  to the 
adults when they become clim bers and la te r  bipeds, be­
sides p erm ittin g  h yp ertro p h y of the neopallium . I t  has  
also been a resu lt of m utation p ressu re  by the genes re ­
sponsible fo r cran ia l flexure in the fo e tu s ; and if F is h e r  
is righ t, it has been encouraged  by th eir tendency to 
develop a “ fa c to r  of s a fe ty ”  p ro tectin g  them  again st  
m u tan t genes which would otherw ise have been d an g er­
ous in the heterozygous condition.

W e can thus resta te , in m odern term inology, TVeiss- 
m a n n ’s th eory  of the “ K am p f der T h e ile .”  E v e ry  gene 
tends to in crease its activ ity , and the p rocess continues  
until n atu ral selection or the increased activ ity  of other 
genes puts a stop to it. The p rocess is extrem ely  slow, 
sim ply because m utation is ra th e r infrequent, but it will 
accoun t fo r otherw ise obscure orth ogen etic tendencies.

A n oth er tendency quite sim ilar to th at pointed out by 
F is h e r  is as follows. I f  a zygote contains fo u r genes of 
a kind instead of two, the possibilities of h arm fu l m u ta­
tion are  reduced. Thus S tad ler (1929 ) found it much  
h ard er to produce m utations by x -ra y s  in polyploid than  
diploid cereals. D uplication affectin g  only a few genes  
would con fer a relatively  slight ad van tage. B u t duplica­
tion of a larg e  section, polysom y of a whole chrom osom e, 
or polyploidy, m ight confer a considerable ad v an tag e , 
provided it caused neither unbalance n or s terility . 
W h eth er this ad van tage is sufficient to be of evolu tion ary  
im p ortan ce is not clear, but the possibility exists . In  any  
case such an evolutionary step, on w h atever grounds the 
new type m ay survive, leaves such of the doubled genes 
as a re  fully dom inant a t the m ercy  of m u tation , provided  
m eiosis is so reg u lar th at each chrom osom al locus finds 
a definite m ate. F o r  recessive genes will only be elimi-
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n ated  if recessive  m u tation s o ccu r both in the o rig in al  
locus and the d up lication , and all fo u r of the recessiv e  
genes occu r in one zygote . 'While the d up lication  o r  
polyploidy m ay be p re se rv e d  because it p ro tects  a g a in st  
m u tation s in som e th ousands of loci a t  once, the single  
genes will tend to d isa p p e a r one a t  a tim e because th ey  
only p ro te c t one locus ap iece. T h e final resu lt will be 
th a t m ost of the genes will re tu rn  to the diploid condi­
tion, but th eir sp a tia l re la tio n s will h ave been g re a tly  
altered . The p ro cess  is th e re fo re  p rob ab ly  cyclical.

W e  now com e to a gro u p  of seco n d ary  effects con­
nected w ith the cy to lo g y  of sex. C on sid er an organ ism  
such as the bee, in which the m ale is haploid. R ecessive  
leth al and sem i-lethal gene m u tation s p resu m ab ly  occu r, 
and kill off a ce rta in  num ber of m ales. B u t they can  
n ever kill a fem ale (o r  diploid n eu ter) unless th ey a re  
sex-lim ited  in th eir incidence. A s th ere  ap p ears  to be an  
excess of drones o v er the m inim um  num ber needed, such  
lethal m u tation s, p rovid ed  th ey a re  fully recessive , a re  
of no d isad v an tag e , and indeed of som e slight ad v an tag e , 
to the species. I f , on the o th er hand, the m ale w ere  
diploid and the fem ale haploid , leth als w ould dim inish  
the num ber of fem ales, and thus be d isad v an tag eo u s. 
T h ere  m ay well be sound p hysiological reason s why h ap ­
loid anim als a re  n ever fem ale, but the above arg u m en t  
fu rn ish es an ad d ition al reaso n  fo r  th is fa c t.

T h e sam e arg u m en t ap plies, w ith less fo rce , to sex- 
linked genes in g en eral. W h en  once the m a jo rity  of the  
genes in the Y  chrom osom e h ave becom e in activ e , re ce s­
sive lethal m u tation s in the X  chrom osom e will only kill 
off m ales. So in an y species w here m ore m ales ex ist th an  
a re  needed to secu re the fertiliza tio n  of all fem ales, it is 
ad van tageo u s th at the m ale should be the h e tero g am etic  
sex. W e  should th e re fo re  exp ect to find fem ale h etero -  
gam etism  m ainly developed in grou p s w here m onogam y  
is the rule. In  such a  case  the killing off of m ales would  
have as  serious an effect on fe rtility  as the killing off of  
fem ales. A ctu ally  m onogam y is the usual condition  in 
birds, and in L ep id o p tera  it is ra th e r  uncom m on fo r one
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m ale to fertilize  several fem ales. T hese a re , of cou rse, 
the two p rin cip al grou p s in which the fem ale is h etero- 
gam etic.

In a species w here the m ale is h etero g am etic  and m ales  
a re  produced in excess, there will clearly  be a sm all ad ­
v an tag e  in an v  rearran g em en t of the genes bv which  
those th a t frequ en tly  give rise to lethal m u tation s com e 
to lie in the X  chrom osom e. Such unstable genes will 
then only kill m ales. Owing to the g r e a te r  ease of de­
tectin g  sex-linked lethals, as com p ared  w ith au tosom al 
lethals, the evidence from  D ro sop h ila  which a t first sight 
suggests the tru th  of this deduction is of cou rse w orth ­
less. B u t the hum an evidence points in this d irection . 
Sex-linked recessives, such as haem ophilia and L e b e r 's  
disease, which would be sem i-lethal in a s ta te  of n atu re, 
a re  fa irly  comm on. I f  loci giving lethal m u tan ts w ere  
equally comm on in all chrom osom es such defects should  
only be about one tw en ty-th ird  as frequ en t as au tosom al 
recessives recognizable by th eir causing congenital ab­
n orm alities in several m em bers of a fam ily. T his is 
alm ost certa in ly  not the case. A nd the fa c t is not su r­
p risin g. In  a stage of social evolution w here a num ber 
of young m ales can get no m ates and m ay be a nuisance  
to the herd, a few sex-linked lethals m ay be a positive  
ad v an tage to the species, as is the presence of genes con­
ducing to can cer, which kills off superfluous old men and  
women, a t the p resent day.

A  probably still m ore im p ortan t influence on gene  
arran g em en t is the tendency d iscovered  by M uller (1 9 3 0 )  
fo r in tern al balance to develop in the X  chrom osom e, 
thus m inim izing the differences between X X  and X Y  in­
dividuals. T his tendency m ust be a t w ork in all zygotes  
of a t  least one sex, while the fo rm er is only o p erativ e  in 
those c a rry in g  a lethal or sem i-lethal gene. T he ten ­
dency to balance m ay, how ever, be reg ard ed  as a secon ­
d a ry  effect of the accum ulation of recessive lethals in the 
Y  chrom osom e. Indeed this accum ulation  can  only p ro ­
ceed as the X  develops in tern al balance.
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I t  is n otew orth y  th at the zygote of h igh er p lan ts is to 
a la rg e  ex ten t au to m atica lly  p ro tected  a g a in st lethals by  
the fa c t th at m any genes a re  activ e  in the m ale gam eto-  
p hyte. T he m a jo rity  of the zy g o tic  lethals known in 
p lan ts kill by su p p ressin g  the fo rm atio n  of chlorophyll, 
which is of cou rse irre le v a n t to the gam etop h yte. T h ose  
which in te rfe re  w ith o th er fu n d am en tal cell fu n ction s  
will u su ally  kill pollen tubes, and n ever a tta in  hom ozy­
g o sity  in a zygote. M oreover, they will rap id ly be elim i­
n ated , even in the h eterozygou s condition , the num ber 
being halved in each  g en eratio n . In  so f a r  as this is tru e  
we m ay exp ect th a t re cu rre n t leth al m u tation  h as been 
less im p o rtan t as a fa c to r  in the evolution of h igher 
p lan ts than  of an im als. C erta in ly  th ere  is ra th e r  little  
evidence fo r tach y gen esis  in p lan t evolution or re ca p itu ­
lation  in p lant developm ent.

I t  m ust a t once be ad m itted  th a t m uch of this p ap er is 
fran k ly  sp ecu lative, and th a t som e of the speculation s  
m ay  p rove grou n d less. A s W rig h t (1 9 2 9 ) h as pointed  
out. the effects of re c u rre n t m u tation  a re  a t best e x ­
trem ely  slow. M any of them  m ay p rove as u n im p o rtan t  
in o rg an ic  evolution as the tides ra ised  by the p lanets on 
the sun have been in cosm ic evolution. O th ers m ay tu rn  
out to have had as m arked  effects as have the tides in the 
evolution of the earth -m o on  system . Only carefu l and  
q u an tita tiv e  w ork will decide. Such effects, if th ey ex ist  
on a sufficient scale, will exp lain  ce rta in  o rth o g en etic  
phenom ena which have seem ed to dem and a  v ita l u rge, 
racia l m em ory, and so on. B u t ju st because the th eories  
here put fo rw ard  a re  in som e d egree in tellectu ally  s a tis ­
fying, it is im p o rtan t th a t th ey should not be accep ted  
w ithout strin g en t exam in ation .

S ummary

R ecu rren t m utations not only provide the m ateria l fo r  
selection to act upon. T h ey m ay give rise to p rim a ry  and  
seco n d ary  effects, the fo rm er due to the accum ulation  of 
m u tan t genes, the la tte r  to the selective value of condi­
tions which p rotect the organ ism  ag ain st lethal genes.
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A m ong the phenom ena which can  be accoun ted  fo r by 
these phenom ena are  the d isap p earan ce  of useless  
org an s, recap itu lation  and the fa c t th at the h etero-  
gam etic sex is usually m ale.
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T H E  R A T E  OF SPONTANEOUS MUTATION 
OF A HUMAN GENE.

B y  J .  B . S. H A L D A N E .

S a t i s f a c t o r y  d ata  on rates of spontaneous m utation exist for Zea  and  
D rosophila, but not for verteb rates. H ow ever, such d ata  m ay be d eter­
mined for m an by indirect m ethods. Clearly the rate  a t which new  
autosom al genes recessive to  the norm al type appear can only be accu - 
ra tc lv  estim ated where either inbreeding or verv  extensive back-crossing* v
to recessives is possible. B u t under ordinary conditions new dom inants  
or sex-linked recessives can be detected more readily.

The sex-linked recessive condition haemophilia has been known for 
over a centu ry . Since only a small m inority of haem ophilics live long 
enough to breed, and (as will be seen) over one-third of all haem ophilia 
genes in new-born babies are in the X -chrom osom e of m ales, the con ­
dition would rapidly disappear unless new haem ophilia genes arose by  
m u tation . The only alternatives would be th at heterozygous females 
were more fertile th an  norm al, or th a t in their meiosis the norm al allelo­
m orph of haemophilia was preferentially extruded into a polar body. 
N either of these altern atives seems likely.

I t  is, m oreover, certain  th a t new haemophilia genes som etim es arise by  
m u tation . In the Gross fam ily investigated by C. V. Green (D aven p ort, 
1930) a wom an (I I I , 7) had two haemophilic sons with norm al colour 
vision, and two colour-blind sons with norm al blood, besides a d aughter  
who tran sm itted  haemophilia to two sons. The m other therefore carried  
the gene for colour blindness in one X -chrom osom e and th a t for haem o­
philia in the other. As she had a colour-blind broth er, m aternal uncle 
and m aternal au nt, but no haemophilic relatives, she m ust have received  
the X -chrom osom e carrying colour blindness from  her m other, and th a t  
carrying haem ophilia from her father. B u t her fath er was tested  for 
haem ophilia, and found to be norm al. (Through error in D aven p ort’s 
paper he is referred to as II , 3 in the pedigree, as I I , 6 in the te x t .)  
H ence a m utation  m ust have occurred in the X -ch rom osom e received  
from  the father. D avenport suggests th a t it occurred in th e ov ary  of 
I I I , 7. B u t as all her sons were colour blind or haem ophilic it seems 
more likely th a t it occurred in the testis of her fath er, or during her 
early em bryonic life.

J o u r n .  of  Genetics  x x x i  21
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G ettings' case (F ig . 603  in Bulloch  and Fild es, 1912) is also good  
evidence for m u tatio n . A w om an had one n orm al and five haem ophilic sons. 
H er fath er and m atern al gran d fath er were norm al. She had three norm al 
broth ers and th ree norm al sisters who bore norm al sons. H er m oth er's  
b ro th ersan d  the m ale descendants of her m o th er’s sisters w erealso norm al. 
H ence her haem ophilia gene probably, although not certain ly , arose by  
m u tatio n . There are a num ber of sim ilar cases in the literatu re .

W e now assum e, and will la ter a tte m p t to show, th a t  m ost large  
hum an populations are in ap p ro xim ate  equilibrium  as regards h aem o­
philia, selection being balanced by m u tation .

If  x  be the p roportion  of haem ophilic m ales in th e population, and  
f  th eir effective fertility , th a t  is to  say  th eir ch an ce, com p ared  with a 
norm al m ale, of producing offspring, then in a large population of 2X , 
(1 —f ) x N  haem ophilia genes are effectively wiped out per gen eration . 
The sam e num ber m ust be replaced by m u tation . B u t as each  of the  
N  fem ales has tw o X -ch ro m o so m es per cell, and each  of the N  m ales 
one, the m ean  m u tatio n  ra te  per X -ch ro m o so m e per generation  is 
J  (1 —/ )  x, or if /  is sm all, a little less th an  -\x. H ence we have only to  
determ ine the frequency of haem ophilia in m ales to  arrive a t  the ap p ro x i­
m ate m u tatio n  ra te .

This simple calculation  is confirm ed, and som e oth er d a ta  arrived  a t ,
b y  a m ore form al tre a tm e n t. L e t h  represent the gene for haem ophilia,
H  its norm al allelom orph, so th a t men are H  or h , w om en H H , H h  or
possibly h h . H om ozygous haem ophilic w om en are certa in ly  v ery  rare ,
and m av  not ex ist.«/

L e t eggs be form ed in the ra tio  1 H : x h , and sperm atozoa in the  
ra tio  1 H : y h . Then if m atin g is a t  ran d om  the zygotes are form ed in 
th e  proportions 1 H H  : (x +  y) H b  : xy  h b  2, and l H r z b ^ .  Inbreeding  
on the scale found in hum an populations would only serve to  increase  
th e  p rop ortion  of h b  fem ales, which is in an y  case negligible, x  and y 
are clearly  sm all num bers.

L e t /  be the relative effective fertility  of haem ophilic m ales, f '  th a t  
of haem ophilic fem ales. /  m eans th e num ber of children u ltim ately  be­
g o tten  b y  1000  haem ophilic m ales, divided by the num ber b egotten  by  
1000 norm al m ales. As m an y haem ophilics die young and others do not 
m arry , this num ber is a sm all fraction . P earso n  pointed ou t to  B ulloch  
and Fildes (1912) th a t  the m arriage ra te  of m ale bleeders is 9-6 per ce n t., 
th a t  of fem ales in the sam e fam ilies being 36-8  per cen t. F u rth e r , a  
larger p roportion  of such m ales th an  of n orm al m ales p resum ably die 
while th eir wives are still p oten tially  fertile.

318 T h e  R a te  o f  S p o n t a n e o u s  M u ta tio n  o f  a  H u m a n  G en e
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So we m ay tak e / a s  0*25 or less, though probably exceeding 0*1. 
I t  is likely th at several allelom orphs of haem ophilia exist. In  H a y ’s case  
(408  of Bulloch and Fild es’ collection) only four out of tw enty-on e  
affected m ales died of the disease, and four begot children. This fam ily  
has now ap parently  been lost sight of, or haem ophilia has died out in it. 
H o wever. an oth er fam ily in the U nited S tates, the M olyneux of P en n ­
sylvania. exhibits the sam e phenom enon. Green (D aven p ort, 1930) in­
vestigated  branches of it, including nineteen haem opliilics, besides other  
haem ophilic families. D r Green writes of one of th em : “ His does not 
seem  to be a  very severe case of haem ophilia, but it is by far the m ost 
severe of an y  of the M olyneux.” In the case of others haem ophilia was 
not discovered until the age of five or ten  years. Several of the boys play  
football, though suffering abnorm allv from  bruises. There is no doubt 
th a t the ch aracter is a sex-linked recessive. As it has preserved its dis­
tin ctive  ch aracter of mildness in a num ber of different families, it cannot 
be due to the ordinary haemophilia gene along with modifiers in oth er  
chrom osom es. There is strong reason to suspect th a t we are dealing with  
a distinct gene. If it is not allelom orphic with the ordinary gene we have  
the surprising, but not impossible, situation of two genes with very  
sim ilar effects in the sam e one out of tw enty-four chrom osom es. I t  seems 
m ore likely th a t we are dealing with a relatively harm less allelom orph.

W hereas the norm al allelomorph is a t best very dangerous, there is 
no recorded death, from  haemophilia am ong G reen’s nineteen cases, and  
m anv have m arried and begotten children. Clearlv the effective fertilitv  
of these “ m inor haem opliilics’’ is not greatly  depressed, a n d /p r o b a b ly  
exceeds 4 . If the two allelomorphs arose by m u tation  with equal fre­
quency, the milder form  would clearlv be much more frequent. W e  
therefore conclude th a t m utation to the m ajor form  is m ore frequent. 
This is quite in keeping with w hat is known elsewhere. In  D rosophila  
m utations of the eye-colour to white are more frequent th an  to  all its  
allelom orphs (eosin, ap ricot, etc.) together.

The value o f / '  for h h  females is conjectural. Perhaps no such female 
has ever been observed. I t  m ay be t h a t / '  =  0, the condition being lethal, 
as D aven p ort suggests, or th a t / '  =  1, the disease being sex-lim ited as well 
as sex-linked. H ow ever, the value o f / '  does not affect our calculations.

In  their to ta l of reliable families containing haem ophilics, B ulloch  
and Fildes found a large excess of males over females and of haem ophilic  
over norm al m ales. In the forty  pedigrees collected in the first p art of 
their Table I I , which th ey  regard as the m ost sa tisfactory , there are  
189 sibships containing 406 male bleeders, two doubtful m ales, 236 norm al

21-2
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m ales, 464  fem ales, and fifty-six whose sex is not s ta ted . E leven  of the  
fem ales were said to  be bleeders. Now no fam ily is included unless it 
con tain s a t  least one bleeder. The above to ta l therefore does not give a 
fair sam ple of the progeny of heterozygous m others, but it does give us 
th e sibs of all the haem ophilia m ales in these pedigrees, provided th a t  
we su b tra ct one m ale haem ophilic from  each  fam ily, th a t is to  say 189  
from  the to ta l. W e th en  net 217 bleeders, tw o doubtful, and 236  norm al 
am ong the m ales, and 455  m ales, fiftv-six  doubtful, and 464 fem ales for 
th e  sex  d istrib ution . B o th  are very  sa tisfa cto ry  ap p ro xim atio n s to  
eq u ality , and th ere is no reason w h atever to  doubt th a t segregation , both  
as regards sex and haem ophilia, is p erfectly  norm al. H ogben (1 9 3 1 ), using 
different d a ta  and m ethods, found 28-5 per cen t, of haem ophilics in th e  
progeny of haem ophilic fem ales, or quite a sm all d eviation  from  th e  
exp ected  25*5 per cen t.

Bulloch and Fildes also find a ra th e r high fertilitv  am ong the m others  
of haem ophilics. In  a group of fo rty  pedigrees which th ey  regard  as th eir  
m ost reliable, tliev  find th a t the average size of a fam ilv con tain in g a t  
least one haem ophilic m ale is 6-1. This large size is p artly  an expression  
of bias in selection. F o r  suppose we h ave in a population ti heterozygous  
women who have had families of 5 children. The ch an ce th a t  an y  p a r­
ticu lar child is haem ophilic is ap p ro xim ately  J .  So th e  ch an ce th a t  a  
fam ily of size s will con tain  no haem ophilic m em ber is 1 — He nc e  
th e  num ber of such families actu ally  recorded  will be n' =  n [1 — (£-)s]. 
H en ce when in a collection of fam ilies we find n' of size s con tain in g

n's children, these represent
n

- fam ilies from  H h  m others, con-7

taining

Table I I ,  p a rt i) includes seven fam ilies of one child and tw en ty -tw o  
of tw o children. These figures should be raised  to  tw en ty -eigh t and 50-386  
resp ectively . A pplying the correction  we find th a t  th e average fertility  of 
H h  women in Bulloch and F ild es’ d a ta  is reduced from  th eir figure of 
6-1 to  5*0. This figure is still ra th e r high, b ut a glance a t the T enna  
and H am pel pedigrees shows th a t  th e hom ozygous w om en in th em  were 
also very  fertile.

In  a sam ple of th e collected haem ophilia pedigrees m uch m ore th an  
half of those sisters of haem ophilics who are recorded as h avin g had  
sons had a t  least one haem ophilic son. I do not regard  this as significant. 
F o r  a pedigree generally begins w ith a  fairly  young m ale. I t  is th en  
discovered th a t he had haem ophilic uncles and cousins. H ence th e  uncles

r
children. F o r  exam p le B ulloch  and Fild es collection  (in
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in the pedigree are assured of a t least one heterozygous sister. Also the  
progeny of haemophilics* sisters are likely to  be included in the pedigree 
if th ey  include haem ophilic sons, but not otherw ise. U n til fu rth er d a ta  
are available it seems best to  assum e th a t haem ophilia obeys the sam e 
laws as the large m ajo rity  of sex-linked ch aracters  in oth er anim als.

L e t fj. be the frequency of m utation of the norm al allelom orph H  to  
the abnorm al h. per generation in women, v  in men. T h at is to say  f x  is 
the probability of finding, in an v  p articu lar gam ete of a w om an, an  
X -chroinosonie now carrvinsr h . although it carried  H  when she was• / O '  O
conceived, and sim ilarly with v .

Then the effective breeding population is in the proportions

1 H H  : (x +  y) H h  : f ' x y  h it 2, and l H : f x h .

So ap art from  m u tation  th ey  would produce eggs in the ratio  1 H  : x r h ,
x-\-  y x i f

and sperm atozoa in the ratio  1 H  : i j  h , where x' =  - =  1 (x -ty )

very  nearly, and y' =  fx .
As a result of m u tation  these numbers m ust be equal to x  and y 

respectively . H ence x  =  \ (x +  y) +  fx. y = fx  +  v. So

2 i x  +  v  2 / u  +  v

and the mean m u tation  rate  is J  (2/x +  i/) =  J- (1 —/ )  x  as found above. 
Before attem p tin g  to  assess x, a few other calculations m ay be m ade.

The ratio  of heterozygous females to  haem ophilic males is 1 +  ,

a q u an tity  lying between 1 + /  and 2. This is the ratio  a t  b irth . In the  
actu al population, owing to the high d eath -rate  of the haem ophilics, 
there m ay well be over tw ice as m any heterozygotes as haem ophilics.

In a population of N  females and N  males a t  fertilisation there are

3 N  A -chrom osom es, of which a to ta l ^  ca rry  h . The

num ber of new h  genes arising by m u tation  is (2 (x +  v) N , and the sam e  
num ber m ust die out, in a statio n ary  population. H ence in such a popu­
lation the m ean life of a haemophilic gene in generations is

{± + 2£ijx+_Zy  3 2 fx
( l - f ) ( 2 fx  +  v y  l - f  2 f x  +  v ‘

The first term  certain ly  exceeds 3 and is probably less th an  4 ;  th e  
second lies between 0 and 1, and is equal to f  if f x  =  v .  H ence the m ean  
life of a haem ophilia gene in a statio n ary  population, i.e . the num ber of
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individuals in w hom  it appears, lies betw een tw o and four gen erations, 
and is p rob ab ly  ab ou t th ree. In  these calcu lation s we neglect genes which  
only affect a single cell or a group of cells, and do not determ ine th e  
genotype of an  individual. In  a phase of rapid population grow th , such  
as is now closing in W estern  E u rop e and N orth  A m erica , th e m ean life 
is m uch longer. Thus if a population increases b y 50  per cen t, in each  
gen eration , th e fact th a t  one-third  of the h  genes are d estroyed  in each  
gen eration  does not diminish the num ber of ‘‘ o ld '’ h  genes.

If th e ab ove analysis is co rrect the num ber of sporadic cases of 
haem ophilia m u st be far larger th an  a s tu d y  of pedigrees would suggest. 
This m ay  well be the case, since it is unlikely th a t  pedigrees con tain in g  
single isolated cases would be published. Of all cases of haem ophilia a

fraction  - ^ should be sons of hom ozv^ous m others and whollv

isolated. A  fu rth er fraction  —— s houl d be sons of heterozvgous

m others who had arisen b y m u tation , and should th erefore have no 
haem ophilic relatives excep t b roth ers, and o th er d escendants of th eir  
m others. A n ad equ ate survey of a whole population for haem ophilia  
would allow of a verification or disproof of these predictions, and an  
estim ate of the difference, if an v , of m u tation  ra te  in th e tw o sexes. 
The figures quoted above are all derived from  a stu d y  of large pedigrees, 
so the proportion of haem ophilic m ales w as only slightly below a half.

W e m ust now a tte m p t to  determ ine x, th e fractio n  of all m ales born  
who develop haem ophilia. No really  sa tisfacto ry  d a ta  ex ist. B u lloch  
and Fildes found only tw o haem ophilics ou t of 1 3 7 ,6 7 6  con secu tive  
adm issions to  the London H ospital (sex  ra tio  n ot given). On th e  
oth er hand M anson (1928) found th ree cases am ong 2 5 ,5 0 0  con secu tive  
exam ined English  recru its during th e w ar.

D r Ju lia  B ell has records of th irty -fo u r certa in  and seven doubtful 
cases a t  present living in G reater L on d on , supplied b y seven L on don  
hospitals. I  find it difficult to  suppose th a t  this num ber represents as  
m uch as half the living cases in G reater L on d on , or less th an  on e-ten th . 
The num ber of cases am ong the four million or so m ales of L on d on  would
th u s be 7 0 -3 5 0 . If the exp ectatio n  of life in haem ophilics were n orm al, 
these num bers would p robably be a t  least doubled. So a  rough estim ate  
of the proportion  of haem ophilics am ong m ale births in L ondon is 3 5 -1 7 5  
per million. Thus x  quite certain ly  exceeds 1 0 -5 , and prob ab ly lies b e­
tw een 0 -00004  and 0 -00017 . The population of London is draw n from  
m an y different areas, and this figure is likely to  give a  fairer idea of th e
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frequency in England as a whole than would a figure based on a sim ilar 
population in northern  England.

Now 1 —/  is a t  least 0-75 and probably larger. The m u tation  ra te , 
3 (1 —/ )  x, is therefore certainly  greater th an  1 in -100,000. probably hung  
between 1 in 100 ,000  and 1 in 20 ,000 . W e m ay tak e 1 in 5 0 ,0 0 0  as a 
plausible figure.

This estim ate is very little affected by the value of / ,  provided this 
lies between 0 and .V, which is undoubtedlv tru e. It has been assum ed  
th a t the population is in ap p roxim ate equilibrium . L e t us suppose th a t  
this is not the case, but th a t / ,  /x and v are con stan t. L e t xn be the value

of x  in the nth generation, and let xn =  zn -f —y . Then
J

X n +  2  -  i * n + l  ~  U X n +  J  V.

W hence 2n+2 -  i  “  U = n  =  0, Z n = <*A" + b t < n ,

where A = i  ( l  +  x/ 8 f+  1), *  =  }  (1 -  V 8 f + 1),

and a  and b are con stan ts determ ined by the earlier s ta te  of the popu­
lation. A fter a few generations the second term  becomes negligible, and

x n

2/X -I- V

~ ^ 7
+ aA”.

A lies between 0-5 f o r / = 0  and 0-683 fo r/ =  0-25. So an y  departures  
from  equilibrium diminish in geom etric progression. H ow  rapidly th ey  
do so m ay be seen by exam ining the hypothesis th a t all existing haem o- 
philics are derived from haemophilics or heterozvgotes in an earlier 
population, and th a t m utation does not occur. In th a t case the frequency  
of haemophilia th irty  generations ago, i f / =  0-25, the least favourable  
hypothesis for the m utation theory, would have been 100 ,000  tim es as 
great as a t present, in other words all Englishm en a t the tim e of the  
N orm an conquest would have been haem ophilics!

H ence the existing population m ust be close to  equilibrium unless 
the m u tation  rate  has recently changed. If this is so our estim ate lies 
between the present value and the value a few generations ago. The 
only altern atives to  accepting a m utation  ra te  of the order calcu lated

2
seem to  be the postulation of a fertility in heterozygous fem ales of j—j-^.,

or over 1*6 tim es the norm al, or a correspondingly great ab n orm ality  in 
their segregation. B u t in the male sex segregation is entirely norm al. 
So if the females are more likely to  receive a haem ophilic th an  a norm al 
gene, while m ales are not, we must assume selective fertilisation. Unless
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som e such unjustifiable assum ption is m ade, it m ust be accep ted  th a t  
the m u tation  rate  is of the order of m agnitude here given.

D iscussion*.

The figure arrived a t, of ab ou t one spontaneous m u tation  in ab ou t
5 0 .0 0 0  life cycles, is within the lim its found for o th er organism s. Thus in
Zita S tad ler (1932) found rates from  ju st over 1 per 1000 to less th an
1 per 1 ,0 0 0 .0 0 0  for seven colour genes. In D rosoph ila  m elanoyaster  Muller
(1928) found a rate  of nearly 1 in 100 for the ap p earan ce of lethal genes
a t  a p articu lar locus in the second chrom osom e. These, how ever, m ay
have been deficiencies, as th ev  occurred  n ear the end of an  inversion in*

a balanced lethal stock . On the o th er hand P a tte rso n  and Muller (1930) 
estim ate the ra te  of m u tation  a t the white locus as 1 in 4 0 0 ,0 0 0  to  w hite, 
and 1 in 6 0 0 ,0 0 0  to o th er allelom orphs. A  few oth er loci showed a ra te  
of the sam e order. These rates can  be increased ab ou t 100 tim es by  
X -ra y s .

Thus expressed in frequency per life cycle the ra te  of m u tatio n  a t  
the haem ophilia locus is higher th an  an y  w ell-au th en ticated  m u tation  
ra te  in D rosophila. The sam e is p rob ab ly tru e  if we consider frequency  
per cell generation, since the num ber per life cycle in m an is only ab ou t 
tw ice th a t  in D rosophila. On the oth er hand the ra te  per y ear is v ery  
m uch larger in D rosophila  th an  in m an. T ak ing the m ean lengths of a  
generation  as 14 d ays and 30 years, the hum an m u tatio n  ra te  corresponds  
to  a  ra te  of 1 in 4 0 ,0 0 0 ,0 0 0  per D rosophila  gen eration, and less if spon­
taneous m u tation  ra te  is a function of tem p eratu re . A  gene appearing  
with this ra te , if obvious in its m an ifestation , would p rob ab ly  have been  
d etected  once or tw ice if sex-linked, and n ot a t  all if au tosom al.

P en rose’s (1934) d a ta  on epiloia, a rare hum an au tosom al dom in an t 
which does not often survive for m ore th an  tw o or th ree generations  
before it is extinguished bv selection, suggest a m u tatio n  ra te  of th e sam e  
order of m agnitude as th a t here found for haem opliilia.

B ulloch  and Fild es, from  a survey of the literatu re , th in k  th a t  h aem o­
philia is a good deal com m oner in n orth ern  th an  southern  E u ro p e. The  
d ata  collected by K om ai (1934) show th a t  it is n ot v ery  rare  in Ja p a n .  
If differences exist th ey  are alm ost certa in ly  due to  differences in th e  
m u tation  ra te  ra th e r th an  the effective fertility . These in tu rn  m ay  be 
due to  genetical or environm ental differences betw een th e  peoples con ­
cerned. I t  is clear th a t  this question, like th a t  of th e  e x a c t  value of th e  
m u tation  ra te , can  only be solved when an  ad eq u ate biological su rvey  
of several hum an populations of a million or m ore h ave been m ade.

324 The Bate o f S-pontancous Mutation o f a Human Gene
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Sim ilar calculations m av be made for other rare lethal or sublethal 
hum an abnorm alities. H aldane (1027) showed th a t for a rare  dom inant 
or an autosom al recessive of frequency x  the m u tation  rate  required to  
preserve equilibrium in a random  m ating population is ( 1 —/ )  x. This is 
equally true for an y  other m ating system . F o r  in a population of -\ , 
2~\ ( 1 — f ) x  abnorm al recessive genes are elim inated by selection in 
each generation, and the same num ber m ust be furnished anew by m u ta­
tion. Tliis argum ent is unassailable for dom inants or sex-linked re- 
cessives, but m ust be applied with great care to autosom al recessives. 
F o r  if a recessive ch aracter has a frequency of 1 per 1 .0 0 0 ,000 , then in 
a random  m ating population there are 2000  heterozygotes per 1 .0 0 0 ,0 0 0 . 
If the gene is lethal, an increased effective fertility  of 0*05 per cen t, in 
th e heterozygotes would be enough to cou n teract the selection of the 
hom ozygotes. It is quite possible th at heterozygosis for am au rotic idiocy  
m ay  decrease the intelligence quotient by 1 per cent. This would probably  
cause an increased fertility  under existing social conditions.

M oreover, in the case of autosom al recessives, after an y disturbance, 
such as m ight be produced by a change in the am ount of inbreeding or 
by several other causes, the equilibrium between selection and m u tation  
is only re-established with extrem e slowness, whereas in oth er cases the  
process is very  rapid. H ence the frequency of occurrence of lethal and  
sublethal recessive abnorm alities does not do more than suggest the  
order of m agnitude of the m utation rates of the genes concerned.

Besides haem ophilia and epiloia a num ber of other sublethal dom i­
nant or sex-linked conditions are known. Thus cleidocranial dysostosis, 
neuro-fibrom atosis, and blue sclerotics associated with bone fragility are  
dom inants, while anidrotic ectoderm al dysplasia can  be a  sex-linked  
recessive, or sex-linked with occasional dom inance in fem ales. These 
diseases are not very  uncom m on, and Cockayne (1933) points out 
th a t  neurofibrom atosis often arises bv m utation , while his d ata  show  
th a t the effective fertility  is quite low. In these cases we m ust assum e  
a m u tation  rate  of over 1 per 1 ,000 ,000 , and the sam e is probably true  
for lethal and sublethal recessives such as the am au rotic idiocies and  
xeroderm a pigm entosum . If the above argum ents are co rrect it would 
seem  th a t, taking the generation as the unit of tim e, m an is a ra th er  
m ore m utable species th an  D rosophila.

S u m m a r y .

The rate  of m u tation  a t  which the gene for haem ophilia appears in 
the population of London is estim ated at about once in 5 0 ,0 0 0  hum an
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life cycles. There are p rob ab ly tw o d istinct allelom orphs a t  the sam e  
locus, th e  m ilder ty p e  arising less frequently  by m u tatio n  th an  th e  
severe ty p e .

I have to  th an k  D r Ju lia  Bell and D r C. V. Green for m ost generously  
placing a t  m y disposal d a ta  collected on behalf of th e M edical R esearch  
Council and th e  R esearch  Com m ittee of the A m erican M edical A ssocia­
tion .
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THE E F F E C T  OF VARIATION ON FITN ESS

DR. J . B. S. HALDANE 
J oiik I n n es  H orticultural I nstitution

T h e r e  is good reason to believe, with Darwin, that 
natural selection has played a very important part in 
evolution. The great interest of the evolutionary process 
has tended to divert attention from the action of natural 
selection in stabilizing species in their existing monomor- 
phic or polymorphic facies. Yet this latter phenomenon is 
easily observable.

On the other hand, the evolutionary process is exceed­
ingly slow. Forms usually change little in 100,000 years. 
Now Haldane (1924) showed that a dominant character 
causing an increase of 0.1 per cent, in the fitness of its 
carriers would increase from a frequency of .001 per cent, 
to one of 99 per cent, in a random mating population in 
23,400 generations, and somewhat more rapidly in an 
inbred population; in fact, on a geological time scale, al­
most explosively. But a difference of fitness of this 
magnitude could not be detected. In order that an ob­
served viability difference of 0.1 per cent, should exceed 
twice its standard error, we should have to observe at 
least sixteen million individuals. To detect so small a dif­
ference in fertility we should have to count their piogeny.

It may be possible to observe evolution by natural selec­
tion in a species which is adapting itself to a new environ­
ment. In other cases we can very rarely hope to notice 
evolutionarv changes within a human lifetime. From the 
standpoint of an individual human observer species may be 
regarded as almost in equilibrium. Our only reason to
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hope fo r observable evolution is that owing to glaciation , 
ag ricu ltu re , fishing and industry, the balance of n atu re  
has recently  been upset in a m anner probably without 
precedent in our p la n e t’s h is to ry ; and hence on the D a r­
winian theory  we should expect that evolution w as p ro ­
ceeding with extrem e and abnorm al speed.

H ow ever, in what follows we shall deal entirely with  
populations in equilibrium. E v e ry  species observed with 
sufficient care  has been found to include m em bers less fit 
than the av erag e  and whose lack of fitness is heritable. 
T h eir num ber in a sufficiently large population is ap p ro xi­
m ately  constant, and in spite of selection does not diminish, 
either because the genes or chrom osom al abnorm alities  
responsible fo r them are  continually being replenished  
as the result of m utation, or because they are  advantageous  
in a different com bination. W e shall here discuss the 
effect of such deleterious genes on the fitness of the 
species.

W e m ust first define fitness. This is easiest in a h er­
m aphrodite organism . W e can say that the fitness of any  
p articu lar genotype (o r group of genotypes) is half the 
m ean num ber of progeny left by an individual of that 
genotype. P ro g en y  due to self-fertilization are  counted  
twice over. C ertain  conventions are  necessary. Ob­
viously, individuals must be counted at the same stage of 
the life-cycle, e.g., at birth or m atu rity . Also when d eter­
m ining our av erage  fitness we must take arithm etic m eans 
in space, but geom etric m eans in time. Thus if two o rgan ­
ism s have 18 and 2 progeny, respectively, their mean fit­
ness is 5, not 3. And in an organism  with two generations  
per y ear, the autumn generation being 5 tim es as num erous 
as the spring population, the mean fitness of the spring  
population is 5, of the autum n population 1 5, their mean 
being unity, the geom etric m ean, not 2 .6, the arithm etic  
mean.

I f  we take the generation  as our unit of time, the 
n atu ral logarithm  of the fitness is the M althusian p a ra m ­
eter as defined by F ish e r  (1 9 3 0 ). F ish e r took the y ear
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as hi s u n it; and whore gene rat ions an* not sharply defined 
an astronom ical unit is preferable to a biological. In such 
a case the precise m athem atical theory (N orton 1928, 
H aldane 1926) is ra th er com plicated. H owever, our gen­
eral conclusions are  unaffected by the com plications.

In a bisexual organism  a correction must be made for  
the sex-ratio . And in a polym orphic population with sev­
eral exogam ous genotypes (e.g.,  a plant with trim orphic  
heterostylism ) the m atter is fu rth er com plicated. An 
exam ple of the necessary com putations is given by F ish er  
(1935) in the case of L ythnnn  SaUcaria.  However, unless 
a m utant gene or chromosomal abnorm ality affects the 
sex-ratio  no com plications of this type occur in the case  
of anim als.

It must be emphasized that high fitness of a p articu lar  
genotype as here defined does not ensure its increase, even 
in the absence of back m utation. Thus a type carry in g  an 
e x tra  chromosome fragm ent may be both more viable and 
m ore fertile than the norm al but may nevertheless tend 
to die out because the fragm ent is contributed to less than  
half the viable gam etes. Or a gene advantageous to the 
zygotes m ay be handicapped in pollen-tube competition  
with an allelomorph. However, most ch aracters are  de­
term ined by genes. And since as a result of norm al 
mendelian segregation genes do not increase or diminish 
in number in a population, increase of fitness will cause a 
spread of the gene." which determ ine it, other things being 
equal. Finally , fitness as defined above may be a function 
of tlx* m ating system in the population considered, and will 
be altered by changes in the degree either of inbreeding or 
of assortativ e  m ating, as well as by Darwinian sexual 
selection. F o r  example, the fitness of an unfit type is gen­
erally  lowered by inbreeding, because it is more likely to 
find an unfit m ate than in an outbred population.

It is clear that the mean fitness of all members of a 
species must always be very close to unity, if we average  
over any length of time. If  the fitness were 1.01 the 
population would increase 20,959 times in 1,000 genera-
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tioiis. In alm ost all species the mean fitness over 1,000  
gen eration s must v ary  from  unitv bv fa r  less than one 
per cent. But in any species some genotypes have a fitness 
less than unity, ranging to zero in the case of lethal genes 
and genes causing com plete sterility . So it is clear that 
the fitness of the standard  type* containing no deleterious  
genes must exceed unity. A  population com posed of such 
a  type would of course increase until, owing to its p ressu re  
on the m eans of subsistence, the fitness was again reduced  
to unitv.

At any gene locus in a population there are  a num ber of 
possible conditions which m ay be listed as fo llo w s:

1. E q u i l i b r i u m

a.  E q u i l i b r i u m  b e t w e e n  g e n e s  w h o se  effe ct  on f i tness is o f  th e  o r d e r  

o f  t h e i r  m u t a t i o n  r a t e s  o r  s m a l l e r .

b .  E q u i l i b r i u m  d ue  t o  g r e a t e r  f i tn ess  o f  h e t e r o z y g o t e s  t h a n  l iomo-  

z y g o t e s .

c.  E q u i l i b r i u m  d u e  to  th e  c o n s t a n t  p r o d u c t i o n  b y  m u t a t i o n  o f  g e n e s  

l o w e r i n g  f i tness  a n d  t h u s  e l i m i n a t e d  b y  s e l e c t i o n .

d.  E q u i l i b r i u m  d u e  to  e x o g a m y .

e. E q u i l i b r i u m  d ue  to  i n h o m o g e n e o u s  e n v i r o n m e n t ,  e t c .

2 .  S t a t e s  o f  C h a n g e
a .  D e c r e a s e  in f r e q u e n c y  o f  a g e n e  l o w e r i n g  f i tness .

b.  I n c r e a s e  yi  f r e q u e n c y  o f  a  g e n e  l o w e r i n g  f i tness .

T h ere will also be equilibrium due to a com bination of 
causes. E . g ., heterozygous form s such as the thrum  
prim rose which are  kept in existence by exogam y m ay also  
be p e r  sc  fitter than hom ozygotes. And equilibrium 1 (a )  
shades off into 1 (b ) and 1 (c )  im perceptibly.

Eq u ilib ria  of types a, b, d and e m ay give rise to poly­
m orphism . Type c will give a num ber of abnorm alities, 
each much ra re r  than the norm al type, but the population  
as a whole will be m onom orphic, except fo r sexuality  and 
results of equilibrium due to other causes. AYe shall now 
in vestigate equilibria due to this cause.

X ew  genes constantly  arise  by m utation. It is well 
known that most m utant types are  less fit than the norm al 
in the wild state , even if they are  m ore so in abnorm al con­
ditions such as dom estication. It is a p r io r i  obvious that 
this m ust be so. F o r  a gene with any appreciable m utation
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frequency must have appeared m any times in the past 
(except perhaps in species such as the elephants or Sequ o ia  
giganica  with very few individuals). Hence if it.produced  
an increase of fitness, it would already have spread  
through the population.

I t  is, however, hardly justifiable to describe such abnor­
mal genes as pathological in all cases, although they m ay  
be so. In the first place, they m ay lead to increased fit­
ness in a different environm ent. Thus S ax (1926) found 
that bean plants from  recessive white seeds were m ore 
fertile than their sisters from  colored seeds in good y ears, 
less so in bad years when the environment was presum ably  
m ore like that of wild plants. Secondly, several abnorm al 
genes together m ay increase fitness, as H aldane (1931) 
and W right (1931) have pointed out. If  so the standard  
or norm al type is not the fittest type in the population. 
N evertheless, the fittest type will not spread, since the 
abnorm al genes generally occur one at a time, thus low er­
ing fitness, and only rarely  all together.

I t  is at once clear that in equilibrium such abnorm al 
genes are  wiped out by natural selection at exactly  the 
same rate  as they are produced by m utation. It does not 
m atter whether the gene is lethal or almost harm less. In  
the first case, every individual carry in g  it, or if it is reces­
sive, every individual homozygous for it, is wiped out.
In the second the viabilitv or fertilitv  of Mich individuals% *

m av onlv be reduced bv one-thousandth. In either case, 
however, the loss of fitness to the species depends entirely  
on the m utation rate and not at all on the effect of the gene 
upon the fitness of the individual carry in g  it, provided this 
is large enough to keep the gene rare . This conclusion will 
be proved in detail for the four individual cases.

D ominant  A utosomal  A bnorm al  Ge n e s

Consider a normal gene which m utates to a dominant 
allelom orph with frequency p per locus per generation. 
The situation is precisely the same with regard  to a cyto- 
logical abnorm ality, such as duplication, deficiency or in-
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version, provided it low ers the fitness in the heterozygous  
condition and exhibits mendelian inheritance. I f  the 
dominant, gene low ers the fitness appreciably it will be 
ra re , like m ost human dominant abnorm alities, and hom o­
zygotes will be so ra re  as to be negligible. Let X  be the 
num ber of the population, x  the frequency of the m utant 
type and /  its fitness. /  is of course an av erag e  value and  
must be less than unity, even if the m utant gene in creases  
fitness in certain  genetic com binations or in certain  
environm ents.

Then in each generation  the number of abnorm al genes 
is increased by (2 —  j t ) m N  as the result of m utation. I t  is 
diminished by . r ( l — f ) X  as the result of selection. A s  
there is equilibrium  (2 —  x)\i X =  x(  1 —  f ) X ,  so

I  ~ 2n
1 - f U

Since m is generally  a small quantity of the ord er of 10~6 or

less, x - 2 m
1 —  f

ap p roxim ately . Thus if m — 10 6 and /  =  0,

x =  2 X  10 '*. I f  /  =  .999, J - - 2 X  10 '3. The gene rem ains  
ra re  until 1 —  /  is n early  as small as n. The loss of fitness 
to the species due to the gene is j r ( l — / ) , : 2 m-

-— ------ , or 2 m verv  a p p ro x im a te d . This is independent
1 —  /  — M
of the value of / .

W hen a species is highly inbred, even a ra re  dom inant 
will often ap p ear in the hom ozygous condition. This will 
be p articu larly  the case in a species which is predom inantly  
self-fertilized. Let us suppose that the fitnesses of the 
heterozygote and hom ozygote are  t\ and / L., respectively , 
their frequencies y  and jr, respectively . Then from  the 
conditions of equilibrium

y -  - n (i -  .v -  *) -  n »/ - i U »/
x  =  y  -  f . ,  x  -  ]  f 1 y

Hence, neglecting small quantities,

And the loss

j - = _____ tlX.______
(2 - / , ) U - A - )

of fitness to the

y - '2-f,
species is
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(1 — fs)oc, ^ which lies between p and 2 p, as is
"  ' 1

otherwise obvious. Sim ilar expressions can be obtained  
for less intense degrees of inbreeding.

S e x -l in k e d  A bn o r m a l  G e n e s

A gain let the frequency of m utation be p, the frequency  
of the gene in the population x, and the fitness in fem ales 
(supposed to be hom ogam etic as in m am m als) /„  in m ales

3
/ 3. Assum ing a sex-ratio  of equality, there are X  loci in

3
the whole population. Of the ^ Xx  abnormal genes X x  

will be in fem ales, 1 X x  in males. Hence the m utation ra te
3

(2 —  x)  p X  must be equal to the selection ra te  X  x

(1  —  2 f , - / :
V 3

Hence

X  -

The loss of fitness is

e ( 1 ^ )

3
or 3-M This is true whether the gene is dominant, recessive

or interm ediate, provided only that / ,  or f.. is large enough 
in com parison with p to keep it rare . A fuller treatm ent of 
this question has been given by Haldane (1935) in a dis­
cussion of the origin of haemophilia by m utation.

Of course the actual state  of affairs in the population  
depends on the degree of dominance of the gene. A reces­
sive gene will m anifest itself in males only. A dominant 
gene will appear in about twice as many females a s  males. 
A gene of interm ediate dominance will appear in some 
members of each sex. But so long as it rem ains so ra re  
that homozygous fem ales are not found, one gene is de­

2 2 3
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stroyed fo r each individual eliminated by natu ral selection, 
just as with a ra re  autosom al dom inant.

R e c e s s iv e  A u to so m a l  G e n e s  

H ere let n, /  and x  have their form er values, and let 2y  
be the frequency of heterozygotes. Then the num ber of 
abnorm al genes produced per generation  is 2 (1  —  x  
—  y )p N,  the num ber elim inated 2r ( l  — / )  N. The fa c to r  
2 arises in the la tte r  case because the d estruction  of a 
hom ozygote involves that of two abnorm al genes. P r o ­

vided th at x  and y  a re  small, x =   ̂ M.j  and the loss of

fitness to the species is ij. In a random  m ating population, 
if p  be the frequency of the recessive gene, x  =  p 2, y  =  2p, 
so ( 1 — p)p =  y r ( l — / ) ,  and

j'"T (T^7T^2(1-/) - h - n -i ( W W ]

F o r  small values of m this ap p ro xim ates v ery  closely to

M
^ __ j  provided /  differs app reciab ly  from  unity. Thus if

[i =  10~6, / = . 9 9 ,  the value of x  is only 2 per cent, below

a co rrectio n  en tirely  negligible in view of our slight

knowledge of m u tatio n -rates.
The co rrection  is still sm aller in the case of a p artia lly  

inbred population, w here y  is sm aller for a given value of x.
If  we take the m em bers of wild populations which are  

fa irly  outbred, fo r exam ple, Drosoj thi la  m c la n o g a z t e r , I), 
ohscura  and I). suL-oLscura , Tr i fo l ium  g ra t ense ,  Lo l ium  
p eren n e  and so on, we find that on inbreeding v ery  larg e  
num bers of autosom al recessive genes m ore or less in­
jurious in their effects a re  disclosed. D ata and re fe r ­
ences to fo rm er work are  given by Gordon (1 9 3 6 ). These  
genes are  not of course a fa ir  sam ple of the m utants which 
ap p ear in the species. They do not include dom inants 
or sex-linked genes, which are  not at all or only p artia lly  
protected  from  selection by their norm al allelom orphs. 
They also do not include incom pletely recessive genes,

2 2 4
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which cause an appreciable loss of fitness in tlie h etero ­
zygous condition.

F o r  consider a gene of frequency p  in a random  m a t­
ing population, whose heterozygotes have a frequency  
2p ( l - p )  and fitness /„  the homozygotes a frequency p ‘ 
and frequency f 2. The gene appears at a ra te  2(1  - p ) p  
and is eliminated at a rate  2 p ( l  — p)  (1 - / , )  — 2p 2( l  -/•_•). 
W hen these rates are  equal,

„  _  n -  V d 'i  -  n ) '  + 4 r 2 n w h ere  *■, =  1 -  / ,P=---------2k^2E--------  *.= 1 -U
If  p is small com pared with Aq and A*2 this ap p roxim ates

c o s e 5 t o 77 or r -M r . In other words, the frequency of
 ̂1 J- / i

homozygous m utants is alm ost the same as with a ra re  
dominant, i.e. negligible. The fraction  of the to tal loss

of fitness p which is due to the homozygote is 7 7 ^, which

is negligible unless ( l - / 2)p is of the order of ( l - / a) 2. 
In this case the loss of fitness to the species lies between 
P  and 2 p .

It is also clear that incompletely sex-linked genes 
(H aldane, 193G) will behave like autosom als, and that 
sex-lim itation, incomplete m anifestation and other like 
com plications will not affect our results.

Since different genes m utate independently, they will 
be distributed independently in the population, even when 
linked. Hence if F  be the fitness of the standard  type, 
which is necessarily g rea ter than unity, we have

/ ’ = p, ( i -  w) -1

where the m ultiplication is taken over all lo c i : and for  
anv autosom al locus, w is the sum of the m utation ra tes  
of recessive allelom orphs, and twice those of dominant

Mo
allelomorphs. F o r  a sex-linked locus m is -  tim es the 

sum of all m utation rates.
log,  F  -  -  Z  log(  (1 -  »|)

= X rtl -  A X m" * h — m3 *- -

But since every value of »i is small, we have very  
approxim ately
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log, F
Iii other w ords the !Maltliusiiin p aram eter of tlit* norm al 
genotype is equal to the sum of the m utation ra te s  of all 
deleterious genes and ab erratio n s, multiplied by the fac-

3
tors 2 and  ̂ in certain  cases. I f  I / »  is small, F  ap p ro xi-

m ates to 1 — I » i  and the loss of fitness due to m utation  
is Lm.

W e m ust next consider other equilibria. H aldane  
(1927) showed that if the m utation rates of A to a and a 
to A are  p and v, respectively , if 1 -  k be the fitness of aa  
when those of AA  and A a  a re  unity, and if p  be the f r e ­
quency of the gene a in a random  m ating population, then 
if p, v and k  (o r  1 - / )  a re  all small,

A-p3 -  A-p -  -  ( n  -  v;/» -  n = 0

This equation has one or three real positive roots between  
0 and 1. In the fo rm er case there is one stable equilib­
rium, in the la tte r  two stable and one unstable. H ere the

vn
loss of fitness to the whole population is or p -   ̂ _ ~

This is less than p, the value where k is large com pared  
with p and v, but is of the sam e order, and alw ays positive.

Thus if p =  .00007, v =  .00018, k =  .00016, then P “  4 ' ^6

of the population are  recessives, and the loss of fitness is

.00001, w hereas if v wore zero, of the population would

be recessives, and the loss of fitness .00007 or equal to p.
N ext consider the case w here the heterozygote A a  is 

fitter than either hom ozygote AA  or aa.  Let the fitnesses 
of the three types be in the ra tio s a AA : 1 Aa : 3 aa.  L e t  
the actual fitnesses be ( 1 - ^ L H - L  (1 — h ) A a ,  ( l - I ) a a .  
And let the frequency of the gene a be p,  that of A q. A\ e 
can neglect m utation, provided 1 -  a and 1 - 3  a re  much 
larg er than the m utation ra tes . W e find from  the con­
ditions of equilibrium

p -  ?
h - a-

2 h t a- - / y =
h 1

2 h ~k +l
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From the condition that the mean fitness should be unity,
pH  +  q-k -  2 h p q ,

Whence

h- -  kl .

Also
l - k  . _ 1 - l

“ ' l r / l ’ P “ 1 -r /#

Whence
; _ ( l - a ) ( l - 3 )  7. _ ( 1 - a ) : / = 0 - 3 ) ' J

1 -afi1 -  aP ’ 1

The total loss of fitness to the species is ( h - r k ) q 2Jr 
(/< r =  as is otherwise obvious. Hence, fo r ex­
ample, if a =  .99, (3 =  .9, that is to say if the two hom o­
zygous form s are 1 per cent, and 10 per cent, less fit than  
tlie heterozygous form , the loss of fitness is 0.92 per cent.

+1 . , , T , (1 - a  ) ( l - 3 )  .
to r  the species as a whole. In general ----- j— ^ -----  is

the order of magnitude of the loss of fitness which would 
be caused if the whole species consisted of the fitter type  
of homo zygote.

W  e see then that a single pair of genes causing in­
creased fitness in the heterozygote has a fa r  g re a te r  effect 
in lowering the fitness of the species than any gene which 
causes unfitness of a more serious ch aracter, provided  
that the heterozygote is not fitter than either hom ozygote. 
Hence there will be very strong selective influence in fav or  
of any method by which the whole species m ay ap p ro xi­
m ate to the phenotype of Aa.  This may occur in at least 
four wavs. Bv a mechanism of the Oeitnfhcra  tvpe the• • « i

species may be kept in permanent heterozygosis. An 
allelom orph may appear which has interm ediate effects 
between A and a . and which t h u s  approxim ates to the 
phenotype of An when homozygous. If  A and a are  anti- 
m orphic a duplication may give a homozygote with AA  
in one pair of loci, and aa  in another. F inally  other genes 
m ay m odify A A or aa  tow ards the phenotype of Aa.  In 
each of the last three cases the species will again become 
approxim ately  homozygous.

of
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In tin* typo of equilibrium first discussed the F ish e r  
effect will arise. T hat is to sav, dom inants will tend to  
become recessive, and recessives to d isappear, owing to 
the presence of modifiers. I f  the spread  of the modifiers 
is so slow that the species m ay alw ays be considered in 
equilibrium for the main gene, it follows that the intensity  
of selection as m easured by the loss of fitness will be 
unchanged throughout this process.

I t  rem ains to give some sort of estim ate of the loss of 
fitness caused by m utation in a species. In D rosoph i la  
m d a n o g a s i e r  the mean ra te  of m utation of sex-linked  
lethals per chrom osom e per generation  is about .003, of 
autosom al lethals in the second chrom osom e .004, acco rd ­
ing to M uller (1 9 2 8 ). A ccording to T im ofeeff-B essovsky  
(1935) we m ay expect genes with no visible effect, but 
low ering fitness, to be about tw ice as frequent. The third  
chrom osom e probably behaves like the second. The total

lo ss of fitness to the species is thus about 3 ( .0 0 3 x ^  —

. 0 0 4 x 2 )  or about 4 per cent. This m ay be taken as a 
rough estim ate of the price which the species pays for the 
variab ility  which is probably a prerequisite fo r evolution. 
The m utation rates of two human genes seem to be ra th e r  
higher than those found in D rosop h i la  (H aldane 1935, 
Penrose and Gunther 1935) if m easured per generation, 
though not per year, so the figure fo r man is probably of 
the same order, though a little higher. In other w ords, 
if we could achieve the aim of negative eugenics and abol­
ish all genes (including autosom al recessives, m ost of 
which can not even be detected at p resen t) which seri­
ously lower fitness in our present environm ents, we might 
expect a gain in fitness of the ord er of 10 per cent., though  
this might lower our cap acity  fo r evolution in a changed  
environm ent.

S u m m a r y

In a species in equilibrium v ariatio n  is m ainly due to  
two causes. Some deleterious genes are  being weeded

2 2 8
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out by selection at the same rate  as they are  produced by 
m utation. Others are  preserved because the heterozy­
gous form  is fitter than either homozygote. In the 
form er case the loss of fitness in the species is roughly  
equal to the sum of all m utation rates and is probably of 
the order of 5 per cent. It is suggested that this loss of 
fitness is the price paid by a species for its cap acity  fo r  
fu rther evolution.
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I t  is well established that colour-blindness and haemophilia are due to 
sex-linked genes. These genes appear to manifest themselves in all males 
who carry them. In women the gene for haemophilia is probably always 
recessive, the cases of alleged haemophilia in heterozygous women being 
very doubtful. On the other hand, colour-blind women whose putative 
fathers are not colour-blind occur too frequently to be explained by illegi­
timacy (Bell 1926). So colour-blindness is probably not always recessive. 
On the other hand, women homozygous for the gene appear always to be 
colour-blind. No cases of incomplete recessiveness occur in the new pedigrees 
here presented. I t  will be assumed that a woman who is not colour-blind 
is not homozygous for the gene for colour-blindness.

There are two distinct forms of colour-blindness, namely protanopia 
(“ red-blindness” ) and deuteranopia (“ green-blindness” ). According to 
Waaler ( 1927) the genes determining them form a series of five allelomorphs 
with the normal gene, and those for protanomalia and deuteranomalia. 
Haldane (1935) suggested that there are at least two different allelomorphic 
genes for haemophilia.

Morgan (1910) showed that in Drosophila melanogaster genes which are 
sex linked, and therefore completely linked in spermatogenesis, are partially 
linked in oogenesis. This principle has since been extended to other species 
of Drosophila, and mutatis mutandis to pigeons (Cole and Kelley 1919 )̂  to 
poultry and other organisms; and on the basis of the data so obtained the 
chromosomes have been mapped.

It is important to demonstrate that the principles of linkage which have 
been worked out for other animals also hold good for man. The choice of 
colour-blindness for one of the two genes whose linkage was to be investigated 
is obvious. Over 2 % of human males are colour-blind, and a distinctly 
larger fraction are anomalous trichromats. Of the remaining sex-linked

Vol. C X X III— B. (1 July 1937) [ 1 1 9  ] K

5 7 5 - 1 1 6 : 6 1 2 . 1 1 5 .4  575* I J 6 : 6 1 2 . 8 4 5 . 5/6
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abnormalities some are very rare, whilst others affect the eyes and would thus 
lead to confusion, or a t best difficulty, in the detection of colour-blindness. 
Haemophilia is not excessively uncommon, and could have no effect on 
the detection of colour-blindness. Moreover, certain physicians specialize 
in its treatm ent, and thus considerable numbers of cases are available. 
I t  was decided to seek for haemophilics, to test their colour vision and that 
of their rion-haemophilic brothers, and to follow up the family history if 
both conditions were found in the same family.

Addresses of haemophilics were kindly sent to us by a number of phy­
sicians, including Dr. Macfarlane of St Bartholomew’s Hospital, Dr. Cockayne 
of Great Ormond Street Hospital, Dr. Miller of St Mary’s Hospital, and 
Professor Bulloch of the London Hospital. Dr. W . D. Wright of the Royal 
College of Science, South Kensington, undertook to test the colour vision 
of these patients and their brothers for us.

The cases which emerged from this preliminary enquiry were seventeen 
haemophilics and thirteen unaffected brothers of haemophilics. Among these 
Dr. Wright found deuteranopia in two haemophilics of different families. 
The other members of these families were then followed up as far as possible, 
and examinations of colour vision were made on all available members who 
were liable to inherit the defect, and occasionally on others. For this purpose 
Ishihara’s tests were used. In no case was the diagnosis in doubt. We have 
to acknowledge with gratitude a grant from the Medical Research Council 
for the expenses involved in this work.

We owe two other pedigrees to the courtesy of colleagues, Dr. W. J .  B. 
Riddell of Glasgow and Dr. C. L . Birch of Chicago. In each case the investi­
gation is still incomplete and full accounts will be published elsewhere. 
They have, however, permitted us to publish the parts of their pedigrees 
which are relevant to our enquiry. Finally, Dr. Madlener of Kempten 
(Germany) most kindly gave us further information concerning members 
of the family previously published by him (Madlener 1928) in which the 
first evidence of linkage between the two genes was obtained. Thus with 
the pedigree published by Davenport (1930) we have information concerning 
six families in which these two conditions occur. The information is sufficient 
to leave no doubt as to the existence of linkage, but its intensity is not yet 
established with accuracy.

Description of New P edigrees

The pedigree A, fig. 1 , including the colour-blind haemophilic IV 9, had 
already been investigated with regard to haemophilia, and was given to
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us by IV  9, a  p a tie n t o f  D r. M a cfarlan e ’s d iscov ered  by D r. W rig h t to  be 
d e u te ra n o p ic . W e  e x am in ed  th e  colou r vision in e ig h t m o re  m em b ers o f  
th is  fam ily , an d  fou n d  th e  p edigree, so far as we w ere ab le to  v erify  it , c o r r e c t  
in  all p a rticu la rs  a m o n g st th e  d escen d an ts  o f I I  1 an d  I I  2. T h e  h aem op h ilics  
a re  lim ited  to  one b ra n ch  o f  th e  fam ily , n am ely  th e  d escen d an ts  o f  I I I  2.

I V  9 is an  in tellig en t an d  co -o p era tiv e  m an , an d  p erso n ally  a rra n g e d  fo r  
th e  e x a m in a tio n  o f  his cousins an d  nephew s. U n fo rtu n a te ly  a  fam ily  
q u arre l p re v e n te d  o u r te stin g  th e  vision  o f th e  n o n -h aem op h ilic  b ro th e r , 
IV  2, w ho w ro te  th a t  “ th o u g h  I  b ear a t  p resen t th e  n am e o f  X . . .  I  co n sid er  
m y se lf o f  no blood relatio n sh ip  to  th a t  fam ily  an d  no useful p u rp ose w ould  
be serv ed  b y  v isitin g  m e ” . W e  called  in o rd er to  t r y  if  p ersu asiv e  m eth o d s  
cou ld  secu re  a  v alu ab le  ad d itio n  to  ou r know ledge, b u t w ere n o t a d m itte d  
to  his h ou se. I l l  2  h as tw o  living b ro th ers  w ho a re  n o t h aem o p h ilic , b u t  

w e w ere u n ab le to  ex a m in e  th e ir colou r vision.
T h e  m o st in te re stin g  p o in t in th is  pedigree is th e  lim ita tio n  o f th e  h a e m o ­

p hilia  to  one b ra n ch  o f th e  fam ily . T h e tw o n orm al nephew s o f  IV  9, w ho  
h ad  a  ch a n ce  o f  being h aem op h ilic an d  colou r-b lind , w ere a c tu a lly  n e ith er. 
T h u s no cro ssin g -o v er h ad  o ccu rred  in th e  fam ily , th e  ab sen ce  o f  h aem o p h ilia  
in th e  cousins o f  IV  9 being exp licab le  by m u ta tio n . T h e  in fo rm atio n  

reg ard in g  lin k age is, h ow ever, m eagre.
The pedigree B, fig. 2, provides a much better illustration of linkage.
V 1 and V 2 are cases of haemophilia under the care of Dr. Macfarlane. 

They appear to be typical examples of the disease, with a history of repeated 
haemorrhages into their joints; V 2 has recently been away from work for 
more than 11 weeks following a slight injury; the bleeding was so severe 
as to soak through his mattress and drip on to the floor.

Starting from these men, who combined haemophilia and deuteranopia, 
the family was followed, and seven further males who, from their relation­
ship to V 1 , were potentially haemophilic or colour-blind, were examined. 
The family is somewhat scattered, one member living in Devonshire.

V 3 died in early infancy having shown no symptoms of haemophilia.
V 6 died in infancy from haemorrhage following circumcision. The parents 

were told at hospital that, had the family history been known, this operation 
would not have been performed. It is believed, probably correctly, by the 
family that this child had haemophilia.

I l l  1 is said  to  h av e  been a v e ry  severe case o f h aem op h ilia . O ne o f  his 
sisters  re p o rts  th a t  he h ad  a  stiff leg from  th e age o f  20 , th e  resu lt o f  re p e a te d  
h aem o rrh ag es  in to  th e  jo in ts . H e died a t  a b o u t 32 . I l l  1 w as th e  o n ly  
h aem op h ilic  ch ild  o f  his m o th er. H er six  sons by a  d ifferent fa th e r  w ere  
all h e a lth y . W e  w ere able to  see th ree  of th ese an d  th e  ch ild ren  o f  tw o  o f

Colour-blindness and Haemophilia in Man

23 3



122 J .  Bell and J .  B . S. H aldane

them. Ill 5 is aged about 78. The remaining three brothers, III 2, are 
dead or inaccessible, but have shown no signs of haemophilia. Information 
concerning this branch of the family was given by V 1 and V 2. They are 
intelligent young men, ready to co-operate; they took very considerable 
trouble to seek out their relations, many of whom they had never seen 
before, and to arrange for us to see them and test their colour vision. These 
brothers also put us in touch with III 18 of another branch of the family.

Ill 18, aged 60, is a frail-looking intelligent little shoemaker. He was 
married late and had lived at home with his mother and his three affected 
brothers for a long period of years, when he says the endless topic of con­
versation was the presence and source of haemophilia in the family. He 
volunteered the information that members of the family had the disease 
either severely or not at all, and said there could not be the slightest doubt 
with regard to who was, or was not, affected in his family. He described 
the disease in his brothers and uncle. According to him his mother had had 
four or more brothers, some of whom were certainly haemophilic; perhaps 
all had the disease, but he cannot be quite sure of this; he also can only be 
sure with regard to one affected brother of his maternal grandmother. He 
says that they have never been able to trace the transmission of the disease 
through a male in this family, except in the case of III 1. He knew of the 
affection of III 1, but only heard through our visit of the affection of his 
grandsons, V 1, V 2 and V 6.

III 18 was a little uncertain with regard to the children of II 6; he was 
assured that all members of her family, except a daughter, had died in 
infancy; he believed that all her sons were haemophilic. He had lost touch 
with the family of his sister, III 14, who died many years ago, but fortunately 
a letter to the old address brought an immediate response from IV 20, who 
was still living there.

IV 20 gave an account of his sibship agreeing in each particular with his 
uncle’s, thus showing the reliability of the latter’s statements. He brought 
with him a medical certificate affirming his haemophilia, and has evidently 
suffered severely from the disease.

We have thus found that all the four living haemophilics in this pedigree 
are colour-blind. On the other hand, four non-haemophilic brothers and 
one non-haemophilic son of a haemophilic’s sister are not colour-blind. 
Thus in this family the linkage between haemophilia and colour-blindness 
has been complete.

The pedigree described in fig. 3, which we owe to Dr. Riddell, contains 
an example, so far unique, of two brothers, both of whom are colour-blind 
but only one haemophilic. The haemophilia in this family is confined to one
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sibship w hose m o th e r , I I  4 , h as th re e  b ro th e rs  an d  sev en  s is te r ’s son s, none  
o f  w hom  h as show n sy m p to m s o f h aem op h ilia . T h eir colou r vision  h as n o t  

y e t  been in v estig a ted .
W ith  re g a rd  to  th e  p edigree o f  fig. 4 , D r. B irc h  s ta te s  t h a t  th e re  is a  t r a d i ­

tio n  in th e  fam ily  co n cern ed  t h a t  in d ivid u als w ith  h aem op h ilia  h a v e  n o rm al  
co lo u r vision , w hile m ales who are  n o t h aem op h ilic a re  co lou r-b lin d . She  
h as on ly been able so fa r to  te s t  th e  v a lid ity  o f  th is  tra d itio n  in tw o  cases. 
H e r p a tie n t I I I  1 , a  h aem op h ilic , w as foun d  to  h av e  n o rm al co lo u r vision , 
w hile I I I  3, one o f  his n on -h aem o p h ilic  b ro th e rs , w as fou n d  to  be co lo u r­
b lin d , a p p a re n tly  d eu teran o p ic . I I  4 an d  I I I  4 a re  re p o rte d  b y  th e ir  re la tiv e s  
to  be colou r-b lin d , w hile I I I  2  is b elieved  to  h a v e  h ad  n o rm a l co lo u r vision . 
D r. B irc h  hopes to  te s t  th e  colou r vision  o f  I I  3, I I  4 , I I  5, I I I  4  a n d  I V  4, 
an d  to  publish th e  full resu lts  in  a  fo rth co m in g  m em o ir on  th e  s u b je c t o f  
h aem o p h ilia .

Colour-blindness and Haemophilia in Man

M u t a t i o n

H a ld a n e  ( 1 9 3 5 ) p oin ted  o u t t h a t  h aem op h ilia  w ould be ra p id ly  e x t in ­
gu ished  b y  n a tu ra l selection  if  th e  gene did n o t c o n sta n tly  arise  an ew  by  
m u ta tio n . H e  e s tim a te d  th e  freq u en cy  o f  th is  e v e n t in th e  p o p u latio n  o f  
L o n d o n  a t  a b o u t 2  x  1 0 ~ 5 p er X -ch ro m o so m e p er g en eratio n . A  c o m m u n ica ­
tio n  b y  D r. B irc h  as to  its  freq u en cy  in Illinois su ggests a  d is tin c tly  h igh er  
v alu e , o f  th e  o rd er o f  1 0 - 4 , for th a t  p op u latio n .

T h e  p edigrees o f  figs. 1 an d  3 are  m o st read ily  in te rp re te d  on th e  h y p o ­
th esis  o f  m u ta tio n . I l l  2  o f  fig. 1 has b orn e th re e  h aem op h ilics an d  one

n o rm al so n ; she is th erefo re  e ith er  

h om o zyg ou s an d  h etero zy g o u s tissu e

h eterozy ou s

)•
—  an d  ~  + h

o r a  m ix tu re o f

N ow  suppose th a t  th e  gene h p resen t in th e  h aem op h ilic  d escen d an ts  o f  
I I I  2  did n o t o rig in ate  b y  m u ta tio n  in an y  m em b er o f  th e  p edigree sh o w n ? 
i t  follow s t h a t  I  2 , I I  2 , an d  I I I  2  w ere h etero zy g o u s fo r it , sin ce I  1 an d  I I I  
w ere n o rm al. In  view  o f th e  a c c u ra c y  o f  th e  s ta te m e n ts  o f  I I I  2  an d  IV  9 

w h ere th e y  cou ld  be verified , an d  th e ir  op en ness in discussin g th e  p rob lem , 
we th in k  t h a t  th e ir  s ta te m e n ts  as to  th e  ab sen ce  o f  h aem op h ilia  in th is  p a r t  
o f  th e  p edigree m a y  be a cce p te d .

W e  can  now  ask , w h a t is th e  p ro b ab ility  t h a t  tw o  h etero zy g o u s w om en, 
I  2  an d  I I  2 , should  h av e  h ad  no h aem op h ilic sons, an d  th a t  th e ir  d a u g h te rs , 
o th e r  th a n  I I I  2 , should  h av e  been eq u ally  fo rtu n a te ?  I t  m u st be s ta te d  
t h a t  I I  3  rep resen ts  th re e  sons, all o f  w hom  su rv iv ed  long en ou gh  to  m a rry . 
O f th e  tw o  d a u g h te rs , I I  4 , one h ad  tw o sons su rv iv in g  in fan cy , an d  a
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daughter with two sons; the other had one son, and two daughters with one 
and three sons respectively. We shall neglect III  3 who died in infancy.

First consider the probability apart from the information supplied by 
linkage. The probability that the two mothers should have had five normal 
sons is 2-5. The probability that the daughter of a heterozygous woman

2 n +  1should have n normal sons is ——-r •2n+i The values of n for the seven daughters,

II 2, III 2, III 5, III 7, III 8, III 11 and III 13 are 2, 1, 1, 4, 1, 1 and 3. 
The probability is therefore 36x 5 x 17 x 2-25, or 0-00185. This would be 
slightly lessened if we considered the further information pr6vided by 
daughter’s daughters’ sons.

It can be considerably diminished in view of the evidence as to the linkage 
between the genes c and h, presented later. In the sons of III  7, III  8 and
III  13 colour-blindness appears without haemophilia, while in IV 9 both 
are combined. Hence in the oogenesis of either II  2 or I I I  2 the genes must 
have crossed over. The probability of this event is about 2x, where x is the 
small frequency of crossing-over. Taking x as 0-05, the probability is reduced 
to 0-0002 approximately.

In Riddell’s pedigree, fig. 3, either mutation occurred, or I  2 was hetero­
zygous. As she had three normal sons and her two daughters, I I  6 and II 7, 
had four and three sons respectively, the probability of this is 9 x 17 x 2-12, 
or 0-037. So here the evidence for mutation is strong, but by no means 
conclusive.

In Green’s case, Davenport (1930) and Haldane (1935) have pointed out 
that there is very strong evidence for mutation, based on relatives not 
shown in fig. 6. The probability is 5 x 2_10x, or about 0-00025.

Thus out of six pedigrees chosen because colour-blindness occurred in 
them, three show evidence of mutation varying from strong to almost 
conclusive. This is a much higher proportion than occurs in the bulk of 
the published material. The reason is, we think, obvious. Accounts of 
sporadic cases are less likely to be published than of families containing 
many haemophilics. In the investigation of haemophilia the stress has so 
far been laid on its heredity rather than on its origin.

T e r m i n o l o g y

The genes for colour-blindness and haemophilia will be represented by 
the letters c and h. The fact that the latter probably and the former 
certainly has several allelomorphs is irrelevant. Their normal allelomorphs 
will be represented, using Morgan’s symbolism, by + . Thus a man is either
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1 2 5Colour-blindness and Haemophilia in Man

+ + (normal), c+ (colour-blind), -fh (haemophilic), or ch (colour-blind

haemophilic). A woman, being diploid for these genes, is + + + + 
+ + ’ c + ’

+ + 
+ h ’

H— h 
c h

+  hor----c + if phaenotypically normal. The latter two genotypes will differ

in their progeny. The sons of women will be mainly normal or colour-

blind haemophilic. Those of -^-j- women will be mainly haemophilic or 

colour-blind, but rarely both or neither. The other possible female genotypes 

c+-, g g ., and ̂ . It is possible that the g genotypes are in viable.are

In any case they are very rare indeed.
Besides these types others may possibly exist. The gene for haemophilia 

appears to arise anew by mutation. If the mutation only occurs at meiosis, 
the above list is complete. If, however, it arises at a somatic division, mosaics 
may exist. Such mosaics, if male, would probably not be haemophilic. 
If  haemophilia is due to a lack of some substance in the plasma, this would 
be supplied by the non-haemophilic tissues of a mosaic man. Such a man 
might transmit the gene to all, some, or none of his daughters according as 
all, some, or none of his testicular tissue carried the gene. A mosaic woman 
would not be haemophilic, but might transmit haemophilia to less than half 
of her sons. It is possible that III 2 in fig. 1 and II 4 in fig. 3 were of this type.

T h e  D e t e c t i o n  a n d  E s t i m a t i o n  o f  L i n k a g e

Let x be the frequency of recombination between the loci of c and h so 
that the cross-over percentage is 100a;. Let y = l —x.

It is our task to obtain as much information as possible from the data 
about the frequency x of crossing-over between the loci of the genes c and h. 
We have on the one hand to find out whether its estimated value departs 
significantly from J , its value in the absence of linkage, and on the other 
to obtain the best estimate of its true value. Our task is complicated by four 
considerations:

1. The gene h may arise by mutation. While this is a rare event in the 
population as a whole, it is frequent among the immediate ancestors of 
haemophilics, since, as has been shown by Haldane (1935), the frequency 
of mutation is about one-quarter of the frequency of the disease.

2. The gene c is not very rare in the population. It is excessively unlikely,
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in the absence of close inbreeding, that haemophilia should arise from 
two different sources in one pedigree. Protanopia or deuteranopia might 
do so with a probability which is by no means negligible.

3. The estimation of x by any of the classical inverse probability methods 
involves the presupposition that all values of x in the neighbourhood of that 
found are equally probably a priori. We shall see that this is not so.

4. The sample observed is still so small that the probability distribution 
of x about its estimated value is far from normal. We cannot, therefore, 
speak of the probable or standard error of our estimate without further 
qualifi cations.

The method adopted is as follows: we estimate the frequency p  of the gene 
c in the general population. We make out a pedigree showing the descent of 
the gene h in each pedigree, without reference to our knowledge concerning c.

In doing so we have assumed that I I I  2 of fig. 1 and II  4 of fig. 3 were i ,

and not mosaic. As they had seven haemophilic and only two normal sons, 
this seems to be justified. We have also neglected the possibility of illegi­
timacy. This would only be relevant in considering the daughters of a 
haemophilic man. Only two such occur in our pedigrees, and both proved 
their legitimacy by bearing haemophilic sons. Mutation at the c locus, 
if it occurs at all, is certainly too rare to be of any importance. So is non­
disjunction.

Taking the pedigree of haemophilia as given, we determine:
1. P(x,p). The probability, as a function of x and p, that, given that the 

first observed colour-blind man in the pedigree was actually colour-blind, 
all other relevant males in the pedigree possessed the type of colour vision 
which they actually did.

2. P(\, p). The same probability for x = \, that is to say the probability 
of obtaining the observed result in the absence of linkage. If  there have been 
no cross-overs, this is sufficient. I f  there have been, we must further calculate 
P'{\,p), the probability of obtaining a result as favourable or more favour­
able to the hypothesis of linkage, in the absence of linkage.

3. P(x, 0). The same probability for p = 0, i.e. neglecting the possibility 
that colour-blindness could have had a double origin.

4. P{\, 0). The same possibility for x — ^, p = 0, and P'{\, 0) in case 
crossing-over has occurred.

The last is the easiest to calculate, and the first the hardest, but in practice 
it will be found that P(x, 0) and P '(J , 0) are sufficiently accurate. We shall 
see that all the values of P{x, p) approximate very closely to xk(l —x)n~k, 
where n and k are not necessarily integers. We may say that we have tested
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n ova and found k cross-overs. This simplified statement is sufficiently 
accurate for our data, but would not be so in general.

On multiplying the values of P  for the six pedigrees we obtain a cumulative 
value. The cumulative value of P'{\, p) gives us the probability that the 
data which appear to prove the linkage could really be due to sampling 
error. The assumption is involved that colour-blindness shows Mendelian 
segregation. Hogben (1932) has shown that this is very approximately true.

The cumulative value of P(x, p) enables us to estimate x. The estimate is, 
however, as we shall see, extremely rough.

T h e  F r e q u e n c y  o f  D e u t e r a n o p i a  i n  t h e  G e n e r a l  P o p u l a t i o n

The colour-blindness in all six pedigrees here considered is deuteranopia. 
D ata as to the frequency of protanopia and deuteranopia are given by 
Waaler (1927) for Oslo, v. Planta ( 1928) for Basle, Schmidt (1936) for 
Berlin, and Wright (unpublished’) for London. Dr. Wright, who most 
kindly permits us to use his results, suspects that they may be a little high, 
as some of them were obtained from volunteers who may have had special 
reasons for desiring to be tested. The London value of 1-20 ± 0 3 0 %  is 
well within the limits of sampling error of the overall value of 1*42 ± 0*097 % , 
and we shall take p  =  0*0142. I t  will be seen that the correction for p  is 
actually negligible, but it will not always be so if the work begun in this 
paper is carried on.

T a b l e  I— P e r c e n t a g e  F r e q u e n c y  o f  C o l o u r - b l i n d n e s s  i n  M a l e s

Colour-blindness and Haemophilia in Man

Waaler v. Planta Schmidt Wright Total
Number tested 9049 2 0 0 0 6863 1338 19,250
Protanopes 0 * 8 8 1*60 1*09 1*27 1 * 0 1

Deuteranopes 1*03 1*50 1*97 1 - 2 0 1*42

P e d i g r e e  A  ( f i g . 1 )

We assume that III  2 is heterozygous, though she is possibly a mosaic. 
If  so, less weight is to be attached to the fact that V 5 is not a deuteranope; 
how much less weight is uncertain. We also know that IV 8 is heterozygous 
for haemophilia, since she had a haemophilic son, but we do not know 
the genotype of IV 7. We have now to determine P, given that IV 9 is a 
deuteranope, and that neither V 5 nor V 8 are deuteranopes.

I t is at once clear that P ( J ,  0) =  For if no information is derivable

from linkage the probability that a deuteranope’s sister is herself — is J ,
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an d  h en ce  th e  p ro b ab ility  th a t  h er on ly son, o r o n ly  o b serv ed  son , is a  
d e u te ra n o p e  is J . T h e  p ro b ab ility  th a t  tw o su ch  sons a re  n o t d e u te ra n o p e s  
is th e re fo re  ( f  )2.

T o  c a lc u la te  P (x ,  0) we n o te  th a t  I I I  2 is e ith er ~  o r —— . T h e  re sp e ctiv ec h c +
+  +

p ro b ab ilities  o f  th ese  tw o g en o ty p es a re  c learly  y  an d  x. I f  she w as th e

fu rth e r  p ro b a b ility  th a t  IV  8 is is V, f ° r  she is k now n  to  be ^ , a n d  th e

fu rth e r  p ro b a b ility  th a t  h er n o n -h aem op h ilic  son is a  n o n -d e u te ra n o p e  is y , 
m ak in g  a  c u m u la tiv e  p ro b ab ility  o f  y z for th is , th e  m o st p ro b ab le  ca u sa l  
n exu s  b etw een  IV  9 an d  V  8.

T a b l e  II— P r o b a b i l i t i e s  o f  D i f f e r e n t  C o n n e x i o n s  o f  V 8
AND V 5 W ITH IV 9 (EXPLAN ATION  IN  T E X T )

V 8 ( + + )  I V  8

y
+ + 
c h y

i + +
X

+  h

+ +
y — r~ xc h

l + +
+ h  *.

I I I  2

+  +
c h y

+  h
------  X
C +

IV 7 V 5 ( + + )

r H—(- 
+  +
+  +
+  h

+_+• 
c +
+ +  

I c  h

f + +  
+  +
+  +
+  h

+ + 
c +
+ +  
c h

\y 1

1

lx 12

\y y

\x i

\y i

\y 12

\x y

T h e v a rio u s  possibilities a re  sch edu led  in T ab le  I I .  T h e  first an d  la s t  
colu m n s g iv e  th e  p ro b ab ility  th a t  tw o sons should h av e  b een  b orn  o f  m o th e rs  
o f th e  g e n o ty p e  g iv en  in th e  adj a c e n t colu m n . T h e seco n d  an d  fo u rth  co lu m n s  
give th e  p ro b a b ility  t h a t  a  w om an  o f th e  g en o ty p e  con sid ered  sh ou ld  h a v e  
b een b o rn  o f  a  m o th e r o f  th e  g en o ty p e  given  in th e  c e n tra l co lu m n . T h e  
c e n tra l colu m n  gives th e  p ro b ab ility  th a t  a  w om an  o f  th a t  g e n o ty p e  sh ou ld

have been the mother of IV 9. Thus if III 2 is
+ h
c + which has a probability x ,
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then IV 7 is ------with a further probability \y, and V 5 is + + with a further
H- c

probability J .
Hence we find:

P(x, 0) =  (y2 +  x) y{\y +  \x +  \x + £y2) + (y + xy) x(%x + by + \y + \xy) 

= £(4y4 +  %XVZ +  17a;2?/2 +  7a;3!/)

=  i/2 +  + f  a:2?/2

13a:2 19x3 25a:4 \
=  d +  v - r

Hence the leading term is y2, and n =  2, k =  0.
To calculate P (£ ,  p) we note that the only possible second source of 

deuteranopia is the husband of III  2. The probability that he was normal 
is l —p. If  so the value of P  is as found above. The probability that he

+ c
was a deuteranope is p. If  so his daughters are equally likely to be — or - .c c
Hence the probability that V 5 is a deuteranope is f , and similarly for V 8. 
The probability that neither is a deuteranope is ^ . Hence

P ' d  y P ) ~  P {\ > P ) — A ( 1  — P) + T 6 P

_  9 - 8 p  
~  16

Thus in this case the allowance for a secondary source diminishes P{\, x) 
and thus increases the evidence for linkage. In other pedigrees it has the 
opposite effect. No further evidence would have been gained had the colour 
vision of IV 7 and IV 8 been examined, for, since each produced a son with

c
normal vision, neither can have been - .  An examination of IV 1 would,c
however, have given a little more information.

To calculate P(x, p) we note that if the husband of III  2 was normal the 
analysis of Table II  holds good. If  he was deuteranopic the corresponding 
probabilities are given in Table III*

In this case the term contributed to P(x, p) is

P[x^{\y + \x2) + x%y{\x + \xy)] = ip x ^ Z x  + y).
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So P (x , p )  =  | ( 1 - p )  (4 y 4 + 8 x y 3 +  \ lx 2y 2 +  7xzy) +  l p { x 2y 2 +  ?>xzy)

=  J ( 4 y 4 +  8 x y z +  17 x 2y 2 +  7 x zy ) - p { y A +  2 x y 3 +  4 x 2y 2 +  x zy) 

=  y 2 +  J x 2?/ +  § x 2y 2 —p (y 2 +  x 2y +  2 x 2y 2)

=  (1 - P ) 2/2 +
1 — 4p  
4 —4p

x 2y +
3 - 4 p  
2 - 2 j 9

T a b l e  I I I — P r o b a b il it ie s  of D if f e r e n t  Co n n exio n s  of V  8 
and V  5 w ith  IV  9 i f  I I I  2 ’s H usband  was a D e u t e r a n o p e

V 8 ( + + )  IV 8

0

x

c +
c h 
c +  
T h

y

J

0

X

C +  

c h 
C +

T h

n
j

h i  2

+ +
c h y

+ h
-------  x
C +

IV 7 
r c +

+ +
C +

+  h 
C +  

c +
C +

,c h

r c_+_
+ +
C +

T h

c +
C +

C +

S  h

V 5 ( +  + )

\y h

X

\x 0

\y 0

\x h

\y X

\y 0

%x 0

H en ce  th e  valu es o f  n  an d  k  a re  u n altered . S ince th e  m u ltip lica tio n  o f  
P (x , p )  b y  a  q u a n tity  in d ep en d en t o f  x  does n o t affect th e  e s tim a tio n  o f  x, 
th e  sole effect o f  n o t n eglectin g  p  is to  m u ltip ly  th e  coefficient o f  x 2 b y

1 +  ^  ^  o r 1 -006 , an d  th a t  o f  x 2y 2 by 1 —  ̂ ^  ̂ or 0 -9 9 5 . T h ese

co rre ctio n s  are  q u ite  negligible.
H o w ev er, h ad  V  5 been a  d eu teran o p e , th e  leading te rm s  in P (x , p )  w ould  

h av e  been xy  — p y 2. S in ce, as we shall see, x  is a  sm all q u a n tity  o f  th e  sam e  
o rd er as p ,  th o u g h  p ro b ab ly  a b o u t th ree  tim es as large, th e  co rre ctio n  w ould  
h av e  been v e ry  im p o rta n t. I f  enough pedigrees are  in v e stig a te d  su ch  a  
case  will p ro b ab ly  arise , an d  a  m eth o d  has th erefo re  been d evised  w h ich  
is cap ab le  o f  dealing w ith  it.

I t  is ob viou s th a t ,  in th is  case , we could ca lcu la te  P (x , p )  d ire c tly , an d
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derive the other three values of P  by substitution. However, their direct 
evaluation is instructive, and also furnishes a useful check.

I f  I I I  2 was a mosaic we can readily obtain maximal values for P. Com­
pletely neglecting IV 7 and V 5, we find

P(x, 0) = y + 2x2y,

P ( h  0) = b

I f  I I I  2 is a mosaic, the true values lie between these and those found earlier.

P e d i g r e e  B ( f i g . 2)

To avoid circumlocution we have redrawn the relevant parts of pedigree B, 
and inserted some additional individuals in fig. 2a. Given the pedigree of 
haemophilia and the fact that M is a deuteranope, we have to calculate the 
probability P  that I, L and N are deuteranopes, while E, F, G, H and K 
are not. Since a, /?, y, f  and y all had haemophilic sons, it is clear that they

are, or were - i ,  whilst e may have been so. It may be remarked that the

value of P  is the same, from whichever of the haemophilic deuteranopes 
we start our calculation.

To calculate P(x, p) we note that if there was only one source of deuter- 

anopia, D must have been a deuteranope. Hence rj is which has a

probability y, and the further probability that N is a deuteranope is also y, 
giving a cumulative probability y2. Since D was a deuteranope, the proba­

bility that /? was is y, the probability that she was ~~~ is x- The cumu­

lative probabilities of these two contingencies are thus yz and xy2.

If  p was the probability that her three sons E, F and G are non-

deuteranopes is y3, the same probability for K being + 5xy + 3a;2) as 
found in the similar case in pedigree A. Further, p  must have received both

is x. Sincethat she was ^ c +
bility that she was —— is y2 +

Given that y was > the further probability

(She cannot have been c + •
ility that H and I were

2 4 4
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is y 2. T h e  p ro b a b ility  t h a t  L  is a  d e u te ra n o p e  is also y 2. T h u s th e  c u m u la tiv e  

p ro b ab ility  from  f i  o n w ard s is

\y7{±y2 +  5xy  4  3a;2) (y2 4- x 2),

an d  th e  co n trib u tio n  to  P (x ,  0 ) co rresp o n d in g  to  th e  c o n tin g e n c y  t h a t  

c h l y 10(4:y2 + 5 x y  +  3x2) ( y 2 +  x 2).
/? +  +  • f i  w as — — is

|
If , h o w ever, f i  w a s --------, th e  p ro b a b ility  t h a t  E ,  F  a n d  G w ere as  fo u n d  is x 3.

C “f”
T h e  fu rth e r  p ro b a b ih ty  t h a t  K  w as as fou n d  is l ( 3 y 2 +  7xy +  2x2), th e  p ro o f  
being as in p ed ig ree  A . F u r th e r , sin ce f i  rece iv ed  c  an d  h fro m  d ifferen t

p a re n ts , A  m u st h a v e  been c  +  an d  a  • H e n ce  y  w as ~ ~  • T h e  p ro b a ­

b ility  th a t  H  an d  I  w ere as fou n d  is x 2, th e  p ro b a b ility  t h a t  L  w as as fou n d  

xy. F o r  f  m u st h a v e  been as she w as h etero zy g o u s fo r b o th  gen es.

H en ce  th e  c u m u la tiv e  p ro b a b ih ty  fro m  f i  o n w ard s is \x*y(3y2 +  7xy +  2x2), 
an d  th e  co n trib u tio n  to  P (x ,  0 ) is

\x7y z(3y2 4- Ix y  +  2x2) (y  4- x )2,

th e  la s t te rm  being ad d ed  fo r th e  sak e  o f  h o m o g en eity . H en ce

P (x ,  0) =  J y 10(4 y 2 +  5xy  4  3x2) (y2 4- x 2) 4- \x7y z(3y2 4- Ix y  4- 2a;2) (y  4- x )2

=  ^(4z/14 +  5 x y 13 4- 7x2y 12 4- 5xzy u  4- 3x*y10 4  3x 7y 7 4- I3 x 8y 6
4  19x9y 5 4  1 la;10?/4 4- 2xn y 3)

_ 1   5 1 /y% | 15 3 /y*2  114-5 /y»3 i— x  ̂ o/T 2 ^ 4 ^ i •••

5 1 / ,  51a;2 45a;3 \
=  y l  l 1 +  3 2 p - 6 i p + - ) -

n  =  1 2 | , k  =  0.

P ( i ,  0) =  3 2 x  2~ 13.

I t  is to  be n o ted  th a t  y"*~ is a  fa r  b e tte r  a p p ro x im a tio n  th a n  1 — ^ x . 
Since n — 12f we m a y  sa y  th a t  th e  genes c an d  h h av e  h ad  12 J o p p o rtu n ities  
o f sep ara tin g , an d  h av e  ta k e n  none o f th e m . T h e  step s in th e  p ed igree, e a ch  
o f w hich  co n trib u te s  u n ity  to  n, a re :

My, 7jN, D fi, f iE , fiE , fiG , /lot, a y ,  y H , y l ,  y £  an d  £ L .

T h e tw o step s fie , eK  c o n trib u te  £ b etw een  th e m . W e  can  a t  on ce ap p ly  
th is sim ple m eth o d  to  an y  giv en  p ed igree, an d  th u s e v a lu a te  n  an d  k. T h e

2 4 6
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residual terms such as J \xly^  represent contingencies involving crossing- 
over on two or more occasions. They are negligible when x is small, but 
essential for the calculation of P ( J , 0). In a large pedigree it may therefore 
be most convenient to calculate n and P(£ ,  0) separately.

The calculation of P ( J ,  p) and P(x, p) is somewhat more complicated, 
and the extra accuracy obtained turns out to be negligible. I t  is, however, 
necessary to demonstrate this fact, and the method demonstrated will be 
applicable in cases where the correction can no longer be neglected. Five  
contingencies would give a second source of deuteranopia in the pedigree:

1. 8 p ro d u ced  a  c+ g a m e te  from  w hich rj w as form ed .

2. B  w as c + .

3. A  w as c +  an d  a  w as —  (e ith e r  o r ^  \ .c \ c h c +/
A C  +4. a  w as —r - .c h
5. C w as c +.

E a c h  o f  th ese  co n tin g en cies h as an  a priori p ro b ab ility  p. F u r th e r , a n y  
tw o  o r m o re  o f  th e m  m a y  be tru e  sim u ltan eou sly , e x c e p t (3 ) an d  (4 ). T h ese  
a re  ex clu d e d  b ecau se  /? an d  y  h ad  sons w ith  n o rm al vision  an d  w ere th e re fo re  

c
not We shall neglect these multiple contingencies, which contribute to

the coefficient of p 2 in the expansion of P . Since p 2 is much smaller than the 
standard error of p, this is clearly justifiable.

I t  is most convenient to calculate P(£ ,  p) and P(x, p) separately, since 
we are only interested in the leading terms in the expansion of the latter. 
To calculate P ( J ,  p) we multiply P ( J ,  0) by (1 — 5p) and add terms corre­
sponding to each of the five contingencies. These are as follows:

1 . Since J  is not colour-blind, the probability must be halved. For if 8

had been ^ , the chance of his being so would be \. On this hypothesis it

is no longer sure that D was colour-blind, and it is best to begin the calcula­
tion at the other end of the pedigree, that is to say to ask “ Given that I is 
colour-blind, and that 8 contributed a C +  gamete to 7], what is the proba­
bility that the various individuals had the type of colour vision found, 
neglecting the information supplied by the pedigree of haemophilia? ” On

this hypothesis the value of P (\, 0) would be calculated as follows: y was — . 

Hence the probability that H and L are as found is 2-3 . The probability that

V o l .  c x x m — B .

24 7
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/? was — is 2 -2, the probability that she was — is 3 x 2 -2. If ft was — , the

probability that E, F, G and K are as found is 1 . And since D was + ,
the probability that M and N were colour-blind is 2 -2. If however /? was -i-
the probability that E, F, G and K are normal is 3 x 2 -5. The further proba­
bilities that D was + and c are each £ . If D was + , the probability that 
M and N are colour-blind is J . If D was c, the probability is 1 . Hence on 
this hypothesis

P(£, 0 ) = 2 - 3 [2 - 2x 2~2 + 3 x 2 “2x 3 x 2 "5x 2 - 2(2 - 2 + l)]
= 173 x 2-14.

So the contribution to P(£, p) on this contingency is 173 x 2 ~15p.
2 . The probability that a colour-blind man B and his heterozygous wife ft 

should have a normal daughter whose only son is normal is £, as opposed 
to J if B was normal. The contribution is therefore 3 x 2 ~13p.

3. The probability that ft and y were both heterozygous is now J instead 
of f , so the contribution is 3 x 2 _13p.

4. The probability that y was heterozygous is now 1 instead of §, and 
the contribution is therefore 3 x 2- 11p.

5. The probability, given that y was heterozygous, that L is colour-blind 
is now § instead of J , so the contribution is 33 x 2~13p.

Hence P(£, p)
= (1 — 5p) 9 x 2-13 -f p(173 x 2_15 + 3 x 2_13-h 3 x 2_13+ 3 x 2-11 + 27 x 2 -13)
= 9 x 2~13 +173 x 2-15p

= 9 x 2" 13 1 + 1 7 3 p
3 6

Thus P(£, 0 ) must be multiplied by 1*0673.
In calculating P(x, p) we need only consider the changes in the first 

three terms, namely y14 + f xy13-l- %x2y12, in the homogeneous expansion of 
P(x, 0 ), since it will be shown later that the third term and a fortiori later 
terms are negligible. As above, each contingency contributes a term to be 
added to (1 — 5p) P(x, 0 ).

1. Since J  is -1- + , the term must be multiplied by £. If is c + 
c h Mand N

must have been deuteranopes. The probability is y~2 P(x, 0 ). If y was —, 

the probability that M and N are deuteranopes is x2. Further, D was not

a deuteranope, which involves a further probability of x if ft was + + 
c h ’

2 4 8
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-4- h C “I”
an d  a  p ow er o f  x  if  she w as . H en ce  th e  p ro b ab ility  th a t  tj w as ^  g~ is

n egligible, an d  th e  co n trib u tio n  is \y~2 P (x ,  0 ) p  o r

i  (y12 +  i x y 11 +  l x 2y 10 + . . . )  p .

M u ltip lyin g b y  (y 4- x )2 for th e  sake o f  h o m o g en eity , th is  b ecom es

( i  2/14 +  ¥  *2/13 +  ¥  x 2y 12 +  . . . ) p .
“f” h

2. I f  w a s --------, th e  p ro b ab ility  h as a  lead in g te rm  x 1y 1 an d  is negligible.
c  +

4- 4-
I f  p  w as g - g , th e  p ro b ab ility  th a t  e  an d  K  h av e  n o rm al vision is £ (y 2 +  xy  4- 2x2) 

in stead  o f  £ (4 y 2 +  5xy  +  3a;2). So th e  co n trib u tio n  to  P (x , p )  is

(£ y 14 +  i xV12 +  \x2y Y2 +  . . . )  p .

3. I f  A  w as c  4 -, th en , since /? an d  y  w ere n o t g g - , th e y  m u st h av e  b een  g  . 

A s show n ab o v e  th e  p ro b ab ility  h as a  lead in g te rm  x 1y 7 an d  is negligible.

4 . P  m u st h av e  been -g -jt- } so m u st y .  T h a t  is to  sa y  th e  p ro b ab ility  th a t

y  w as — g -  is raised  from  y 2-\-x2 to  u n ity . So we m u st su b stitu te  (y +  x )2 

fo r y 2 +  x 2 in th e  exp ression  fo r P .  T h e  co n trib u tio n  is th u s

(y14t +  ^ x y 13 +  i£ -x2y 12 +  . . . ) p .
I

5. A ssu m in g th a t  y  w as an d  C w as c  4 -, th e  p ro b ab ility  t h a t  L  is

a  d e u teran o p e  is raised  from  y 2 to  y 2-\-xy +  x 2. T h e  p ro b ab ility  t h a t  y
|

is negligible. So th e  co n trib u tio n  is

(y li  4- £ x y 13 4- 4 x 2y 12 +  . . . )  p .

w as
C 4- 

H en ce

P (x , p )  =  (1 -  5p) (y 14 +  f z y 13 4 -\ x2y™ +  . . . )  + p ( ^ y li  +  ™ xy13 +  ^ x 2y x2 +  . . . )

yli +
4 - 9 p /  10 +  9p 1 4 4 -2 3 p1 ' ~'14 -i----------- -- x y 13 -|------------- -  r 2

8 — 18p y 8 — 18p  

10 + 9/) r

x 2y l2 +  . . . j

- h  9P ] u - m  2 0 , - ^ p - n ^ x 2  ̂ 1
\ * r  L 8(4  — 9 p )2 y 2 + ‘ " J

or, n eg lectin g  pow ers o f  p ,

9p\ 51 + 115px2
W  1 6 ( 1 +  ^ 2 - y >  + - ,

L 2

2 4 9
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Hence n is decreased from 12*75 to 12*695. It will be seen later that this 
has a negligible effect on the estimate of x.

R id d e l l ’s P e d ig r e e

■ ? __________ $

n<6444 4 4*0
1------ 1------ Tf----Tf— Tf | 1 j j

h i  , 8  , 4  * 4  s4  69 7<§ «o® « 9

IV

F i g . 3 —Riddell’s Pedigree. •  haemophilic; ® colour-blind haemophilic;
® colour-blind; © normal colour vision.

Here we have the only case of crossing-over in our material. I f  I I  4 is ,

then, whether she is or ^ ^ , the value of P(x, 0) that is to say, the

probability, given that I I I  7 is colour-blind, that II I  1 should also be colour- 
olind is 2xy. There is no correction for a second source of colour-blindness, 
since II 4 is not colour-blind. So

P {x, p) = 2xy,

P (i .P )  = h
n — 2, k — 1.

In this case, however, the appropriate function is P '(\, p ), the probability 
that a result as favourable to the hypothesis of linkage, or more so, should 
arise from random sampling. As the observed result is as unfavourable as 
possible, it follows that

p 'd , p) = i-
Unfortunately there is, at least in the present state of our knowledge,

the possibility that II  4 is a mosaic who was originally + but of whom
c  —I—

+ -f- h
a portion has mutated to  ̂  ̂ , or - - --- . Both types of tissue would be

represented in her ovaries. We consider such a possibility unlikely, but to 
neglect it would be intellectually dishonest. Hence an alternative explana-
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tion, though not, we think, a probable one, can be given for the apparent 
case of crossing-over. Crossing-over will not be conclusively demonstrated 
until it occurs in the gametes of a woman who could not be a mosaic.

Colour-blindness and Haemophilia in Man

I

I I

I I I

B ir c h ’s P e d ig r e e

i f  ' f i — 1

iv  i $  *6
F ig . 4— Birch’s Pedigree. • haemophilic; © colour-blind; 

haemophilic, normal colour vision.

Here our only certain information regarding vision concerns I II  1 and
III  3. P(x, 0) is calculated as follows: given that III  3 is colour-blind, the

+  +  +  hprobability that II  2 is  ̂ ^ is y, the probability that she is — is x. Hence

the probability that III  1 was not colour-blind is y2 +  x2. So

P{x, 0) =  y2 + x2,

12 *

If  and when it is established that III  4 is colour-blind, these values will 
be diminished to y3 + xz and \ . If II  4 is colour-blind, 1 1 must have been

; so II  2 was ^ and P(x, 0) =  y2 or y3. There is here no correction for 
c + c +
a second source of colour-blindness, since II 2 had both colour-blind and 
normal sons and must be heterozygous for c. We therefore find

P(x, p ) = y2 + x2,

■P(i> P) — 

n = 2, 1c = 0,

with the proviso that the values of P  will probably be reduced by further 
information.

2 5 1
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Ma d l e n e r ’s P e d ig r e e

Madlener (1 9 2 8 ) published the first pedigree in which linkage between 
colour-blindness and haemophilia is probable. He has kindly supplemented 
it by further information. The relevant part of this pedigree is given in fig. 5. 
I 1 had a number of haemophilic relatives. I 1 , III 2 , and III 4 are described 
as colour-blind (rot-griinblind, presumably deuteranopic) in Madlener’s 
paper, and the latter two were tested at the time when it was written. IV 3 
was at that time too young to test.

1--- 1----r
1 1 1 $  1 6  * 6  ^  7q  * 6

h i
"I-----1

Q 1 l> +£> &

TV Q t § i S

F ig . 5—Madlener’s Pedigree. © Colour-blind haemophilic; © normal colour vision;
• haemophilic.

In answer to our enquiry Madlener consulted III 1 , whom he describes as 
having great Familiensinn. She gave him the following further information. 
Ill 5 and IV 2 have normal colour vision, and IV 3, who is still alive and has 
had no severe haemorrhage since 1928, is definitely colour-blind. She knows 
of no colour-blind members of the family other than the haemophilics. 
While her information does not carry so much weight as that concerning 
III 2  and III 4 who are known to have been examined by a colleague of 
Dr. Madlener’s, we see no reason to reject it.

The most remarkable feature of the pedigree is the haemophilic girl II 1 , 
whose case is carefully discussed by Madlener. Unfortunately he had not 
personally examined her. He concluded that she was a genuine haemophilic. 
Now her mother, I 2 , had four normal sons and three normal brothers. 
Further, her father, maternal grandfather, two maternal uncles, and five 
sons of two sisters were normal. The probability of this, if she was hetero­
zygous for haemophilia, is 5-9 x 2 -15, or 0-00009. If she was homozygous, the 
chance that she produced an h gamete is about 0 -0 0 0 0 2 . Lenz suggested 
to Madlener that she was a pseudo-hermaphrodite, and really a male. This 
involves the fantastically unlikely coincidence of the transference of 
haemophilia from father to son with gross anatomical abnormality in the
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son. It seems safest to conclude either that h is here dominant over its 
normal allelomorph, or that the case was incorrectly diagnosed.

P{x, 0 ) is calculated as follows: II 5 was ^ The probability that III 2 ,

III 4, and III 5 were as found is y3. Further III 1, since she transmitted
+  +both c and h, and could only have got them from her mother, must be .

This has a further probability y. The further probability that her two sons
IV 2 and IV 3 are as found is y2. Thus

P(x, 0) = y6,

P(h  0) = 2~6.
The expressions are very simple when, as in this case, we have exact 

information about the common ancestor. The two possible secondary 
sources of colour-blindness are I 2 and II 6 . If I 2  had contributed a c 4 -

c +gamete to II 5, II 5 would have been —r~, and III 5 would have been colour -ch
blind. Hence the effect of considering I 2 is to multiply P  by (1 — p). If II 6

+ + c +was colour-blind, III 1, who is known to be and —, must be —=-, whichh c +n
has a probability x , since II 5 was • The further probability that IV 2 

and IV 3 are as found is x2.

So

and

P{x, p) = (1 - p )  [(1 - p ) y 6+ px3y3]

=  ( i - ^ )v [ i + ( T ^ ? ] ,

n = 6, k = 0,

P ( h P )  =  ( l - P ) 2 ~ 6-

Gr e e n ’s P e d ig r e e

I have to thank the late Dr. C. V. Green for full information about this 
pedigree, which was compiled by him and published by Davenport (1 9 3 0 ). 
The relevant part is given in fig. 6 . I 2 , who is III 7 of Davenport’s pedigree, 
had a colour-blind brother, two colour-blind maternal uncles, and other 
colour-blind relatives, but no haemophilic relatives other than those shown. 
The colour-blindness appears to be deuteranopia. Let us first assume that 
I 2 was a double heterozygote, and not a mosaic. If so, since she was almost

2 5 3
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+  h
c e r t a i n l y -------, she d eriv ed  th e  gen e h  from  a  m u ta te d  p a te rn a l g a m e te ,

c  -f-
sin ce  h e r fa th e r  w as n o t h aem o p h ilic , a n d  h er co lou r-b lin d n ess c a m e  fro m  
h e r m o th e r .

I n  th is  p ed ig ree  c  a n d  h  a re  rep elled . W e  ask , g iv en  th e  p ed ig ree  o f  h a e m o ­
p h ilia  an d  th e  f a c t  t h a t  I I  3 is co lo u r-b lin d , w h a t is th e  p ro b a b ility  t h a t  
I I  4 , I I  6 , I I I  1 a n d  I I I  5 a re  as  fo u n d ? S in ce I  1 a n d  I I  1 a re  n o t co lo u r­
b lin d  a  seco n d  so u rce  is e x c lu d e d , a n d  P (x , p )  =  P (x ,  0 ) .

I I
■q- 7

i ©  3 6  + 6  b-Q

1— 1 1 1 ~ 1
h i  s© <9

F i g . 6 — Green’s Pedigree. © colour-blind; • haemophilic; © normal colour vision;
haemophilic, normal colour vision.

T h e  p ro b a b ility  t h a t  I  2 is is y, th e  p ro b a b ility  t h a t  she is is x - 

H e n ce  th e  p ro b a b ility  t h a t  I I  4  a n d  I I  6 a re  as fo u n d  is y z in  th e  first case , 

x z in  th e  seco n d . I f  I  2 is , th e  p ro b a b ility  t h a t  I I  1 is ^  ^  is 2/> l11 w h ich  

ca se  I I I  1 a n d  I I I  5 w ere c e r ta in ly  n o n -d e u te ra n o p ic . T h e  p ro b a b ility  t h a t  

I I  1 is is x > an d  th e  fu rth e r  p ro b a b ility  t h a t  I I I  1 a n d  I I I  5 a re  n o t
| J j

d e u te ra n o p ic  is xy . So if  I  2 i s ------ , th e  p ro b a b ility  t h a t  I I I  1 an d  I I I  5 a re
c  -f-

as  fo u n d  is y  +  x 2y.

I f  on  th e  o th e r  h an d  I  2 is ^  ^  5 th e  p ro b ab ilities  t h a t  I I  1 is - i - j t  an d  - i - j t -

a re  y  an d  x  re sp e ctiv e ly , a n d  th e  p ro b a b ility  t h a t  I I I  1 an d  I I I  5 a re  n on -  
d eu teran o p es  is x  +  x y 2.

H e n ce  P{%, p )  =  P (x ,  0 ) =  y z(y  +  x 2y) +  x z(x  +  x y 2)

=  y4 +  x 2y 4 +  0^ ( 1 +  y 2)

. /  x 2 2xz 
=  +  1 ----- r  +y2 y3 • " )

an d n  =  4 , Jc =  0 ,

B ( i  , p )  =  P ( i ,  0) =  5 x  2~5.
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Let us suppose that I 2 is a mosaic of an(I |or possibly j •

We cannot be sure that II 3 and II 4 were derived from the latter. Hence 
our value of P  must be based on II 6 , III 1 and III 5, though II 3 and II 4 
give us the information that I 2 is heterozygous for c. In this case

P(x, p) = yiy + x ^  + xix + xy2)

= y4 + 2 xy3 + 4 x^y2 + 2 xzy + x4

= y2 + 3 x2̂ 2 + 2 xzy + z4,

for P{ $ , p )  = 5 x 2 -3, n = 2 , k = 0 . However, the former hypothesis seems 
much more probable.

Colour-blindness and Haemophilia in Man

Sig n ifica n ce  of t h e  D ata

Assuming that all doubtful cases were heterozygotes and not mosaics, 
the product of the five values of P(J, 0 ) and one of P '(J, 0 ) is 3 4 x 5 x 2 -29, 
or 7-54 x 1 0-7. The product of the values of P(|, p) is this number multiplied

3 5*29by approximately 1 + or 1*041, that is to say 7*84 x 10~7. This number
J. z

would be appreciably modified if the segregation of c in heterozygous 
mothers were abnormal. But it could hardly exceed 10-5.

Let us next assume that all the doubtful women were mosaics; and, further, 
that all their non-haemophilic sons were derived from their non-mutated 
sectors. Both these hypotheses are most unlikely. But, even so, the product 
of the P (\, 0 ) values is 33 x 5 x 2 -25, or 4-04 x 10-6. The true value lies some­
where between this and 7-84 x 10-7, a good deal closer to the latter.

In other words, the probability that our finding of linkage is an error due 
to a run of luck is about one in a million. It is, moreover, difficult to frame 
any hypothesis other than linkage which will account for the results. 
In three pedigrees, A, B and Madlener’s, the two genes are coupled; in two 
pedigrees, those of Birch and Green, they are repelled. This fact at once 
negates any theory as to a physiological connexion between the two 
diseases. I t  is, however, exactly what would be expected from analogy with 
animal genetics.

E stimation  of th e  F r eq u en c y  of Crossing-o v er

We shall now consider the estimation of x on the hypothesis that all small 
positive values have an equal a priori probability. We first assume that the
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three doubtful women were not mosaics. The product of the leading terms 
in the product of the six values of P{x, p) is

xEk( 1 — x)L<Jl~k) = x(l — x)27'75.

If this is plotted against x we get a very skew frequency curve giving the 
probability that x lies between given limits. The modal or maximum likeli­

hood value is x = ^  = 0*035. This result may, however, be rather

misleading. The mean value is

f Pxdx
^ ------= 0*065.
j  Pdx

This is the estimated probability that the next son of a doubly hetero­
zygous woman to be examined will be the product of crossing-over. The 
median X  is given by

| Pdx = J j Pdx 
J o  J o

and is equal to 0*057. That is to say, the frequency of recombination based 
on a large sample is as likely to exceed 5*7 % as to fall below it. The quartile 
values are 0*032 and 0*088, so this estimate is very uncertain.

We have next to determine the corrections due to including the terms in 
the expansion of P  involving x3 on the one hand, and p  on the other. The 
product of the values of P(x, 0 ) is

xyi27-75 _i_ 2 1 9 ^ . 2 5 - 7 5+ 3 2 T ' +

The mean is therefore increased from 0*0650 to 0*0685, with similar slight 
effects on the mode and median.

The correction for secondary sources is still more negligible. The estimation 
of x is not affected by the constant terms by which P  is multiplied. Xn is 
reduced from 28*75 to 28*695. This raises the mean from, 0*0650 to 0*0651. 
There is also a very slight change in the correction for x3. It must however 
be remembered that in future work it may not be possible to neglect one 
or both of these corrections.

If all the three doubtful women were mosaics, and further if all their 
non-haemophilic sons were derived from non-mutated tissue, we should 
have n = 23*75, 1c = 0 . The modal value of x would be zero, the mean 
3*88 %, and the median 2*76 %, with quartiles at T16 % and 5*45 %. It 
must, however, be remembered that somatic mosaics in man are very rare.
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Cockayne (1 9 3 3 ) records three only for conditions affecting the skin, and 
these were very probably due to chromosome elimination rather than gene 
mutation. Finally, even if all the women in question were mosaics, it is 
unlikely that all their non-haemophilic sons were derived from mutated 
tissue. There is therefore very little reason for lowering our estimates of x.

Colour-blindness and Haemophilia in Man

T h e  a  p r i o r i  P r o b a b il it y

The calculations so far made other than the estimate based on maximum 
likelihood would be true if, and only if, the a  priori probability of all small 
values of x were equally great. This is certainly not so. First consider 
a chromosome of genetical length l, that is to say in which the sum of the 
probabilities of crossing-over between a series of genes at short distances 
along the chromosome is l. Further, suppose that both genes and proba­
bilities of crossing-over are evenly distributed along it. Then the distribution 
of x, the distance between two genes taken at random (which for small 
values, such as exclude double crossing-over, is equal to the distance between 
the genes), is

d f =
2(1 - x )  

Z2
dx.

If Z is of the order of unity, which is probably the case for the human 
X -chromosome, this will entail a correction equivalent to adding unity to 
the value of n, and the median estimate will be reduced from 0*057 to 0*053.

But actually the correction is probably larger, though its magnitude is 
unknown. If we consider the existing data on linkage in animals, we find 
that there are two fairly sharply contrasted types. The common type, 
illustrated by the female Drosophila, the mouse, rabbit, hen, etc., shows 
cross-over values ranging from nearly zero to about 50 %, and possibly 
exceeding this value in rare cases. In the other type, which is characteristic 
of the male Drosophila, and of both sexes in such polymorphic species as 
Lebistes reticulatus and Paratettix texanus, all, or almost all, cross-over 
values are less than 10 %. The evidence brought forward by Haldane (1 9 3 6 ) 
suggests that man belongs to the first class, as do the four rodents which 
are the only other mammals in which linkage has been studied.

Now the chiasmata, whose genetical effect is crossing-over, always seem 
to be somewhat localized. That is to say, crossing-over is relatively rare 
in some regions of a chromosome. The genes may or may not be evenly 
distributed, but regions are generally found where genes are common, and 
crossing-over rare. Thus in the distal or “ left-hand” end of the X-chromo- 
some and the proximal regions of the autosomes of Drosophila melanogaster
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many genes are located, but crossing-over is very infrequent. And if two 
genes are taken at random, there is a considerable probability that both 
will lie in such a region. Hence cross-over values between pairs of genes 
taken at random show a peculiar distribution. There is a sharp maximum 
in the neighbourhood of zero, and another maximum somewhere between 
45 and 50 % due to genes at considerable distances from one another. The 
curve then drops again to zero near 50 %, but this part of the curve is 
difficult to map, owing to large errors, due both to sampling and to differen­
tial viability.

Fig. 7 represents the distribution of 3828 map distances between 88 genes 
located in the X-chromosome of Drosophila melanogaster. It was kindly 
plotted for us by Mr. F. Minns from data given in Drosophila Information 
Service, corrected for unpublished results obtained by Dr. H. Griineberg 
on the location of roughest. The distances were grouped by units. The drop 
between 1 and 2 units is perhaps accidental. The data for the autosomes, 
though less numerous, yield similar results.

Since cross-over values are very approximately equal to map distances 
for values less than 0-15, but do not exceed 0*50 when the map distance 
does so, it follows that the maximum in the neighbourhood of zero is correctly 
represented, while the second maximum is not. If d f  =  f(x) dx be the fre­
quency distribution of cross-over values, and P(x) is defined as above, we 
can answer the following question: “ If the human data here given referred 
to Drosophila melanogaster, what would be the median cross-over value to 
be expected? ”

The median value X  is given by

f P (x)f(x)dx  =  P (x)f(x)dx.
Jo , Jo

We obtain a value of f(x )  by smoothing. Mr. Minns has fitted a quintic 
to the points between x = 0*005 and 0*355 on fig. 7.

If 2 = 100# — 17*5, its equation is

f{z) = 72*618- 1*7750% -0*17326z2 +0*01634z3
+ 0*0009737z4 -  0*00007408z5.

The values given by the equation were used up to x = 0*15. For higher 
values f(x) was taken as constant, since as the result of double crossing-over 
it exceeds the value deducible from fig. 7. The inaccuracy so introduced 
is slight, as the area of the tail of the curve for P(x)f(x)  beyond x = 0*15 is 
only 5*0 % of the total.

The modal value of x is about 2*5 %. The median is 4*7 %, with quartiles
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a t  2-5  an d  8-1 % . T h e cu rv e  is ren d ered  skew er b y  th e  c o rre c tio n , a n d  th e  
e s tim a te s  o f  x  are  all low ered. H o w ev er, th e  ch an g e  is less th a n  th e  p ro b a b le  
e rro r . I t  is c lear th a t  th e  co rre ctio n  fo r a  p r io r i  p ro b a b ility  will b eco m e
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negligible w hen enough pedigrees are  av ailab le . M eanw hile we m a y  ta k e  
5 %  as a  reaso n ab le  m ed ian  valu e.

T h e  co rre c tio n  for a  p r io r i  p ro b ab ility  is co n sid erab ly  la rg e r if  w e n e g le ct

)
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the possibly mosaic women, taking n =  23*75, k =  0. For in this case the 
sharp maximum of f(x)  when x is zero is of much greater importance. The 
mode is zero, the median 1*9 %, or half its former value.

D isc u ssio n

The linkage here investigated is so close that on quite a small amount of 
material it has been possible to demonstrate its existence without leaving 
grounds for reasonable doubt. If  such close linkage is typical of the human 
species, the search for further cases will be an easier task than appeared 
probable at first sight, and its results will be of considerable practical value.

The present case has no prognostic application, since haemophilia can 
be detected before colour-blindness. If, however, to take a possible example, 
an equally close linkage were found between the genes determining blood 
group membership and that determining Huntington’s chorea, we should 
be able, in many cases, to predict which children of an affected person 
would develop this disease, and to advise on the desirability or otherwise 
of their marriage.

Meanwhile, as a means to the mapping of theX-chromosome, it is desirable 
that all persons suffering from any disease showing sex-linked inheritance, 
and their brothers, should be examined for colour-blindness and, if possible, 
for anomalous trichromatism. Since about 8 % of males in north-western 
Europe show one or other of these defects, the search should be fruitful.

This research should lead, within a few years, to a determination of the 
approximate map distances of the loci of these genes from that of colour­
blindness. Mapping would not be possible until another common sex-linked, 
or incompletely sex-linked, gene substitution has been discovered. The 
search for new immunological characters may be expected to reveal such 
a gene within the next generation.

Should Haldane’s ( 1936) claim to have discovered a group of incompletely 
sex-linked genes be confirmed, it is also desirable that male cases of xero­
derma pigmentosum, recessive epidermolysis bullosa dystrophica, etc., and 
their brothers should be similarly examined.

The theoretical method used in this paper has been unduly cumbrous. 
I t  has, however, been given in full for three reasons. In the first place it 
was necessary to show that certain conditions could be neglected. Secondly, 
the correction for a second source of colour-blindness will become important 
when a colour-blind man of an unexpected type as regards blood coagulation 
is discovered, and it is uncertain whether he is due to crossing-over or to 
a second source of colour-blindness. In Riddell’s pedigree this uncertainty
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w as av o id ed  b y  te stin g  th e  colou r vision  o f th e  m o th e r . F in a lly , th e  la te r  
te rm s  in  th e  e x p an sio n  o f  P (x ,  0 ) will b eco m e im p o rta n t if, in th e  ca se  o f  
a n o th e r  sex -lin k ed  c h a ra c te r , x  tu rn s  o u t to  be larg er. T h u s if  th e re  w ere  
2 0  %  o f  cro ssin g -o v er b etw een  th e  loci o f th e  genes for co lo u r-b lin d n ess

an d  an id rosis , —  w ould be 0 -0 6 2 5  in stead  o f  0 -0 0 2 8 , an d  w ould no lo n g er be
y2

negligible.
T h e  follow ing sim plified m eth o d  m a y  be used  fo r th e  fu rth e r in v e s tig a tio n  

o f  th e  lin k age b etw een  colou r-b lind n ess an d  h aem o p h ilia :
1. T h e  p ed igrees o f  h aem op h ilia  an d  colou r-b lin d n ess a re  d e te rm in e d . 

In  e a c h  case  cro ssin g -o v er is assu m ed  n o t to  h av e  o ccu rre d  unless th e re  is 
ev id en ce  t h a t  i t  h as o ccu rred . A  single so u rce  o n ly  o f e a ch  a b n o rm a lity  
is assu m ed .

2. A  n u m b er, n , o f  g am etes  te s te d  is d eterm in ed  b y  th e  follow ing c o n ­
v e n tio n s  : fo r e a ch  re la tio n sh ip  b etw een  a  d ou b ly  h etero zy g o u s m o th e r  an d  
a  child  w hose g e n o ty p e  is ob served  or d ed u ced , n  is in creased  b y  u n ity . T h e  
a m o u n t b y  w h ich  n  is to  be in creased  for d au g h ters  o f double h e te ro z y g o te s  
w hose g en o ty p e  is n o t in ferab le w ith  c e r ta in ty  is a  m a tte r  for ca lc u la tio n  
in in d iv id u al cases. E x a m p le s  o ccu r in th ree  o f  th e  p edigrees here co n sid ered .

3. A  n u m b er, k x , o f  u n d ou b ted  cro ss-o v er g a m e te s  is sim ilarly  c a lc u la te d . 
I f  th e re  a re  cases w h ich  could  be exp la in ed  e ith e r b y  cro ssin g -o v er o r  a  
seco n d  so u rce  o f  colou r-b lind n ess, n u m b ers k 2, k 3 , e tc .,  o f  fa c u lta tiv e  
cro ss-o v ers  a re  ca lcu la te d .

4. I f  k 2, k 3 , e tc . =  0 , th e  p rob ab ilities reg ard in g  x  a re  as if  we h ad
k

o b serv ed  k x c ro ss-o v ers  in a  sam p le o f n. T h e  e s tim a te  — is th erefo re  a  m o d al
n

v a lu e , an d  so long as k x is sm all will differ ap p reciab ly  from  th e  m ean
k  14-1

n +  2 ’
an d  th e  m ed ian .

5. I f  som e o f  th e  a p p a re n t cro ss-o v ers  a re  colou r-b lin d , an d  a  seco n d  
so u rce  is possible, th e  likelihood o f  a  given  v alu e o f  x  is an  exp ressio n  o f  th e  
fo rm

P  =  (1 — x )n~ki~k2~kz-X ki (x — p ) k* (x — ^ p )*3. . .  .

A n e x a m p le  o f  th e  m an n er in w hich th ese  la t te r  te rm s m ig h t arise  is g iv en  
on p. 131 . T h e  e s tim a te s  o f x  a re  to  be o b ta in ed  b y  d eterm in in g  th e  m o d e, 
m ean , an d  m ed ian  o f  th is  fu n ction .

6. U n til  m o re  is know n as to  th e  c ircu m sta n ce s  in w hich h aem o p h ilia  
arises b y  m u ta tio n  it  is desirable to  e s tim a te  x  on tw o different sam p les . 
T h e  first w ould  in clu d e th e  p ro g en y  o f  all w om en who are  c e rta in ly  h e te ro ­
zyg ou s. T h e  seco n d  w ould exclu d e  all p erson s w ho m ig h t h av e  arisen  from
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a homozygous portion of the ovaries of a woman who was possibly a mosaic 
due to somatic mutation. If  these two samples differ significantly, the second 
must be used for our estimation. Until such a difference is proved we can 
see no good reason to correct for the rather remote possibility of mosaicism.

7. Until n is of the order of 100 the estimates of x will be appreciably 
too high, owing to the fact that small values of x have a greater a priori 
probability than large.

S u m m a ry

Four new pedigrees are described in which cases both of colour-blindness 
and of haemophilia occur. The two pedigrees already published are con­
sidered, and the information concerning one of them is supplemented. In  
three of the six pedigrees haemophilia appears to have arisen afresh by 
mutation.

The genes for colour-blindness and haemophilia are closely linked. The 
probability that the results attributed to linkage could have arisen by 
sampling is less than 4 x 10~6. So far only one case of crossing-over has 
occurred, and even this is not absolutely certain, as the mother of the man 
in question may possibly be a mosaic due to somatic mutation. I t  is 
estimated that the frequency of crossing-over is as likely to lie below 5 %  
as above it.
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THE RELATIVE IMPORTANCE OF PRINCIPAL AND 
MODIFYING GENES IN DETERMINING SOME

HUMAN DISEASES

B y J .  B . S. H A L D A N E , F .K .S .

(W ith  One T ext-figure)

A v a s t  am ount of ra th er speculative theories have been produced  
regarding n atu ral selection in m an. I t  is probable th a t  in m odern  
civilized com m unities reproductive selection, th a t is to  say, selection on 
a basis of fertility , is more im p ortant th an  s trictly  D arw inian selection  
on the basis of survival. B u t the opposite was probably the case th rou gh  
m ost of m an ’s career. M oreover, w hat little e x a c t genetical knowledge 
we possess relates whollv to  selection on the basis of survival.

A num ber of genes are known which diminish the exp ecta tio n  of 
hum an life, but yet allow long enough life to  perm it of reproduction  by  
m any individuals. Bell (1939) has shown th a t in a num ber of such cases  
‘the period between the onset of the disease and death is alm ost inde­
pendent of the age of onset. Thus the age of onset is a valuable index  
of the selective disad van tage of the gene.

W ith  the discovery of modifying genes there has been a ten d en cy  in 
some q uarters to  postulate their existence and im portance on a very wide 
scale, while oth er w riters have stressed the im portance of en vironm ent. 
A m ong a group of persons affected with a given disease, whose genetical 
basis is roughly known, we can exam ine the relative im p ortan ce in 
determ ining the age of onset, of:

(1) Differences in the main gene itself. T h at is to  say, there m av be 
tw o or m ore different m ain genes, each giving a characteristic, m ean age  
of onset, with some variation  round it.

(2) Differences in m odifying genes, which, while not causing the  
disease, m ay favou r early  or late onset if a main gene is present.

(3) D ifferences in environm ent, which again m ay favou r earlv  or 
late onset.

The recen t work of Bell (1934 , 1935, 1939) enables us, for the first 
tim e, to  answ er this fundam ental question in certain  cases. Bell tak es  
a large group of p atien ts, and finds the correlation  between age of onset 
in pairs of sibs (and som etim es also in p arents and offspring). L e t us 
see w hat we should exp ect on various extrem e hypotheses. I t  is not
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suggested th at any one is ever e x a c tlv  tru e, but one or oth er m ay prove  
a good approxim ation  to  the tru th  in a p articu lar case.

I f  the age of onset were determ ined wholly by the main gene, and if 
there were only one main gene, we should exp ect to  find the age of onset 
e x a ctly  the sam e in all cases, sav  7 vears. B u t if there were several 
different genes we should exp ect to  find several different ages of onset, 
say one group at 4 years, an oth er at 12, and an oth er at 30. I f  there were 
several different recessive allelom orphs, some ages of onset would 
ch aracterize  hom ozygotes, and these would alm ost invariably be found 
where the p arents were related . W here th ey  were unrelated we should 
som etim es find heterozygous “ co m p o u n d ’’ recessive typ es, probably  
with interm ediate ages of onset. In every  case of dom inance parent and  
offspring would be affected by the sam e gene, and have the sam e age 
of onset. Thus the correlation  would be unity . Two sibs would alw ays  
have the sam e pair of recessive m ain genes excep t where one parent was 
affected, and happened to  be a heterozygous com pound. Thus the  
correlation  between sibs would be very close to  unity .

N ext suppose th at only one main gene were present in the population, 
but th a t there were also a num ber of m odifying genes which affected  
the age of onset. F o r exam p le, glaucom a is due to  abnorm ally high 
pressure within the eye. W e m ight exp ect the gene or genes which are 
responsible for high arterial pressure to accelerate  its onset. If  there  
were only one main gene ami a considerable num ber of modifiers we 
should exp ect to  find the sam e situ ation  as with ch aracters  such as 
sta tu re , which appears to be controlled by m an y genes. The correlation  
coefficients would be about 0-5. probablv a little higher for sibs, and a 
little lower for parents and offspring. In the case of a dom inant gene, 
the norm al parent would, on the average, be responsible for just as 
m uch m odification as the affected p aren t, though we should in general 
have no clue as to  the nature of the modifiers to  be found in a norm al 
individual.

If  there were one main gene and no modifiers, but environm ent played 
a large part in determ ining the age of onset, we should exp ect to find 
some correlation , but its value would be low and uncertain . It would 
be m uch higher between sibs than between parent and offspring. F o r  
sibs are generally brought up in a sim ilar en viron m en t, but the fam ily  
environm ent m ay change a great deal w ithin a generation. It would 
also be higher in a disease m anifesting itself in childhood than  later in 
life, since sibs are brought up in the sam e hom e and m ay sep arate later on. 
I f  environm ent were im p ortant in determ ining the age of onset we might
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exp ect to  find this fact recognized, and th ere m ight be large occu p ation al 
and sex differences, as there are with can cer, which undoubtedly has a 
genetical basis in m any instances. The influence of the environm ent is 
recognized in the case of the congenital photosensitivities, such as 
haem atoporphyria and xerod erm a pigm entosum . I f  there were no 
genetical basis for correlation , we should exp ect to  find coefficients well 
below 0-5 in most cases.

B ell’s findings are sum m arized in Table 1. In  no case excep t the  
first is there any m arked sex difference in frequency or in age of onset.

Table 1. Correlation coefficients o f  ages o f  onset {after Bell)
Pairs of siblings Parent and offspring
( r

Disease Type V r n r
Optic atrophv (males 

only)
S.L. Rec. 812 0-510 — —

Glaucoma Dom. 2.50 0-897 113 0-813
Huntington’s chorea Pom. 442 0-405 153 0-503
Peroneal atrophy Dom. 104 0-803 0-8 0 704

Rec.* 108 0-840 — —
Friedreich's ataxia Dom. 144 0-925 — —

Rec. 500 0-694 — —
Spastic ataxia Dom. 198 0-812 — —

Rec. 104 0-845 — —
Spastic paraplegia Dom. 154 0-884 — —

Rec. 218 0-852 — —
Grouped ataxias and 

paraplegia
Dom.

* Includes a few sex[-linked cases.

135 0 743

The last line refers to  grouped cases of dom inant Fried reich 's a ta x ia , 
spastic a ta x ia , and spastic paraplegia, which in Bell's opinion, though  
not in m y own. m ay be m anifestations of the sam e fundam ental inherited  
ab norm ality . The precise value to  be a ttach ed  to  the significance of 
these coefficients is ra th er u n certain , because excep t in the case of 
H u n tin gton 's chorea, the distribution of ages of onset is highly asy m ­
m etrical. and the th eory  of norm al correlation  does not apply. H ow ever, 
there is little doubt th at in most cases the values are signifieantlv  
above 0-5. Thus in the case of recessive Fried reich 's  a ta x ia , the value of 
Fish er's  (1938) transform ed inefficient :  is 0 -850  ± (1-045. This differs 
from c =  0-549. the value corresponding with r =  0-5. by nearly seven tim es 
its standard  error. In the case of d om in an t peroneal atrop h v. when 
p aren ts and offspring are com p ared . £ =  0 -990  ± 0 -109. and the difference 
from  0-549  is over four tim es its stan d ard  error. On the other hand, the 
difference between the transform ed fratern al and parental correlations  
for H u n tin gton 's chorea is about 1-9 tim es its standard  error, and  
therefore not quite significant.
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A ctu ally  these coefficients are, if an yth ing, u n d erestim ated . Bell 
points out th a t  in the case of th e a ta x ia s  and spastic paraplegia the age  
of onset is, on an average, earlier in younger th an  elder sibs, perhaps  
because the p aren ts are on the look-out for signs of the disease. T hus  
th e coefficient of correlation  is slightly raised if the table is m ade  
asym m etrical, age of onset being correlated  in elder again st younger sibs.

She has kindly calcu lated  th e effect of this in th e  case of recessive  
F ried reich ’s a ta x ia , and finds th a t  it is raised from  0*694 to  0*711. 
F u rth e r, she has separated  th e d om in an t and recessive form s of th e sam e  
disease which cann ot be distinguished clinically. The ages of onset in the  
tw o groups overlap , but it is m uch la ter on the average the d om inants. 
If  this had n ot been done, th e correlations would be m uch higher. T hus  
the coefficient for d om in an t and recessive spastic a ta x ia  com bined is 
0*890.

The calculation  of the correlation s between age of onset in sibs m ay  
be regarded as an analysis of varian ce, the varian ce within sibships 
being small com pared with th a t between sibships when r is high. Thus  
in the case of dom inant F ried re ich ’s a ta x ia , 0*9252 or 8 5 * 6 %  of th e  
variance is between sibships, only 14*4%  being within them .

I think th a t there is no escape from  the conclusion th a t several 
different main genes are concerned in the causation  of the diseases oth er 
th an  optic atro p h y  and H u n tin g to n ’s chorea. On no other hypothesis  
could the correlation coefficients be so large. The argum ent is p articu larly  
clear in the case of parent-offspring correlation . W hen the age of onset 
of glaucom a in a parent is known we have elim inated a fraction  1 — r 2, 
or 0*661 of the variance in th e  ages of onset in the offspring. Suppose 
th a t both p arents influence this age by con trib u tin g  modifiers, this  
fraction  would be exp ected  to  be about since half the modifiers from  
each p aren t are lost by segregation . E v en  if we neglect segregation, 
there is not enough varian ce left over for the norm al p aren t's  modifiers 
to  produce unless we p ostu late asso rta tiv e  m atin g so intense as to  give 
rise to  a correlation coefficient of over 0*5 for the m odifying genes in 
the parents.

If  we could distinguish the different m ain genes we could reduce the  
correlation  coefficients to  m ore norm al values. Thus by dividing up the  
genes responsible for spastic a ta x ia  into a dom inant and recessive class, 
Bell was able to  reduce a coefficient of 0*890 to  tw o of 0*845 and 0*812. 
If  we divide the pedigrees of dom inant spastic a ta x ia  into tw o groups, 
in one of which the age of onset is alw avs under 50, in the oth er alw ays  
over, we obtain two correlation  tables, with n =  162, r =  0*562. and n = 3 6 .
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r =  0-027. I t  is not of course suggested th at this represents a real genetical 
division, but it happens th a t in this p articu lar table all sibships can be 
divided into those with ages of onset over or under 50.

In the sam e way we can divide her correlation  table for d om inant 
F ried reich ’s a taxia  into three parts. She considered seven ty-tw o pairs  
of sibs, so there were 144 entries in the table. In the fo rty  cases where 
the age of onset in one sib was under 5, it was invariably so in the oth er. 
In the tw elve cases where it was between 35 and 39 in one sib, it was 
also so in the other.

The argum ent for the existence of num erous genes is m ade all th e  
m ore plausible because Bell has alread y shown th at in the last four 
diseases of Table 1 there is a dom inant and a recessive form . Besides  
these there is a sex-linked recessive form  of peroneal a tro p h y , and in 
one pedigree (490) spastic paraplegia behaves as a sex-linked recessive. 
If  then three different genes m ay be responsible for a group of cases  
which are indistinguishable clinicallv, whv not five or six? The different 
genes m ay in some cases be allelom orphic. The dem onstration  of this  
m ust aw ait linkage tests. If  the argum ent of H aldane (1 9 4 0 a ) is accep ted , 

‘ recessive spastic paraplegia is due to  a group of p artially  sex-linked  
genes, and their allelom orphism  is highly probable. The dom inant form  
is due to  autosom al genes.

Pedigree 464 (due to  F ry ) suggests an interesting possibility. I t  is 
shown in Fig . 1. The grand fath er of the three affected children was 
h ealth y up to  65, when his gait becam e uncertain . At 86 he had m arked

d x ? • x 2

’  j  X O 7•  ̂ ^  T

Fig. 1.

a ta x ia  and other sym ptom s. He lived till 91. The grandchildren developed  
the disease at the age of about 10. As their parents were double first 
cousins we n aturally  suspect a recessive gene. It seems likely th at th e  
affected grand fath er and his sister or her husband were both h etero ­
zygous for it. as were the p arents of the affected sibs, but th a t it onlv  
showed in one heterozygote, and th at very late in life. E xam p les can  
be quoted, p articu larly  from D rosophila, where a gene generally behaves  
as a recessive, but occasionally shows up as a “ w eak 15 d om inant.
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Sim ilarly, in case 499 , a wom an who had m arried her uncle had a spastic  
p aretic gait at the age of 72. but excep t for one a tta c k  in middle life, 
could walk w ithout sticks till 62. Three daughters developed sym p tom s  
at about 40. and were severely crippled at 50. Several oth er cases, for 
exam ple 385. where there is no inbreeding, are nevertheless suggestive  
of the sam e possibility, nam ely, th a t som e of the genes concerned are  
incom pletely recessive.

No doubt, even in the cases of high correlation , m odifying genes m ay  
play a p art. B ell's correlation  tables show a few striking outliers. Thus  
in the case of recessive Fried reich 's a ta x ia  th ere were th ree cases out of 
250  where the age of onset in sibs differed by over 25 years. I f  these  
were om itted  from  the tab le , the coefficient of correlation  would be 
raised from  0-694  to  0-802. There is a stron g suggestion th a t ab ou t 1 %  
of the population m ay ca rry  m odifying genes which m arkedly delay th e  
onset of this disease if the m ain gene is present.

D r Bell has kindly perm itted  me to  use a table prepared bv her of  
the differences in age of onset of the disease in pairs of sibs. Besides 
calculating the m ean difference we m ay proceed as follows. I f  each  
fam ily were large enough there would be a m ean age of onset in affected  
m em bers, and a distribution round this m ean. W e can  readily determ ine  
th e even cu m u lan ts of this d istribution.

These cu m u lan ts are half those of the differences, if we count each  
difference both as positive and negative, and m ake S hep pard 's correctio n . 
Thus if r2 and c4 are the m ean values of the squares and fourth  powers of 
the differences, we have, for the distribution about the fam ilv m ean.

=  l  Co _i_  1 2 ■ 7-2= A> — 3 =
2r, ( W + 3((

J t2
-J'_4 ~ J 2 

(*'2 -  1 )2 0 /

- 1 )
-J-°-j - 6 .

The unit of grouping is taken as a year. A ctu ally  it is larger in a 
fraction  of the cases. Thus the true value of o  is slightly sm aller th an  
th at given, the true value of y 2 sliglitlv larger. H ow ever, as (Sheppard's 
correction  never am ounts to  2 ° 0 . the fu rth er correction  to  be m ade is 
sm all. The results of this calculation are shown in Table 2.

Table 2. D ifferences o f  age o f  onset within sibsh ips

Disoa sc
F r ie d re ic h 's  a ta x ia  

S p astic  a ta x ia  

.Spastic p a ra p le g ia

T y p e M ean
D o m . 2 0 1
H o . 2 -4 7
D om . r, 03
R eo. 3-.-.1
D om . 3-oo
R eo. 3 01

s .u . 72
3 in -  G-o2
3-3S -r 3 0  t)
Ch  >4 -  2 -4 7
(i 14 -  21 2
n -i'l - 12-.7
.•>•!) 1 + 2r,r>
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A som ewhat more accu rate  value of y2 could he obtained from  the  
com plete d ata . The standard  deviation round the fam ily m ean varies  
between 3 and 6 years, and the values o f y 2 are all positive, and are large  
in the case of recessives. This m eans th a t there are fewer small and m ore 
large deviations than  in a norm al distribution with the sam e stan d ard  
deviation, particu larly  in the case of recessives. This is what we should 
exp ect if there were a few modifying genes with considerable effect, but 
in m ost families there was very little m odification. I t  is. how ever, 
curious th a t modifiers for recessives seem to be more frequent or m ore 
effective than those for dom inants.

There is some evidence for the existence of modifying genes in the  
case of H u n tin gton ’s chorea. Bell found th a t of 385  affected males 
6 0 -3 %  had affected fathers, and of 336 affected fem ales 5 1 -5 %  had  
affected m others. I f  we consider grandparents also we have the results 
of Table 3.

Table 3. Huntington'a chorea

A ffected  N o rm al

A ffected  a n ce s to rs M ales F e m a le s M ales F e m a le s 9
M o th er and g ra n d m o th e r 3 <5 4 1 20 24 0 -5 5 0
M o th er and g ra n d fa th e r 4 3 5 9 3 2 3 2 0 -5 4 8
F a th e r  an d  g ra n d m o th e r 3 0 3 0 24 41 0 -4 3 S
F a th e r  an d  g ra n d fa th e r 9 2 5 3 77 0 -3 9 4

In this table norm als are not included unless th ey  ap p ear to  have  
reached the age of 30. q is the frequency of affected fem ales plus norm al 
males. These results are consistent with the theory (H aldan e. 1936) th a t  
some of the genes which modify the age of onset are sex-lim ited in their 
effect. Thus if there are modifiers in a fam ily increasing the age of onset 
in fem ales there will be an excess of males am ong tin: affected and of 
fem ales am ong the norm al. This will account for the results tab u lated . 
The differences between q valuer are not all significant, but their order 
is as exp ected .

D is o rs s io x

This paper is of course of a prelim inary nature. D ata  for ages of 
onset must exist for a num ber of diseases. Ages of death would in some 
cases be equally valuable or more so, since here there is no sub jective  
elem ent. A ny oth er m easurable ch aracter of the disease would be equallv  
valuable, provided it is fairly definite. Thus in pedigrees of mvopia we 
could use the strength  in dioptres at some standard age. in dwarfism the
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height, and so on. B u t a very  variable ch a ra cte r, such as th e coagu lation  
tim e in haem ophilia, would be useless.

Differences in age of onset in m an probably correspond with differences 
in p enetrance in D rosophila  or oth er insects. I f  we im agine all cases in 
a pedigree to  be exam ined at th e age of 25 only, late age of onset would 
appear as low p enetrance. On G oldschm idt’s th eo ry  genes act by 
determ ining the rates of processes. In  m an a morbid process m ay lead 
to  m anifest disease at any age. In an insect an abnorm al developm ental 
process will not produce an y visible effect on the m orphology unless it 
does so before the im ago is fully form ed. Thus a stu d y of ages of onset 
can tell us a good deal m ore th an  a stu d y of p en etran ce for equal 
num bers studied.

So far as concerns the question of evolution, H u n tin g to n 's  chorea  
seems to  agree with th e conditions postulated  by F ish er (1931 ) in his 
th eory  of the evolution of dom inance. Modifiers are presum ably being 
selected which delay the age of onset. P erh ap s H u n tin gton 's  chorea was 
a disease of infancy in S inanthropus. And if eugenic m easures are not 
tak en  against it, it m ay be confined to  old age in our rem ote descendants, 
in which case the m ain gene will spread, and hom ozygotes ap pear, so 
th a t it will be, in effect, a recessive disease. B u t in the case of the other  
conditions (excep t L eb er's  disease, which is either sex-linked or c y to ­
plasm ic) the m ain effect of selection will be to  weed out those main  
genes which produce an early onset, p articu larly  where th e disease is 
dom inant.

This is discussed in detail elsewhere (H ald an e, 1 9 4 06 ). As pointed  
out by Bell, selection causes th e dom inant form s to  be less severe th an  the  
recessives. M odifying genes m ay exist, but where the average difference 
in age of onset between sibs is onlv 2 or 3 years, th ey  can n ot be very  
im p o rtan t, and m ust be selected very slowly. A great deal m ore work  
will be required before we can judge w hether the presence of modifiers 
in accord an ce with Fish er s th eory  is com m on or rare in the hum an  
species.

Summary

B ell’s d ata  on the age of onset of som e hum an h ered itary  diseases 
are discussed. In glaucom a, peroneal a tro p h y . F ried reich 's  a ta x ia ,  
spastic a ta x ia , and spastic paraplegia, the age of onset in all affected  
m em bers of a pedigree is nearly the sam e, while different pedigress differ 
widely. Thus a num ber of different m ain genes m ust be responsible for 
th e  clinically indistinguishable diseases in different fam ilies. In optic
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atrop h y and H u n tin gton 's chorea the differences of age of onset within  
a pedigree are nearly as large as those between different pedigrees. So 
the same main gene m ay be responsible for all cases, while m o d iftin g  
genes account for m uch of the difference in age of onset. The bearing of 
these facts  on evolutionary theories is discussed.
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S E L E C T I O N  A G A I N S T  H E T E R O Z Y G O S I S  IN MAN

B y  J .  B . S. H A L D A N E . F .R .S .

From  the Department o f  B iom etry . I niversity College, Loudon

I n t r o d u c t io n

Landsteiner & W iener (1941) described a new human gene pair. R abbits, or b etter guinea-pigs, 
injected with blood from the monkey, M acacus rhesus, develop an antibody which agglutinates  
the corpuscles of m any human beings. The agglutinogen, or Rh -f property, was found on the red 
corpuscles of 1380 or 8 6-5 % of 1596 Americans. (The m ajority were tested by Levine et al., 
their colour not being stated .) It was present in 84-6 % of 448 whites, and 92-04 % of 113 coloured  
people, the difference not being quite significant (^2 = 3-59, P  — 0-06). It was shown to be due 
to a single autosom al dom inant gene, which m ay be called Rh without am biguity.

Levine, Vogel, Katzin & Burnham (1941) followed up earlier work, which they summarized, 
on the causation of erythroblastosis fetalis. This phrase is now generally used in the I nited States 
to replace the former less precise term icterus gravis neonatorum . The onset of the disease is before 
birth or within a few days after. It is characterized by anaemia, jaundice, and production of 
immature erythrocytes. It is almost invariably fatal unless treated by blood transfusion. It is 
far from rare. Darrowr (1938) recorded eleven cases among 4358 births. It is familial, in the sense 
that several cases often occur in a sibship, but it is not known to occur in related sibships with 
unusual frequency. Nor is it hereditary, since so far few if any affected individuals have survived 
to transmit it. A good deal more information as to its genetics should be available when treated 
survivors have had children. The true incidence seems to be well above 1 in 400 conceptions. 
Levine, Katzin & Burnham (1941) report on thirty-six pregnancies of mothers whose immune 
reactions (as described later) threatened erythroblastosis to their children. They found that ten 
babies were normal, six had erythroblastosis, three had died neonatally. five were, stillborn, ten 
were abortions or miscarriages, and two unknown. Thus the total number of deaths was four 
times the number of cases actually diagnosed. If in general it is only double, the total death-rate 
must be about 0-5 % of all conceptions.

Among 1 1 1  cases of foetal erythroblastosis Levine. Vogel, Katzin k  Burnham found that in 
90% the mother was rh rh, and the baby Rh rh. When investigated, the mother was usually 
found to have developed anti-Rh agglutinin. Such women may succumb to a transfusion from 
a member of their own blood group who possess the Rh agglutinogen. It appears that the foetal 
antigen passes through the placenta into the mother, and the maternal antibody passes back into 
the foetus, damaging the red blood corpuscles and causing haemolytic jaundice. The erythro­
blastosis is due to the regenerative activity of the foetal marrow and perhaps other haematopoietic- 
organs, which flood the circulation with immature erythrocytes. In the 10 % of cases where the 
mother wras not rh rh, Levine and his colleagues believe that other antigens, perhaps similarlv 
inherited, are responsible.

However, in the 90 % of cases where the mother was rh rh and the baby Rh rh. another causal 
agent besides Rh must have been concerned. Among white Americans, assuming random mating 
36-9 % are Rh Rh, 47-7 % Rh rh, and 15-4 % rh rh. Thus 0-154 (0-369 * <> 4 7 7 ). or 9 -3t; % 0f all
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conceptions are Rh rh babies carried by rh rh m others. I f  the figures given above for frequency  
are representative, only 2 -5 -1 0 % , say about 5 % , of these babies develop the disease. These 
p atien ts are not distributed a t  random  am ong the potential m others. I f  they were so, it would 
be rare to  find several affected sibs in one fam ily, whereas actually  more than half are often  
affected. I t  seems clear th at some women, though fortunately a m inority, habitually develop  
placentae which allow the passage of the antigen and antibody in question. The passage of an 
antibody from m other to  child is not, of course, abnorm al, and accounts for passive im m unity to  
several diseases during the first m onths of life. The passage of an antigen from child to  m other is 
abnorm al. Since the abnorm al perm eability persists through the reproductive period, and the  
m others of jaundiced babies are said generally to  be healthy unless given a blood transfusion, it 

seems likely th a t the abnorm al perm eability is not generally due to infection, deficiency, poisoning, 
or other environm ental influences, but is a t  least often genetically determ ined. Only further 
research will decide this question. V ery little is known as to  the variability  of the placental p er­
m eability within a species. D ienst (1905) perfused the still a ttach ed  placentae of 160 women 
through the umbilical vessels with a m ethylene blue solution under slight pressure, and found 
the dye in the urine of th irty -tw o, or 20 %  of them . This m ay of course have been due to  the  
ru p ture of vessels before birth. H ow ever, in view of the very g reat differences of perm eability  
between m am m alian species, we should exp ect, on Darwinian principles, to  find appreciable 

intraspecific differences.
The possibility of a sharp difference in perm eability between the placentae of different m others  

is in agreem ent with the well-knowm innate difference in the cap acity  for excreting the blood-group 
antigens in saliva and other secretions. The genes responsible cannot be the sam e in the two cases, 
since group-antigen secretion is much com m oner than high placental perm eability. The excretion  
of the antigen in either case m ay be due ra th er to  its activ e  production by certain  cells than to its 
passive perm eation from the blood plasm a. The m a tte r is the m ore doubtful because the Rh 
antigen is thought to be restricted  to the red corpuscles, instead of being found in all cells. Another 
possible cause for individual differences would be differences in the m olecular weight of the antigen  
or antibody. K a b a t (1939) has observed the production of antibodies of unusually low molecular 
w’eight In horses immunized over prolonged periods, but I know of no sim ilar observations 
regarding antigens. In w hat follows I  shall assume th at the second factor involved in the disease 
is abnorm ally high placental perm eability, while leaving the question open w hether this is due 
to  abnorm ality in m aternal or foetal tissues, or in both. I f  the abnorm ality  is innate in the foetus, 
it m ight still be true th a t about half the children of a given m arriage would display it if one did so, 

and thus develop erythroblastosis if the m other was rh rh and the baby Rh rh.

T heory of selection against heterozygotes 
W e m ust now’ calculate the selective effects of the death of a fraction k of the order of 0-05, of the 
Rh rh children of rh rh m others. Consider a population in which generations are separate, and 

the survivors from one generation occur with the frequencies:

z Rh Rh, 2y Rh rh, x rh rh.

L et m ating be a t random . The frequency of Rh rh children from rh rh$ x Rh Rh<  ̂ is xz> th at  
of Rh rh children from rh rh$ x Rh rh(J is x y , totalling x(y  +  z). Of these a fraction  k  dies. Thus 

th e survivors in the succeeding generation will be in the ratios:

(y +  z)2 Rh R h : (y +  z) (2x + 2y — kx) Rh r h : (x + y)2 rh rh.
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I f  a: , 2 y\ z' be the frequencies of the genotypes in the succeeding generation, then:

2' =  + 2)* ' =  (x + y )(y  + z ) -\ k x {y  + z) =  {* + yY
1 — kx(y  + 2 ) ’ ^ 1 — kx{y — z) ’ 1 —Lr(t/ +  z)

p2 , p  — \ k x (\ -p )
Now let p = £ + 1/, the frequency of rh gam etes. Then x = -  - —  p ) ' an<̂  ^  = ~Y—kx{\ —  p)  ’

whence ~ P )(P _ z i)  j t  f0 u0 ws th at » increases if it exceeds A, and diminishes if it is
l - k x ( l - p )

less than Thus p  =  \ is a position of unstable equilibrium, whilst p  =  0 or p  =  1 (homozygosis) 
are stable equilibria. If  k  is small, x  approxim ates to p 2, and Ap =  k p 2( 1 — p) ( p — £) +0(A '2).

F i g .  1 . A b s c is s a :  t im e  in g e n e r a t io n s .  O r d i n a te  o f  p la in  c u r v e :  f r e q u e n c y  p  o f  th e  rh g e n e . O r d i n a te  
o f  d o t te d  c u r v e :  f r e q u e n c y  x  o f  th e  rhrh p h e n o ty p e . S e le c t io n  a g a in s t  rh. k  =  0  0 5 .

Treating this as a differential equation, i.e. putting dpjdt for Ap, the unit of tim e being a gen era­
tion, we find

dp
kt

J p 2( l - P ) { P - \ Y

whence \kt + C =  l-  + log, =  J  +  4  ^ge j ^  -  1 j -  log, ( J  -  1 )  . ( 2 )

The frequency x  of recessives is approxim ately p 2, so

+ C =  i  +  4 log, | 1 1 -  log, ( £ -  l )  • (3)

The graphs showing p  and x as functions of t are given in Fig. 1. The zero of tim e is taken

arbitrarily so th a t the inflexions on the (p , t) curves occur when t =  0, and p  = ______ , i.e.
16 ’

0-8202 or 0-3048.
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The equations (1 ) can of course also be used for step-by-step calculation when k is not small. 
They may then be treated as recurrence equations, writing x n for x,  xn+1 for x ' ,  and so on. It is

1convenient to put r n = ------1 , whence
2 P n - l

H l - r n+l) { l + r n)*
S r n + l r n

V n  =
1 - r .

=
2(rn + l ~ r n ) ( 0

2rn ’ n k ( l - r n)
However, until k is accurately known, equations (2 ) and (3) are quite sufficiently accurate. Nor 
need the slight effects of such inbreeding as occurs in human populations nor of overlap between 
generations be considered.

E v o l u t i o n a r y  c o n s e q u e n c e s

If k = 0 05, as we saw reason to suggest, it would take 619 generations to reduce x  from 13*9 %, 
the mean for Americans, to 1 %. This is only about 15,000 years, a very short time in human 
evolution. If, as we also saw reason to suspect, the value of k is at least in part genetically deter­
mined, it would doubtless also change during this period. However, apart from possible future 
results of medical or eugenic practice, it would probably tend to increase rather than to diminish. 
For at the present time the good effects of high placental permeability in improving foetal respira­
tion, nutrition, and excretion, are presumably balanced by the disadvantages of antigen and 
perhaps antibody permeation. As rh was eliminated, the latter disadvantages would diminish, so 
k might increase, and evolution be speeded up. For these reasons, it would seem that the American 
population, and presumably those of Europe, are at present in a very unstable situation.

One of three alternatives must, I think, be true:
(1 ) Recent environmental changes have led to a sharp increase in placental permeability.
(2 ) Selection against heterozygotes is balanced by counter-selection.
(3) The present genetical situation is of recent origin, and probably due to racial mixture.
If the first were true, we should expect that permeability to the antigen and antibody in question 

would frequently appear and disappear during the life of a mother, and that striking differences 
in the incidence of the disease would be observed between town and country, or between different 
social classes. Neither seems to be the case. The balancing influence could be either heterosis 
giving an advantage to Rh rh over both homozygotes, or an advantage to rh rh homozygotes. 
If the fitness of the heterozygotes is 1 + A' times that of the homozygotes, we should have 
for equilibrium

( 1 + K )  (y + z) (2 x  + 2y -  kx)  =  2 ( x  +  y ) ( y  +  z).

Hence lex
K  = —----- -—r - = \kp apnroximatelv.

2 { x  +  y ) - k x  ~
2 KThus A' is about 0-009. On this hypothesis/) = land/) = are stable equilibria,/) = iand/) = 0
K

unstable. It would be very surprising if the first gene for a human agglutinogen found to have a 
lethal effect had also a heterosis effect of the same order. For if there is any heterosis effect in the 
case of the blood-group genes, it is certainly far less than this. If the recessive homozygote has 
an advantage measured by 1 4- K ,  K  must be about 0 004. It would be surprising, on this hypo­
thesis. that the Rh gene had not disappeared altogether, since the elimination of dominant genes 
lov ering fitness is fairly rapid. So large an advantage for an agglutinogen would also be surprising.

On the third hypothesis the present unstable situation is due to racial mixture in the not very 
remote past. In the absence of counter-selection any human community left to itself must
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ultim ately become homozygous for Rh or rh by the joint effects of selection and random survival, 
save for very rare exceptions due to m utation. However, the final stage of the elimination of rh 
would be slow except in the case of a small and therefore inbred group. But selection is sufficiently 
weak to allow m utation and random survival occasionally to swing a small population over from  
one type of homozygosis to the other. It is possible that the European races have arisen through  
the crossing of peoples homozygous for Rh with smaller numbers of peoples homozygous for rh. 
The difference between the white and coloured Americans is not quite significant, but taking it at 
its face value, the gene frequency p  is 39 0 % for the whites and 29-2 % for the coloured. This

F ig . 2. A b s c is s a : f r e q u e n c y  j> o f  th e  rh g e n e . O rd in a te  o f  u p p e r  c u r v e :  p e r c e n ta g e  m o r t a l i t y .  O r d in a te  o f  
d o tte d  c u r v e :  p e r c e n ta g e  e ffe ct on  g e n e  f re q u e n c y  p  p e r g e n e r a tio n . O rd in a te  o f  l o w r  c u r v e :  p e r c e n t a g e  
effect o n  re c e s s iv e  f r e q u e n c y  x  p e r  g e n e r a tio n . S e le c tio n  a g a in s t Rhrh. £  =  0 05.

would be intelligible had rh been fairly rare among the pure negro ancestors of the coloured people. 
Thus a survey of races for the frequencies of Rh is likely to be of peculiar interest.*

The death-rate from erythroblastosis is kx{y + z), or approximately k p 2{l - p ). This is maximal 
when p  = or x  =  0-4 . Whereas we saw the effect of selection on the gene frequency is

dp,dt = k p 2{ 1 - p ) ( p - \ ) ,

which reaches its maximum value 2_13(107 + 51  ̂1 /) k, or + 0-0265A* when p  = 08202, and its 
minimum value of 2~13(107 —51 ^ \ l ) k  or — 0-01265A* when p  = 0*3048. The effect on zygotic 
frequency reaches its maximum of 24(1 17 + 62̂ 6) 10-5A*, or + 0-06453A:, when p  = 0-8449, and 
its minimum of 24( 117 — 62 6̂ ) 1 0-SA*, or — 0-0O836SA", when p  = 0-3551. The situation is illustrated 
in Fig. 2 . From the point of view of Darwinism as generally expounded, it is somewhat paradoxical

* L a n d s te in e r , W ie n e r  a n d  M a ts o n  ( J .  E x p .  M ed .  7 6 .  p . 7 3 , 1 9 4 2 )  h a v e  s in ce  fo u n d  t h a t  o n ly  o n e  o u t  o f  

1 2 0  A m e ric a n  In d ia n s  w a s  rh  r h .
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th at the evolutionary effect of nat ural selection is so little related to the elimination of the unfit, as 
shown by the d eath -rate . Indeed, when p  =  there is no evolutionary effect, yet the unfit are 
being elim inated a t 84-375 %  of the m axim um  rate . There is a sim ilar lack of parallelism during 
the elim ination of an autosom al recessive, though not of an autosom al dom inant.

It is possible th a t the facts discovered by the A m erican workers have a bearing on m am malian  
evolution in general, and particularly the origin of m am m alian species. Placental permeability 
varies very greatly  between different species. Needham  (1931, vol. 3) has reviewed the literature. 
H e concludes th at ungulates and carnivores form less perm eable placentae than women, while 
m ice, ra ts , and perhaps rabbits, form more perm eable placentae. The placentae of other prim ates, 
insectivores, and bats are about as permeable as the hum an. The perm eability in mice and rats  
is so great th at they have been able to dispense with those im p ortant foetal excretory  organs, the 

allantois and mesonephros.
Thus while selection of the type here considered is unlikely in ungulates and carnivores, it is 

quite possible th a t all rodent placentae would be perm eable to  Rh and its antibody. B u t since 
genetically determ ined antigenic differences occur in mice (Gorer, 1936) w ithout any lethal effect, 
the antigens in question presum ably do not perm eate the placenta, any m ore than do the blood - 

group antigens in m an.
Consider a species including a race A of RR zygotes, and a race B  of it zygotes, where R is a 

gene responsible for an antigen with properties sim ilar to those of Rh, and perm eating all placentae. 
Clearly all zygotes from B $ x  A<J would develop erythroblastosis, and generally perish. On the 
other hand, the F x and F2 from A $ x B ( J  would be unaffected, though one-eighth of the F3 would 
be affected. Thus crossing between the varieties would be prevented in one direction only. If, 
how ever, race A were R ^ ^ r ^  and race B  r1r1R 2R 2, w-here Rj and R2 determ ine antigens of the 
typ e considered, then all Fx zygotes would be dam aged, and the races would in effect be separate 
species, though genes m ight pass for one species to  the other through R 1R 1R 2R 2 or races,
if such existed . It is at least possible th a t some cases of interspecific sterility are determined in 

this w ay.

S e l e c t io n  a g a in s t  a n  in v e r s io n

A som ew hat different type of selection against heterozygosis also probably occurs in man. In ­
versions within a chromosome are probably not very rare. A few m ay influence gene action by a 
position effect, thus having a selective advantage or disadvantage when homozygous. In this case 
selection will cause one gene order to spread through the species or a race. How ever, position effects 
of inversions are not very common in D rosophila  and alm ost unknown elsewhere. W here an inver­
sion has no som atic effect, it m ay still give rise to defective chrom osom es by single crossing-over 
within the inversion. In D rosophila  Beadle & S tu rtevan t (1935) showed th a t, at least where the 
inversion does not include the centrom ere, such defective gam etes are elim inated in the polar 
bodies during oogenesis, and hence inversion heterozygotes do not give rise to defective eggs. And 
since there is no crossing-over in the’m ale, they do not give rise to defective sperm atozoa. On the 
oth er hand, in m an, even if defective chrom osom es are elim inated in the polar bodies, they are 
likely to  pass into sperm atozoa which, though viable, give rise to inviable or defective zygotes. 
KoUer (1937) described abnorm al meioses in hum an testes which he attrib u ted  to  an inversion, 
and which would probably have led to  this effect. I f  so the effective fertility of inversion hetero- 
zygotes is reduced. Although the effective reduction is probably different in the two sexes, very
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little inaccuracy is involved if, in the case of an autosomal inversion, we take the mean value, and 
suppose th at the effective fertility in both sexes is reduced to 1 -  k' of the normal.

I f  P is the frequency of an inversion in the gam etes forming one generation, the effective parents 
of the next generation are in the ratios

p 2AA  : 2(1 -k ' )p {\  — p) Aa : (1 - p ) 2aa,

where A and a represent the two chromosomal sequences. Thus in the next generation  

p  — k'p{\ — p) k ’(2p — 1) p{ 1 — p) . .
=  —;— ~ — =  2k'p(l — p) (p  — £) approxim ately.p  = A p\ — 2k'p{\—pY  LJ*' \ — 2k'p{\—p) 

If  dpjdt = 2k'p{\ — p) ( p — £), then

k t  { 0 g t { i p ( \ - p )  ‘ )  +  C ’ p  2 [ 1 1  V{ 1 +  ek '

Thus, as in the case of Rh, p  =  \ is an unstable equilibrium, and if p  is plotted against t, the  
curve consists of two branches with a common asym ptote p  =  £, and asym ptotes p  =  1 and p  =  0 
representing stable equilibria. In the case of an inversion, however, the curves are sym m etrical 
about p  =  The selection due to an inversion is far more efficient than th at due to an antigen in 
the neighbourhood of p  =  0. T h at is to say the antigenic difference has a selective effect of the 
same order as th at of an inversion for most gene frequencies, but if far less effective in eliminating 
the last few recessives.

As with an antigenic difference, a rare inversion, advantageous when homozygous, might yet 
be eliminated by this selective effect, though it would spread through a population once it had 
reached a certain frequency.

E u g e n ic  a n d  h y g ie n ic  c o n s id e r a t io n s

From  the point of view of practical eugenics it is obviously futile to urge th at all rh rh women, 
some 14 %  of the total, should be prevented or even dissuaded from m arrying the Rh Rh and 
Rh rh men who make up the remaining 86 % . Nor can rh rh be regarded as a ch aracter to be 
eliminated by sterilization or otherwise. And yet the effects of the Rh- rh gene difference certainly  
account for more human deaths than any other gene difference so far known, and very possibly 
for more than all other known gene differences together. Hence eugenists cannot neglect it. 
Research on the etiology of high placental permeability is an urgent problem which is doubtless 
already being tackled. If  it is largely due to a particular gene substitution, the gene in question 
must be much rarer than rh, and therefore a more suitable target for negative eugenics. Even if 
no system atic attem pt were made to eradicate such a gene, there would be a strong case for dis­
suading rh rh women, known also to be so constituted as to be destined to form permeable 
placentae, from m arrying Rh Rh or Rh rh men, and at least an arguable case for compulsion. 
Such women occur with a frequency of 0*7 %  or perhaps less.

Even the strongest opponent of negative eugenics might well approve of the testing of pregnant 
women for the presence or absence of the Rh antigens, and further testing of rh rh women for the  
development of a n ti-Rh agglutinin. If  this were present not only would it be necessary to avoid  
giving them transfusions from a donor carrying Rh, but their babies could be tested for ery th ro ­
blastosis at birth, and treated , if possible, before the disease was fully developed. If  the Rh 
haptene can be isolated from its protein carrier, it might be possible to inject it into pregnant
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women in such am ounts as to neutralize their an ti-R h  agglutinins, and thus prevent ery th ro ­
blastosis.

Fin ally , it is im portant to em phasize that a familial but rarely hereditary disease has been 
traced  to a genetic cause other than a recessive gene. Another possible cause of this type of disease 
incidence is of course a balanced translocation in one parent. I t is quite possible th a t antigenic 
differences of a similar kind m ay account for a number of congenital conditions which have been 
ascribed in the past to recessive genes on the one hand, or to ill-defined bad prenatal conditions 
on the other. The object of this paper is not merely to discuss the m ath em atical, evolutionary, 
and eugenical consequences of the rem arkable discoveries of Levine, Vogel, K atzin , Burnham , 
Landsteiner, and W iener, but to point out their very great interest to every st udent of eugenics.

S u m m a r y

The discovery by A m erican workers, th at erythroblastosis fetalis, a severe disease of unborn and 
newborn babies, is due to an innate antigenic difference between m other and child, is described. 
It is pointed out th a t this leads to selection against heterozygotes, and the consequences of this 
selection are calculated. The bearings of this discovery on hum an evolution, on the origin of 
species, and on practical eugenics, are discussed.
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T H E  I N T E R A C T I O N  OF  N A T U R E  A ND N U R T U R E

The interaction of nature and nurture is one of the central problems of genetics. W e can only  
determine the differences betw een two different genotypes by putting each of them  into a num ber 
of different environm ents. W e compare two pure lines of mice not only as regards colour, hair 
form, and other characters which are little affected by nurture, but for such characters as 
resistance to different bacterial and virus infections, each of wrhich must be tested by appropriate  
changes of environm ent. W e may require a wheat to be resistant to each of a num ber of un­
favourable conditions, such as drought, frost, and attack s by several different varieties of rust. 
The line m ust be exposed to each of these separately.

The problem is, of course, exceedingly com plex, but certain facts about it are so simple th a t  
they are apparently never stated. As they are m atters of logic rather than experim ent, I first put 
them forward (Haldane, 1936) at a congress mainly composed of philosophers, though in a  
rudim entary form which is here expanded.

Suppose th a t we have two genetically different populations A and B , and two different 
environments X  and Y . The results will be clearest if A and B  are clones or pure lines, and X  and  
Y constant in all measurable respects. B ut this need not be the case. F o r exam ple, A and B  
m ay be subspecies or even species, and X  and Y geographical localities. Suppose also th a t the  
individuals show' a character which can be measured, such as length of tail or life, num ber of eggs 
laid in two years, or mean butter-fat percentage ; or a character wrhich can be graded, such as 
colour intensity, dominance in com bats, or intelligence as estim ated by a b attery  of tests. The  
differences between all, some, or none of the combinations m ay be statistically  significant.

First suppose that all four experiments give results which differ significantly, so th a t they can  
be placed in an order, as in Fig. 1. A rrangem ent la  means that race A in environm ent A” did

T y p e  i a

T y p e  2

T y p e  3

T y p e  4  a

X  Y  T y p e  i b
A 1 2

B  3 4
X  Y

A  i 4
B  2 3

X  Y
A  1 2

B 4 3.
X  Y  T y p e  46

A  1 3
B  4  2

Fig- 1 .

X  Y  
A 1 3
B  2 4

X  Y  
A  1 4 
B  3 2

‘ b est’, i.e. had the highest mean weight, milk yield, colour intensity, e tc ., while race A in 
environment Y did ‘ second best ’ and so on. Of course, with a different criterion the order m ight 
be different. Now there are just tw enty-four Wray’s of arranging the numbers 1, 2, 3, 4 in a 
square; and if we choose A and X  so th at A X  is the best combination, there are just six ways, 
which are shown in Fig. 1.
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I f  we reverse the order, e.g. grade the lightest colour instead of the darkest as num ber 1, the  

six types are unchanged. F o r  exam ple, type l a  becomes

X  Y  Y  X
A  4 3  o r  B i z
B  z i  A  3 4

as before.
E a ch  represents a type of in teraction . In interactions of. type 1, A does b etter th an  B  in each 

environm ent, and X  is superior to Y for each race. Types la  and 1 6 do not differ essentially, for 

if the difference between X  and Y is diminished sufficiently, 16 passes over into l a .  Eugenists 

claim  th a t in teraction  of typ e 1 a is the m ost im p ortan t for our own species. Environm entalists  
stress the im portance of type 16, even when th ey  differ as to w hether the ‘ best ’ environm ent X  is 
socialism , free-for-all com petition, or life in accordance with their own religious beliefs. B ut 

both are ap t to  forget the existence of the four other types of in teraction . N um erous exam ples of 

both types l a  and 16 are to  be found in the literatu re. F o r  exam ple, if A are white recruits, B  
negro recruits to  the U .S . arm y in 1 9 1 7 -1 8 , and the criterion the median score in the arm y Alpha 

test, then if X  is New Y o rk  and Y Tennessee we find an in teraction  of type 1 a ; if X  is New York  

and Y  A rkansas, we find one of typ e 16, according to  the d a ta  of Y erkes (1921). The median 
values w ere ;

N e w  Y o r k  T e n n e s s e e  A r k a n s a s

W h i t e s  58-3 44*0 35-6
C o lo u re d  38-6  29-7  16-1

I t  is clear th a t, whichever pair of states is com pared, the interaction  is of the sam e kind. The 
fa c t th a t the Tennessee whites did a little b etter, and the A rkansas whites a little worse than the 
New Y o rk  coloured people, does not alter its ch aracter. Of course, on the above facts it is quite 
impossible to  decide w hether if the whites and negroes had been placed in identical environments 
from  birth (or b etter, as a result of ovarian tran sp lan tation , from conception) there would have 
been any significant differences between the white and coloured people. The possession of a 
pigm ented skin was a handicap to a person bom  in the U .S .A . about 1900. W h ether a part of this 
handicap was due to  congenital intellectual inferiority is quite unknown. It is only certain that 
m uch of it was due to other causes.

The second typ e of interaction  is. highly ch aracteristic  of dom esticated plants and animals. 
A specialized race A gives a higher yield than  a race B  which is nearer to  the wild type, in a 
favourable but highly artificial environm ent. B u t in more prim itive conditions it does worse. 
Consider tw o of the Scottish  breeds of beef cattle , A the Aberdeen Angus, and B  the Galloway. 
U nder optim al conditions X , A produces m ore beef. The mean weight of show steers with an 
average age of 1 yr. 10 m onths a t Smithfield from 1902 to 1911 was 1737 lb. for A and 1224 lb. 
for B . The Galloways, to quote British Breeds o f  L ivestock  (1920), ‘ will th rive and put on flesh on 
very  poor grazing, and are adm irably suited to cold, w et, clim atic con dition s’. B u t th ey ‘ bear 
h eavy  feeding very well ’. Thus if Y  represents a poor pasture and cold wet clim ate, the Galloway 
B  does not do badly, but it does b etter on good pasture X . The hill farm ers who breed Galloways 
would breed Aberdeen Angus if it paid them . B u t in environm ent Y , the breed A is not so good 
an econom ic proposition as B . I t  would probably have a high d eath -rate , and the survivors 
would not thrive. U nfortu n ately , I  can find no figures com paring the perform ance of these 
breeds in poor environm ental conditions. Cases are, however, available in plants, where, for
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exam ple, w heat A does better than B  when sparsely sown, and worse when densely sown. In  
fact it would be more accurate to say th at our domestic animals and plants have been selected  
for variable response to their environment than for a consistently favourable response. I t  has 
been suggested th a t the highest human types only excel in a favourable environm ent, and fail 
completely in an adverse one which had a less disastrous effect on the average individual. I  
doubt if this is generally true, but it m ay well be true for some genotypes.

With interactions of types 3 and 4 the change of environment from X  to Y affects the two 
genotypes in opposite directions. This situation is very common. Bridges & Brehme (1944) and 
others list responses of mutant types in D rosophila melanogaster to temperature which are 
summarized in Table 1 . It will be seen that abnormalities of many different types are enhanced 
by heat, and a slightly but not significantly greater number enhanced by cold.

Table 1

Eye colour Eye size Eye surface Venation Wing size Wing shape Bristles J Mis llaneous

doughnut + Bar + morula + Abruptex + Beadexr - balloon - bobbed -
i
j bithorax 4

light + Deformed - pebbled + bifid + Crimp + bent + condensed + 1 cloven thorax -
maroon-like - eyeless + sparkling - Cell + Clipped 4 blistered - Dichaete + i cut (bead effect) -
mottled of Lobe + cubitus [ dumpy 4 Curly 4 hook 4 1 pentagon (body colour) -
In (2LR) 4 0 d - scutenick - ... interruptus - 1 fringed + fluted - morula 4 j reduplicated (legs) -
mottled-28 - welt + ... heavy vein - jagged + jaunty + Notopleural - • sable (body colour) -
white-buff - ... ... knot -  |! narrow' - pleated - polychaetoid - | scutenick (scutellum) 4
white-blood + Plexate -  1 

suppressor of 
veinlet -  

thick veins -

roughish -  
vestigial -

Pufdi + 
pupal -

Stubblerec* -  
vesiculated -

polychaetous + 
Bcabrous +

1
1

staroid (pleiotropic) 4 
| short-w ing (pleiotropic) 4 

tetraltera -

i ...

+ Abnormality increased by heat. 
-  Abnormality increased by cold.

Suppose A is fringed2, B  vestigial, X  is 19° C., Y 30° C., and the flies are graded by wing area. 
AX is slightly scalloped, A Y more deeply so, B Y  a narrow strap, and B X  a mere scale. Another 
example of type 3 interaction may be taken from our own species. Let A be a group of norma) 
children, B  a group of mild mental defectives. Let A' be an ordinary school, Y a special school 
for defectives. A will beat B  on educational tests in either environment, but A will be better 
adjusted in the ordinary school, B  in the special school.

In type 4 interaction each genotype does best in an environment to w’hich it is adapted. One 
cannot say that either race or either environment is superior. The adaptation may be to climate 
or other physical conditions, or to parasites. Thus Europeans have a longer expectation of life 
than negroes in European cities, partly owing to their comparative immunity to tuberculosis. 
But in many parts of West Africa the negroes probably have the advantage, largely through 
their greater resistance to yellow fever.

Quite analogous ‘pre-adaptations’ are found among the D. melanogaster mutants. Thus 
polychaetous and polychaetoid are autosomal recessives in chromosomes 2 and 3 respectively, 
both producing extra bristles. Polychaetous overlaps the wild type at 19° C., but gives a good 
crop of extra bristles at 28-30° C. Polychaetoid overlaps the wild type at 25° C. and higher 
temperatures, but is clearly distinguishable at 19° C.

Many of the published results on photo periodicity give excellent quantitative examples of 
type 4 interaction. For example, Hawkes (1943) obtained the following results for mean weight
U  Vol. 13
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of tubers from two clones of Solarium andigenum  in long and short days respectively over three 
years. The short days were hr., the long varied from 13 to 1 G hr.

S h o r t L o n g

C lo n e  1 108 1 3 4 3 7
C lo n e  1068 9 i *3 1

In selection of stocks for agricultural purposes in different districts one is only concerned with 
interactions of types 2 and 4. in which each race is superior in a particular environment. Where the 
demand is heavy and transport is an important item in the costs, a crop will be grown or a stock 
raised in comparatively unfavourable environments. Interaction of type 2 may then be important. 
Where demand is less urgent or transport costs small, interaction of type 4 is more likely. Thus in 
Britain we find a place for tough but slow-growing breeds of sheep and cattle in our mountainous 
districts, but in peacetime we do not grow wheat unless a pretty high yield per acre is obtainable. 
So for sheep and cattle interactions of type 2 are fairly common, whereas type 4 is probably 
commoner with wheat so far as Britain is concerned. We require somewhat different types of 
wheat for the dry chalk uplands and the fens. For the planet as a whole this is probably not so. 
The spring wheats grown near the northern limit of cultivation give a poor yield per acre, but 
winter wheats would give less. The interaction is thus of type 2 .

To obtain a further insight into the relation between the different types of interaction, let us 
suppose that the difference between the two environments A’ and F is made very small. This 
is always possible when the difference is one of a single factor such as temperature, humidity, or 
length of day. It is not necessarily possible for differences of locality, since all the above, besides 
differences in soil, biological environment, and so on, may be important, and they may interact in 
a complex manner. If A and F are very similar, then A X  and A I’ can differ little. Similarly, 
B X  and B Y  can differ little. Thus the interaction is of type la if the change of environment 
affects the two genotypes in the same way. and of type 3 if it affects them in opposite ways.

Next consider what occurs if A' and Y differ considerably, but A and B  are very similar. This 
can, of course, be achieved if for B  we substitute a mixture of 99% A and 1 % B , the organisms 
being kept separate (e.g. mice in individual cages) to avoid biological interactions such as in­
fection or crossing. But we cannot, in general, find a single genotype intermediate between two 
others in all respects, any more than we can find a locality. In particular, alleles in a multiple 
series which are intermediate in one respect are not necessarily so in another. If, however, A and 
B  are very similar the interaction is of type 1 6  if the genetic change has the same effect in both 
environments, of type 2 if it has the opposite effect. For example, if A is superior to B  in both 
environments we get type 16 interaction. But if, for example. B  is slightly tougher but less 
specialized than A we may expect an interaction of type 2 if A is a more favourable environment  
than Y .

It follows that if A is very similaj* to B. and X  to F, we can only get an interaction of type 1 . 
Type 1 may. in fact, be regarded as the limiting type when differences are small. And type 4 b 
only likely to come into operation when both A and B  and X  and F differ markedly. But in 
almost all species tHe range of environments and genotypes is so large that interactions of this 
type must occur. Professor Penrose lias pointed out to me that it is important that the per­
formance measured or graded in all four tests should be exactly the same. Thus at first sight it 
might seem legitimate to say that a group A of children proved more intelligent than group B  
when confronted with a verbal test A, and less so when confronted with a maze test F. But in
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such a case v c  cannot really compare the performance of A in respect to A’ and I . Suppose th at 
A are English and B  foreign children, it is probable that the test scores "will have been stan d ard ­
ized so that a representative group of English children scores about 1 0 0 . I f  so the only possible 
types of results are as follows (A” and Y being interchanged if necessary):

A
B

A* Y X Y
102 9 7  ( iQ ) o r A 102 9 7  (3 )

90 8 i B 8 i 90

if the English children are consistently superior. If  they are consistently inferior we get the  
same two types. If, however, the English children do better on one test, but worse on the other, 
we g e t :

A' Y X Y
A 102 9 7  (2 ) o r  A 9 7 102 (4 a)
B 1 1 7 84 B 1 1 7 84

16 and 46 with significant differences cannot be obtained. This is
however, possible if the different types of performance can be cohipared by some objective  
standard, for exam ple, the economic value of milk or beef produced. I f  so it is of course clear 
th at the order m ay alter with a change in prices or transport conditions, and it is clearly very  
hard to make such comparisons in the case of men.

In many practical cases the differences between two or more of the four measured characters  
are not significant. If  this is so it m ay or m ay not be possible to specify the type of interaction. 
There are two types of indetermination. First of all two or three of the characters m ay be in­
distinguishable, though significantly different from the other or others. Thus if environm ent A' is 
sterile, and Y infected, then A X  and RX  will probably give no deaths, and A Y will not do so if A 
is immune to the disease in question, whereas B Y  will do so if B  is susceptible. Secondly, two 
characters m ay differ significantly. But another m ay lie between them without differing signifi­
cantly from either. Thus if each measurement were based on a fairly large sample, we might

a result as A X  9-0 ±0-5. B X  s•2 - 0-G, A Y  7-5 x  O'4. Here A A and A Y  differ by
1 the standard error of their differ■ cnee. But A A”and J i X only differ by 1 •02 times this
B X  and A Y  by 0 97 times.

T ypo 1 n nr 1 b A }•
A 1 2
B 2 4

T ypo 1 a or 3 A Y A Y A y A )'
A 1 2 A 1 1 A 1 1 A 1 1
B 4 4 B 3 4 B 4 3 « 3 3

T yp e 1 b or 2 A Y A y A y A Y
A 1 3 A 1 4 A 1 3 A 1 4
B 1 4 B 1 3 B 1 3 B 2 4

T ypo 2 or 4 ?) A y
A 1 4
B 2 2

T y p e 3 or 4 a A r
A 1 2
B 4 2

T y p e 4 a or 4 ^ A r A’ y A Y A y
A 1 3 A 1 4 A 1 4  A 1 3
B 4 1 B 3 1 B 4 2 B 3 1

F î t. 2.
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F ig . 2 deals with the first case. The top left-hand square means th a t A X  had the highest score, 

A Y  and B X  equal second, and B Y  fourth. The other possible results give no inform ation ab ou t 
the type of interaction. F o r exam ple, if A was an imm une variety , B  susceptible to  a disease, X  
a sterile environm ent, Y  an infected one, we might get

X  Y
A i i  
B  i 4

if  all individuals survived the experim ent excep t some of the infected B  population. If, however, 
the experim ent lasted longer it could turn out th a t, in environm ent X , A was longer-lived or 
shorter-lived than B . I t  could also turn out th a t the infection slightly shortened A*s expectation  

of life. B u t it might however lengthen it Some b acteria  are useful sym bionts, for exam ple, those 
which produce vitam in K  in the hum an gu t. B u t when their ancestors first invaded the guts of 
our ancestors, they m ay wTell have killed off some genotypes. Thus all six types of interaction are 

possible.
W here one score lies between tw’o others w ithout differing significantly from either, things are 

m ore com plicated. Thus consider the situation

X  Y  
A  i (2)
B  3 4

in which A X  and B Y  differ significantly, but A Y does not differ significantly from either. I f  the 

experim ent were repeated on a larger scale wre m ight get a re su lt:

X  Y  T y p e  i a  X  Y  T y p e  3 o r  X  Y  T y p e  1 b
A  1 2 A  2 1  A  1 3
B  3 4  B  2 4  B  2 4

In  any given case it is easy to work out the possibilities.
In  p ractice w e generally have to consider a large num ber of genotypes and environm ents, and 

the num ber of possible types of interaction  is very great. Thus if we have m genotypes and n 
environm ents, but can rearrange the order of the genotypes and environm ents after the experi­

m ent is com pleted, we have
(m n) ! 
m ! n !

possible types of interaction ; for exam ple, if m =  n =  10,

there are 7-09 x 10144 types. Even  for the sim plest case but one, of two genotypes in three 
environm ents or three genotypes in two environm ents, there are s ix ty  types of interaction. 
Sim ilarly, if wre classify our environm ents in several different ways, e.g. hot and cold, dry and 
m oist, there are, in the simplest case of a 2 x 2 x 2-fold table, 5040 types of in teraction ; for a 
(2n)-fold table (2n — 1)! types. If, on the other hand, wre choose several different criteria of 
perform ance, e.g. milk yield, beef yield, and cap acity  for ploughing, there are seventy-tw o  
different types of interaction in the simplest case of two genotypes, two environm ents, and two

criteria , and in general for m genotypes, n environm ents, and k criteria, -Y-— ^r-f types of inter-

action . Clearly' there would be no advantage in attem p tin g to generalize our classification. One 
point is, however, worth making.

( TVV Ti, j  ̂ f j
Of the — :— : types of interaction of m  genotypes and n environm ents, onlym i n i (m !)nn !

are such

th a t the order of m erit of the m genotypes is the sam e in every environm ent, and only \̂in rr
6 J- m l ( n  J)
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are such th at the order of m erit of the n environm ents is the same for every genotype. This can  
readily be seen by considering the number of ways in which an order of this rare type can be 
deranged. F o r example, three races in three environm ents have 10,080 types of interaction. In  
only 280 of these is the order of the three races the same in each environment. I t  is much harder 
to calculate the number of types of interaction in which the order of m erit of the genotypes is the  
same in every environment, and the order of m erit of environments the same for every genotype. 
This number is 1 (type la )  for m =  n =  2, and 5 for m =  3, n =  2, or m  =  2, n =  3.

A few words m ay be said about the application of the ideas hfere developed to agriculture and  
to eugenics. The agricultural problem is enorm ously simpler because there is com paratively little  
crossing between stocks of the same species, and these stocks are homozygous for m an y-of the 
genes responsible for the differences between them . B u t our own species is not so divided up, and  
even if extrem e eugenical principles were accepted by a people or practised by a dyn asty  of 
tyrants, m any centuries would elapse before races or classes attained the degree of genetical 
homogeneity of the average breed of cattle . Still more im portant, each domestic plant or anim al 
breed is judged in the main by a single economic criterion. No doubt the criterion is biologically 
complicated. Thus besides milk yield and quality, fertility, rate of m aturing, resistance to  
disease, and m eat production by male castrates, are all of some im portance in a breed of dairy  
cattle. And within a whole domestic species, only a few types of performance are required. Thus 
sheep are bred wTith a view to m eat production, and also to th at of several types of wool, of fleeces 
for coat linings and the like, and of several types of ornam ental fur. In a few countries they are  
used for milk production and transport. B u t the division of labour in a m odem  society, quite 
apart from any question of cultural or spiritual excellence, demands m any different hum an  
abilities, each of which m ay give a different ranking order.

A t first sight it might be regarded as a sound agricultural policy to select the genotypes which 
give the best performances in each of a fairly large series of typical environm ents. U nfortunately  
in current practice far too much attention is paid to performance in highly favourable environ­
ments, and there is a tendency to lose sight of type 2 interactions. In consequence a breed of 
cattle m ay be ‘graded u p ’ so as to give a high milk production under optimal conditions. But 
it m ay actually give a lower one under poorer conditions, particularly when allowance is made for 
deaths. I t  m ay also turn out that the highest ranking genotype is a heterozygote, perhaps a 
multiple heterozygote. This is certainly true for some fancy breeds, and for economically valuable 
breeds such as D exter cattle. I f  so one or both of the homozygous forms must be kept as breeders, 
though their actual performance m ay be relatively low. In sheep-breeding it is a common  
practice to cross certain breeds, the hybrids not being used for further breeding. Thus Scottish  
Blackfaced ewes are commonly crossed with Border Leicester rams. This practice is sometim es 
carried so far that a breed is mainly valued for its performance as a parent. Thus to quote 
British Breeds o f Livestock, ‘ now practically all the purebred flocks of Cotswolds are m aintained  
to provide rams for crossing purposes’. In the United States maize for agricultural purposes is 
largely grown from crosses of homozygous lines of com paratively low yield. Finally, first crosses 
between poultry of different breeds are reared on a large scale not mainly on account of hybrid  
vigour but because their sex can be determined on hatching.

In our own species we know little as to the good or bad results of interracial crosses, since race  
m ixture is always complicated by culture m ixture. B ut it is a curious com m entary on hum an  
racial theories that if we could argue from animal breeding to human breeding, the first cross
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between different races would probably often be more vigorous than either pure race, w hatever 
might happen in later generations. So a d ictator who combined the ruthlessness of one lately  
deceased with a greater knowledge of biology might have encouraged racial crossing, whilst 
preventing the further breeding of the hybrids; and a far-sighted hum an biologist, while not 
recom m ending widespread interracial crossing in the present sta te  of our ignorance, might 
favour the preservation of pure stocks of even the least progressive races, not m erely for their 
possible future perform ance, but for their possible value in hybridization at a later date.

It might, however, be thought a sound agricultural policy to discard all stocks other than those 
which give the best perform ance in one or other of a well-chosen series of environm ents, and 
those w-hich m ay be needed for breeding heterozygous types. This view is based on the false 
assumption th at the environm ent will not change greatly . The following are am ong the obvious 
changes which m ay o ccu r:

(1) Em ergence of new diseases.
(2) Changes in agricultural technique, e.g. introduction of m achinery, the use of new types of 

fertilizer, the use of horm ones, vernalization, and so forth.
(3) Changes in demand, causing, e.g. a great increase in the area under a given crop.
(4) Changes in environm ent due to  exp ort.
The first of these is a fundam ental reason for preserving considerable genet ical diversity. It is 

particularly im portant with clonally grown plants, where a very high degree of hom ogeneity is 
obtained. A striking exam ple occurred in the banana. Large areas of Central A m erica and the 
W est Indies were grown with the triploid clone called Gros Michel. This is p articu larly  susceptible 
to the fungus Fusarium  cubense, causing P anam a disease, and the spread of this disease has 
therefore had serious effects on the banana industry, and greatly stim ulated genetical work 
intended to produce other sterile clones. Similar dangers are t o be expected if a single pure line of 
wheat is grown over wide areas. Since the evolutionary steps by which a parasite m ay adapt 
itself to a new host cannot be foreseen, much less prevented, such events can only be guarded 
against by the maintenance of a high level of genetical diversity. All that we can be sure of is 
that the biological environm ent will change.

Similarly, the possibility of changes in agricultural technique call for a large reserve of geno 
types. Vernalization permits the use of autum n w heats in cold clim ates where only spring wheats 
could form erly be grown. But it is unlikely that the varieties of autum n wheat which give the 
best results when vernalized are those which give the best results when sown in autum n in a 
warm er clim ate. Similarly the variety  of sheep which will give the highest yield of wool in a 
given area when their fertility is increased by hormone injections is not necessarily that which 
will give the highest yield when not so treated .

In fact the type of classification here adopted is not really adequate for the practical problems 
of agriculture because it does not take tim e, and particularly environm ental change, into con­
sideration. If  the environment A” is liable to change into environm ent F  we need, besides our A 
stock, a B  stock in reserve which will give an interaction of type 2 or type 4. As we do not know 
the nature of F  beforehand this means that we should have a considerable num ber of stocks in 
reserve, including even definitely inferior stocks which, though they are not them selves likely to 
be of value, m ay carry valuable genes.

An increased area is likely to call for interactions of type 2, since the organism in question will 
have to be grown in less favourable environm ents than before. E x p o rt, For exam ple of British
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cattle  to tropical countries, calls for interactions of type 4, though probably type 2 is more 
likely to be achieved in practice.

The same arguments apply to eugenic policy. We are not justified in condemning a genotype  
absolutely unless we are sure that some other genotype exists which would excel it by all possible 
criteria in all possible environments. W e can only be reasonably sure of this in the case of the  
grosser types of congenital mental and physical defect. A moderate degree of m ental dullness 
m ay be a desideratum for certain types of monotonous but at present necessary work, even if in 
most or all existing nations there m ay turn out to be far too many people so qualified.

In a society which was perfect from the eugenical point of view there would be no interactions  
of types 1 or 3 ; genotypes of consistently inferior performance would have been elim inated. 
Similarly, in a society which was optimal from the point of view of environm ent there would be 
no interactions of types 1 or 2. People would not be placed in environments where they could not 
do their best, at least in some respect. It follows th at interactions of type 4 are the ideal a t  
which we should aim. T hat is to say in the ideal society there would be a diversity of social 
functions and of human endowments, but no social function could be dispensed with w ithout 
damage to the society, and no individual could exercise a different function w ithout perform ing it 
less efficiently and happily than those who were actually doing so. This ideal is obviously rem ote  
and probably never fulty attainable, but it is perhaps worth stating. Meanwhile our efforts should 
be mainly concentrated on the elimination of interactions of type 1, that is to say the elim ination  
of environm ents which are unfavourable to all genotypes, and of genotypes which are inferior 
in all environments.

S u m m a r y

A simple classification of the possible types of interaction between two stocks and two environ­
ments is given. This classification is applied to a number of concrete cases arising in genetics, 
agriculture and eugenics.

I should like to acknowledge my debt to I)r J .  M. Rendel for many of the ideas here put 
forward concerning breeds of livestock, while acquitting him of any erroneous views of which I 
may have been guilty.
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THE MUTATION RATE OF THE GENE FOR HAEMOPHILIA,  
AND ITS SEGREGATION RATIOS IN MALES AND FEMALES

By J . B. S. HALDANE, F.R.S.

The mean mutation rate

Haldane (1935), on rather rough data, estimated the mutation rate for haemophilia, that is to say, 
the frequency per A'-chromosome per generation with which this gene appears, as being between 
1 0 -5 and 5 x 1 0-5, probably about 2 x 1 0-5. Haldane & Philip (1939) investigated Birch’s (1937) 
pedigrees, and found that, when the necessary corrections for the bias due to ascertainment had 
been made, daughters of haemophilics bore 15 normal, 14 haemophilic, and 1 doubtful sons, while 
55-9 ± 8-3 % of the sisters of haemophilics were heterozygous. Giving the maximum weight to 
doubtful cases in each direction, they found 60-5 and 47-0 % heterozygotes.

Andreassen (1943) has published a collection of 63 pedigrees of haemophilia in Denmark. 
Owing to the small and relatively immobile population studied, his material is superior to Birch’s 
and a fortiori to that of previous workers, in two respects. It covers every case in Denmark during 
15 years, so the frequency in the population is known, and there are better medical records of early 
cases. He also states the propositus, or proband, in each pedigree, though he omits certain details 
which Birch has given. His estimate of the mutation rate is certainly more accurate than that of 
Haldane (1935).

However, I believe his calculated value of 1-9 x 10~5 is distinctly too low, for the following 
reason. Haldane (1935) showed that if fi and v are the rates per generation at which the normal 
allelomorph mutates to the gene for haemophilia in females and males respectively, if x  is the 
frequency of haemophilia among males in the population at birth, and/ the fitness of haemophilic 
males as a fraction of that of normals, then

2 n  +  v = (1 - f ) x .

so that the mean mutation rate is ^(1 —/) x. Andreassen accepts this calculation. He finds that in 
1943 there were 81 haemophilics among 1,820,000 Danish males. He also finds that the mean life 
of a haemophilic between 1860 and 1925 was 18 years, that of Danish males in 1905 being 55 years.

He therefore takes x  as 81 x 3 
1,820,000or 1*33 x 10~4. But he calculated /, the mean fitness, or effective

fertility, as follows. The 205 haemophilics in his pedigrees had 1 1 0  children. Their 145 healthy 
brothers had 138 children. Thus the mean fitness (or effective fertility) of the haemophilics was 
110 x 145r—— — ■, or 0-564 (his figure is 0-57). I believe that this estimate is far too high for the following
ZU D X  1oU

reasons. Each pedigree is based on a propositus, a haemophilic who was alive in Denmark between 
1928 and 1943. Since many were quite young, the propositi have had rather few children. A large 
fraction of the children are contributed by their grandparents. One great-grandparent of a pro­
positus, and 9 grandparents, were haemophilics. Among them they had 57 children. In particular, 
the haemophilic grandparent of the propositus in pedigree 39 had 10 children and 9 haemophilic 
grandchildren, with 2 haemophilic great-grandchildren, a truly remarkable dysgenic performance. 
It is obvious that the pedigrees include all the few very fertile haemonhilics who lived in Denmark
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in the nineteenth centu ry . The ten men in question were born between 1 8 2 8  and 1883. I f  the\ 
w’ere om itted we should be left with 195 haemophilics and only 5 3  children. The value of /  would

then be —- — —— , or 0-286. I believe th at this is a much better estim ate of/ .  I f  we take cognizance

of the fact th a t the fertility  of brothers is correlated by subtracting the 19 norm al brothers of the 10

53 x 126
haemophilic ancestors and their 29 children from the total of controls, we g e t /  =  [ 0 9  =  0 ^ 1 4 .

H ow ever, in this case we m ight have weighted the bias in the other direction, since the 
haemophilic ancestors had 7 haemophilic brothers with 5 children. Sub tractin g these also, we 

46 x 126
get /  =  ——— —— =  0*280. I shall adopt the value 0-286.

190 x 109
The following considerations show th a t it is plausible. A ccording to A ndreassen’s Fig . 5 (only 

graphical d ata  are given) 64 %  of haemophilics died before the age of 20, 19 %  between 20 and 30, 
and 6 %  between the ages of 30 and 40, w hereas only 17 %  of norm als died before 20, and another 
9 %  between 20  and 40. Thus the num ber of haemophilics reaching the age of 20  is only 0-41 th at of 
norm als, the number reaching the age of 40 being 0-15. The net fertility , or fitness, is ju st half-way  

between these two figures, as was to  be expected.
Taking x =  1*33 x 1 0 -4 a n d /  =  0-286, we find a mean m utation rate  of

| ( 1  - 0 - 2 8 6 )  x 1 - 3 3  x 1 0 - 4 =  3 * 16 x 1 0 ~5.

This is distinctly higher than A ndreassen’s value of 1 9 x 1 0 -5 , but I believe it to be sounder. 
Quite com parable fallacies are extrem ely  comm on in the literature of hum an genetics. Thus an 
unduly high fertility has been attrib u ted  to the m others of haemophilics, and to  persons carrying  
several autosom al dom inants, simply because those who appear m the early generations of 
a pedigree are highly selected for fertility . The phenomenon of anticipation, by wrhich a disease 
appears earlier in the lifetime of the later members of a pedigree, is usually, and perhaps always, 
due to a  similar unconscious selection.

Prof. Penrose has suggested to  me th a t a num ber of cases of haemophilia djdng a t birth or in the 
first week of life m ay have been missed, especially if they were sporadic. He points out th at 
sporadic cases of a dom inant abnorm ality tend to be severer than inherited cases, as those indi­
viduals who survive to breed will tend to carry  genes diminishing the severity  of the condition 
(Penrose, 1936). The sam e m ust be true, though in much lesser degree, for a sex-linked recessive. 
I f  this is so the true m utation rate is even higher than m y estim ate, and the fitness/  is lowrer.

S e g r e g a t io n

Making the same corrections as Haldane & Philip (1939) Andreassen found 21  normal and 18 
haemophilic sons of the daughters of haemophilics, giving, with their d ata , a to ta l of 36 norm al, 32 
haemophilic, and 1 doubtful, in excellent agreem ent with the equality exp ected .

He did not, however, make any calculation concerning the segregation of the gene in females, as 
evidenced by the frequency of heterozygosis, among the sisters of haem ophilics. This seems worth  
doing, since the segregation is both of genetical interest, and of im portance for eugenical prognosis. 
I have therefore tabulated  all sisters of haemophilics in the pedigrees, excep t those who appear in 
them  because they were ancestresses of propositi. The reason for this omission wTas explained by 
H aldane & Philip. The symbol 1 I I I  2 in Table 1 denotes the second m em ber (reading from the
18 V ol. 13
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left) of the third generation of pedigree 1 , and so on. Where a symbol for several children occurs in 
a pedigree, I count it as a unit for the purpose of denoting other members of the same generation. 
The asterisks denote women each of whose brothers was the only haemophilic in his pedigree, and 
therefore possibly a sporadic mutant. I have also added the corresponding cases from Haldane & 
Philip’s Table III, Omitting the sisters of possible sporadic mutants. The value 1 - k  is the proba­
bility that a heterozygous woman should have so many normal sons. When calculating k on the 
basis of grandchildren, it is assumed that the frequency p  of heterozygosis among the daughters of 
heterozygotes is The argument is circular, since we are trying to determine p .  But Haldane & 
Philip showed that the error involved altered their estimate of p  from 0-559 to 0-560. It will 
therefore be neglected. In general k is not the probability that a woman of the class in question 
should be homozygous. So we cannot add the numbers in each class of Table 2 multiplied by their 
appropriate k values. Instead, Haldane & Philip showed that the maximum likelihood estimate of 
p ,  the frequency of heterozygotes, is obtained as follows. Let a be the number of certainly hetero­
zygous women. Let bk be the number of possibly homozygous women who had a number of male 
descendants giving the probability k.

Then, by their equations (1) and (2).

p E
kbk

1 — kp = a,
kbk

(1 - k p ) * *

the sum m ations being made over all the classes of Table 2. On the basis of the pooled d ata  of 
Tables 1 and 2 we have, if we omit the sisters of the sporadic cases,

49 _ 40 19 9 3 2 _ 2 1 2
77 2 _ — _ 7) — _ 7) 1  ̂_77 3 2 _ 77 3 4 _ ^ A _ 77 8 _ 77P  ^ P z P l P l b P  21  P  F 3  P  * — p  S P

+
1

+ +
1

+ +
i !  _  71 ' 1 —  77 ' 1 6 - 7 7  1 6 4  —  77 ' &J_2 _  -7 P 6 P 13 P 49 P 491 P

40 57 63 45+ .  ~--b ;-- _--b ----. _--b 62 126 1 6
+  — - - - -  +  -̂-----+  - -1 -}- q 1 + 3(7 1 -(- / <7 1 -(- 15q 1 -(- 31 (7 1 -(- 63(7 3 7 5 -t- 3(7

where p  +  q = 1 .7 10
+ ~~~ + n~~r~ +

13 49 491
+ —-----+9 + 7 q 3 + 5(7 3+13 q 15+49 q 21 + 491̂ ’

( 1 )

Hence p  = 0-547 + 0-059.
The agreement with the theoretical value of 0-50 is thus very satisfactory, and slightly better 

than on the earlier data.
It will be shown later that the sporadic cases are mostly the sons of heterozygous m others, and 

not the products of individual m utation. If  we assume th at they are all the sons of heterozygotes, 
we must include in Table 2 the women marked by asterisks, and three similar cases from H aldane 
& Philip’s Table I I I . Equation (1) now becomes

49
P

43 22
2 ~ P * $ - P

9
+ -̂------ h etc...

i - P
( 2 )

the remaining terms being unaffected. This gives p  = 0-527 + 0-059. The fit is even better than 
before.

It may be hoped that in future it will be possible to determine the frequency of heterozygotes 
directly. For Andreassen finds that the coagulation time of their blood by Biirker’s (1913) method 
is slower than normal. Unfortunately, with the technique which he use6, he states (p. 8 6) that one
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of 31 known heterozygotes had a coagulation tim e ‘ within the limits of the normal range A ctu ally  
a com parison with his Fig. 10 shows th a t alt hough the tim e when coagulation began was shorter 
than  th at of some ( ?4) of 81 normal women, as is occasionally the case with mild haem ophilics, the  
tim e when coagulation ended was 10^ m in., whereas the m axim um  tim e am ong the 81 norm als 
was 10 min. I t  would seem th at he is, if anything, unduly m odest as to the efficacy of his technique, 
which is likely to err in less than 3 %  of cases, and is clearly of very great eugenic value.

H e has applied this technique to 1 I I I  1, and finds her to be a heterozygote, but does not report 
on any other members of Table 2.

Table 1. Ancestresses o f  one or more haem ophilic m ales
i I I I  2 , 2 I I I  6 , 4 I I  i ,  8 I I I  i ,  13 I I I  6 , 14  I V  4 , 16  I I I  n ,  21 I I I  2 , 22 I I I  1 , 22 I V  9 , 22 V  3 , 30 I I I  3 , 

31  I I I  3 , 35 I I I  9 , 39  I I  6 , 39 I V  1 , 39  I V  1 5 , 39  I V  2 1 , 39 I V  2 3 , 40  I I I  1 0 , 41  I I I  4 , 50  I I I  1 , 51 I I I  4 . 

T o t a l  2 3 , p lu s  26 f ro m  H a ld a n e  & P h i l ip ’s  T a b le  I I .

Table 2. Ancestresses o f  norm al males only
( а)  O n e  s o n . 1 I I I  1 , 4 I I  3 , 4 I I  8 , 8 f l l  6 , 8 I V  3 , 10  I I  9 * , 15  I I I  1 8 , 16  I I I  6 . 1 7  I I  8 , 1 7  I I I  8 , 1 7  I I I  9 , 

18  l l  1 1 , 22  V I I  3 , 23 I I  1 1 , 23 I I  1 2 , 35 I I I  1 0 , 36  I I I  3 , 36 I I I  3 , 36  I I I  4 , 37  H I  5 , 39  I I  5 * 39  I V  l 7> 
41  I I I  3 , 41  I I I  5 , 43 I I  4 , 51 I I I  5 . T o t a l  2 4 , p lu s  16  f r o m  H a ld a n e  & P h i l ip ’6 T a b le  I I I .  k  =

(б ) T w o  s o n s . 2 I I I  i ,  5 I I I  1 , 15  I I I  1 7 , 22  V  1 2 . 26 I I I  5 , 37  I I  4 , 40 I V  6 , 55 I I I  8 * .  57  I I I  4 * . T o t a l  7 , 

p lu s  12  f r o m  H a l d a n e  & P h il ip 's  T a b le  I I I .  k  =  J .

(c ) T h r e e  s o n s . 15  I I I  1 3 , 37  I I I  7 , 40  I I I  1 5 , 40  I I I  20 , 49  I V  1 0 . T o t a l  5 , p lu s  4  f r o m  H a l d a n e  & P h il ip ’s 

T a b l e  I I I .  k  =  £ .

(d ) F o u r  s o n s . 45  I I I  4 . T o t a l  1 , p lu s  2 f r o m  H a l d a n e  & P h i l i p ’s T a b le  I I I .  k  = | ~ i.

(e) F i v e  s o n s . N il, p lu s  2 f ro m  H a ld a n e  & P h i l i p ’s T a b le  I I I .  k  = f | .

( / )  S ix  s o n s . 31  I I I  2 . T o t a l  1 , p lu s  1 f r o m  H a l d a n e  & P h i l ip 's  T a b le  I I I .  k  = § 4 .

(g ) N o  s o n s , o n e  d a u g h t e r ’s s o n . O n e  f r o m  H a l d a n e  & P h i l i p ’s T a b le  I I I .  k  =  J .

(h ) N o  s o n s , tw o  so n s  o f  o n e  d a u g h te r .  5 I I I  6 . T o t a l  1 , p lu s  1 f ro m  H a ld a n e  & P h i l ip ’s T a b le  I I I .  k  =  |. 

(») N o  s o n s , t h r e e  so n s  o f  o n e  d a u g h te r .  50 I I  5 . T o t a l  1 . k  =  i V

( j )  O n e  s o n , o n e  d a u g h te r 's  9o n . 13 I I I  4 . T o t a l  1 , p lu s  1 f ro m  H a ld a n e  & P h i l ip 's  T a b le  I I I .  k  =  f .

(k ) T w o  s o n s , o n e  d a u g h te r 's  so n . O n e  f r o m  H a l d a n e  & P h il ip 's  T a b le  I I I .  k  = -j-| .

( l ) O n e  s o n , o n e  so n  o f  o n e  d a u g h te r ,  tw o  o f  a n o t h e r .  17  I I  2 . T o t a l  1 . k  =  f f .

(m ) F o u r  s o n s , th r e e  so n s  o f  o n e  d a u g h te r ,  o n e  so n  o f  a n o t h e r  d a u g h t e r .  48 I I  1 . T o t a l  1 . k  =  f f -$ .

* S is te r s  o f  p o s s ib le  m u t a n t s .

J.  B.  S. H A L D A N E

S e x  d i f f e r e n c e  in  m u t a t io n  r a t e s

This method for the detection of heterozygotes also makes possible the exact solution of a very 
interesting question, which I had intended at a later date to a ttack  by statistical m ethods. This is 
the question whether the rate at which the normal allelomorph m utates to haemophilia is the same 
in the two sexes. If  y  is the rate of m utation in female A"-chromosomes, r in male A"-chromosomes, 
h the gene for haemophilia, we suppose th at the frequencies of the haemophilic gene in female and 
m ale gam etes are 27(1  + x) and y/( 1 +y) ,  so that the effective breeding population is in the ratios

1 HH : (j- + y)Hh i f ' x y h h  female, and 1 H : fx  male, 

w h e re /is  the fitness of haemophilic males, a n d / '  th at of haemophilic females, if they exist. Then

H aldane showed th at if m utation is balanced by selection, x =  , y =  , and th at of all2f p  + v
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haemophilic males a fraction ^ a r e  the sons of homozygous m others. Let us call this fraction

in. Of Am lreassen’s 63 propositi, the pedigrees show th a t 43 were the sons of heterozygous 
mothers, either because the m other had haemophilic relatives other than her sons, or because she 
had several haemophilic sons. This leaves 20 pedigrees each including only one haemophilic. In 5 of 
these (10, 11, 28, 20 and 42) Andreassen found th at the haem ophilic’s m other, sister, or both, had  
a coagulation tim e so slow th at she was classed as heterozygous. In the remaining 15 pedigrees 
(7, 12, 10, 20, 27, 33, 38, 46, 47, 55, 57, 58, 59, 60 and 63) no such tests were made. The m other was 
doubtless heterozygous in some of these. So m < J f , and /*/(2/* +  v) < 0-333. Thus p. < 1-001 v. W e  
can obtain a very rough estim ate of it as follows. In 8 pedigrees (7, 12, 19, 27, 33, 46, 59 and 63) 
the haemophilic had no brothers. In 4 pedigrees (38, 47, 58 and 60) he had 1 norm al brother, 
in 2 (20 and 57) 4 norm al brothers, and in 1 (55) 5 normal brothers.

A m other m ay be heterozygous on physiological evidence, th a t is to say on her coagulation  
time, or on genetical evidence. I f  she had a haemophilic descendant, and also a haemophilic 
relative other than a descendant, the genetic evidence is conclusive. If, however, she had more 
than one haemophilic son, one haemophilic son and one or more haemophilic grandsons or g reat  
grandsons through a daughter, or haemophilic grandsons or great grandsons through several 
daughters, she is probably heterozygous, but there is another possibility. The gene for haemophilia 
may have arisen by m utation in a p art of her bod}7, including the ovaries in whole or p art. In such  
a mosaic individual the gene in question would be present in half or less of the female pronuclei of 
the ova. On the other hand, the blood would probably be norm al, the substance necessary for 
coagulation and absent in haemophilics being supplied by the norm al tissues in adequate am ounts. 
At worst we should exp ect such mosaics often to fall within the normal range, since heterozygotes 
almost overlap it.

The mothers of A ndreassen’s 63 propositi can be classified as follows:
A. Certainly heterozygous on genetical grounds, 24 (nos. 2, 3, 6, 8, 14, 17, 18, 22, 23, 24, 26, 31, 

34, 35, 37, 39, 40, 43, 45, 48, 49, 50, 52, 56).
B. Probably heterozygous on genetical grounds, 19 (nos. 1, 4, 5, 9, 13, 15, 16, 21, 25, 30, 32, 36, 

41, 44, 51, 53, 54, 61, 62).
C. Probably heterozygous on physiological grounds, 4 (nos. 11, 28, 29, 42).
D. Probably heterozygous on physiological and genetical grounds, 1 (no. 10).
E . Possibly homozygous, 15 (nos. 7, 12, 19, 20, 27, 33, 38, 46, 47, 55, 57, 58, 59, 60, 63).
Group A had haemophilic descendants and other relatives. Group B  had several haemophilic

sons, or a haemophilic son and a haemophilic daughter’s son. Group C had one haemophilic son 
and a delayed coagulation tim e. The m other of no. 42 also had a daughter with delayed coagulation. 
Group E  had one haemophilic son each, and their coagulation tim e was not tested. Among the  
37 women with delayed coagulation tim e were 12 mothers of group A, and 3 of group B , besides all 
of group C. Thus no cases were found suggesting mosaicism, though 7 possible cases were tested. 
If such a condition occurs, it is probably rare.

We have seen th at pi is probably less than v. However, the following argum ent suggests th a t it is 
much smaller. Of the 20 m others of sporadic haemophilics 4 were directly proved to be h etero­
zygous, and one to be heterozygous or conceivably mosaic, by blood tests. The sister of the 21st  
sporadic case bore a haemophilic son during the investigation. Now- if the m others of 20 p  of the  
20 single cases were homozygous, the probability th at all th e 5 m others exam ined were hetero-
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zygous is (1 — p )b. Thus the median value of p  is given by (1 — p )b = A, whence p  -  0-1204,  and 
20 p  = 2-59. Thus it is plausible th at about 2-59 of the 63 propositi had homozygous mothers. So 

2*59 u 1
m — -X7T > whence -  =  - — j —-------- =  0-065 approxim ately .

o3 v (1 —f ) / m  — 2
Thus the m utation rate  in the A"-chromosome of females is probably less than one-tenth of that 

in males, i.e. p  < 10-5 , v =  10~4. L e t us estim ate the probability th at all 5 m others would have been 
found heterozygous had p  been equal to v. In this case m = \ ( 1 —/ )  =  0-238 The probability

63
th a t n m others of propositi were homozygous is m n{ 1 — m )63~n - — — . I f  n of the 20 mothers of

single haemophilics were homozygous, the probability th a t the first 5 tested should all be

• (20 —n) (19 — w). . . (16 — n) (20 —w)! 15!  0
heterozygous is ----------- —---------- -— ----------- , or ;--------------- - . So the probability required is

2 0 . 1 9 . 1 8 . 1 7 . 1 6  ’ 201(15 —n)!  F ‘ M

15
£

n — 0
^ m n ( l  — m ) 9 3 ~ n

6 3 ! ( 2 0 - n ) ! 1 5 !  “I 
71 1(63 — 72)1 201(15 —7l)lJ

0-0083.

Thus it is alm ost certain  th at the m utation rate  per gene is less in women than in men.
This conclusion is so im p ortant, if true, th at it seems w orth while to show th a t it is supported by 

evidence other than the investigation of the coagulation tim es of the m others of haemophilics, 
though only the la tter will enable a valid estim ate to be m ade. I f  all, or alm ost all, the mothers of 
haemophilics are heterozygous, then if we take all the sibships in which the propositus was the 
only haemophilic, we should find the sam e frequency of norm al brothers w hether or not the mother 
was proved to be heterozygous on genetical evidence. W e therefore take all sibships from groups 
A and B  in which the propositus was the only haem ophilic, and com pare them  with those of 
groups C +  D and E , in wThich by definition there was only one haem ophilic. The result is shown in 
Table 3.

Table 3. Fratern ities containing one haem ophilic

G roup
T o ta l

j fra te r- • 
! n ities i
t

N u m b er of n orm al b ro th ers T o ta l
n orm al

0 i 1 2 3 4 5 i b ro th ers

A i 14  ' 4 * 8 1 1 1 : 0 O 13
B , 4  j I 2 > 1 0 0 1 O 4
C +  D i 5 ! 2 ! I 11 1 1 0  1 O 6
E : 15  i 8 4 0 0 ! 2 ! I 1 7

Mean
norm al

brothers

0- 93 \
1- oo I
I - 20 )

113/

O94 

i * J 5

li
i

1

In group E , where the m other could be homozygous, there were 17 norm al sons in 15 fraternities, 
in the other groups 23 in 23 fraternities. The excess of 2 sons is not significant. I f  we supposed that 
the m others of 4 and 5 norm al sons were hom ozygotes who had borne m u tan ts, this would leave 
only 4 norm al sons for the other 13 m others, or well below exp ectation . This argum ent therefore 
supports the figure reached above, of 2 or 3 homozygotes only in group E .

A stu d }’ of B irch ’s (1937) and H oogvliet’s (1942) pedigrees leads to a similar result. W e regard 
the first numbered patient in each of B irch ’s pedigrees, and the haemophilic whose colour vision is 

first described in H oogvliet’s, as the propositus. 23 of B irch ’s 73 propositi, nam ely, 7, 9, 12, 16, 18, 
23, 24, 28, 29, 35, 38, 39, 40, 4 1 , 4 3 ,  47, 55, 57, 65, 71, 78, 92 and 98, had no haemophilic brothers, 
but could not have been m u tan ts. 21 of them , nam ely. 1, 2, 17, 21, 30, 32, 44, 46, 49, 50, 52, 62,
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268 M U T A T I O N  R A T E  F O R  H A E M O P H I L I A
66, 69, 70, 73, 74, 76, 87, 88 and 93, had no haemophilic relatives, and could have been mutants, 
except that 74 had a haemophilic monozygotic twin, who counts with him as a single zygote.

Two, 68 and 91, are omitted as doubtful, 68 had perhaps a haemophilic brother and 91 a possibly 
haemophilic grandfather and 2 normal brothers. The propositus of Hoogvliet s pedigree I could 
not have been a mutant, those of B, E and F may have been. Clearly for comparison we must 
combine Andreassen’s groups A and B and groups C. D and E. We then have the result of Table 4.

Table 4. Fraternities containing one haem ophilic

T o ta l N o . o f  n o r m a l b r o th e r s ‘ T o t a l  |
fra  te r - 1 n o r m a l  j

i
i

n itie s  ’ o I
1
i 2

1

i *
i 4  ; 5 1

| b r o th e r s  i
1

N o t

t
A n d re a s s e n1 18 ; 5 IO 2f ! 11 0 ! 1 *7

m u ta n t s
j B i r c h  ; 23 17  ; 2 | 3 1 0

1 ! 0 i 12 !
i H o o g v lie t  j 1 °  j I ! 0 1 0

1
O

1
o |: I

i T o t a l  j 42 22 ! 13
t

5
■ i

___ i
1

1 !
1

0 i 3 0

P o s s ib ly
m u ta n t s

j A n d re a s s e n  1 
1 B ir c h  !

20 IO
21 9

5
10

1
11

• 0
1 1 

■ 1

i
2 |l
O I

1 1

1 j

23
l 8

! H o o g v lie t
i 3 i 1 1 0 0 1 o 1 3

| T o t a l 44  . 20 16 2
i1

2
i

2 !
!

2 , 4 4

If  the two populations were strictly comparable we should expect only 31*4 normal brothers of
the possible m utants. Probably several mothers of large fraternities were homozygous, though the 
difference is not quite significant. We should expect 5-7 out of the 44 to have been so. It is extrem ely  
unlikely that  as many as half were.

In any case, if we accept the results of investigation of the blood of females, only 39 out of 146
ii 39

propositi, or 26-7° , ,  could have been mutants.  It follows that — -—  <  — -  or ii <  l-49i\
y 1 ° 2/1 +  1' 146(1-/) 1

This is a much weaker result than that obtained before, because Birch and Hoogvliet made no
physiological tests for heterozygosity. However, it agrees with the earlier result.

D i s c u s s i o n

The order of magnitude of five human mutation rates is now roughly known (Haldane, 1947). 
That of haemophilia averaged over the chromosomes is about equal to that of chondrodystrophy. 
If it is much greater in males than females, the rate in men is the highest vet found. Sirks (1937) 
ascribed the .sporadic- appearance of haemophilia to crossing over between the A”- and T-chromo- 
somes. He suggested that the latter normally contains the gene for haemophilia. On this hypo­
thesis the mother of a haemophilic must always be heterozygous. Andreassen found that the 
5 mothers of sporadic haemophilic-.- whom he examined w ere so. as w ould be expected on Sirks's 
view.

On the other hand. Table 4 suggests that the mothers of sporadic and hereditary haeraophilics 
differ to some extent,  which would not be the case on Sirks's theory. However,  the difference is not 
fully significant. If  an appreciable fraction of the mothers of sporadic haemophilics have normal 
coagulation time it w ill be possible to dismiss Sirks's theory. If not, it w ill have to be considered
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very  seriously, though it has several difficulties (H aldane, 1938).  F o r exam ple, some F-ch rom o- 
somes must carry  the normal allelomorph of haemophilia, and hence the daughter or sister of a 
haemophilic should occasionally transm it the gene through a normal son to  a son’s daughter, who 
would be haemophilic. In Fig . 1 X  represents a normal X -chrom osom e, X' one carrying the gene 
for haemophilia, F  a normal F-chrom osom e, F  one carrying the norm al allelom orph of haem o­
philia.

No pedigree like th at of Fig . 1 is certainly known, though there is a case of apparent tran s­
mission through a healthy male in the Tenna pedigree (Bulloch & Fildes, 1912,  Fig . 373).  However, 
the m an in question, Christian Bueler (III  25) died in 1789, and in a small village com m unity m ay  
well have married a relative, even if he was not a mild haemophilic. M oreover, a further point m ay  
now be made against Sirks. I f  sporadic haemophilia is due to crossing over, it is very surprising 
th a t its apparent m utation rate  falls among those of four autosom al loci.

F i g .  1 . H y p o t h e t i c a l  p e d ig re e  o f  h a e m o p h ilia  if  F -c h r o m o s o m e s  s o m e tim e s  c a r r y  i ts  n o r m a l  a lle lo m o r p h .

If  the difference between the sexes is due to m utation rath er than crossing over, m any explana­
tions could be suggested. The primordial oocytes are m ostly if not all formed at birth, whereas 
sperm atogonia go on dividing throughout the sexual life of a male. So if m utation is due to faulty  
copying of genes at a nuclear division, we might expect it to be com m oner in males than females. 
Again the chromosomes in human oocytes appear to pass most of their time in the pachytene stage. 
If  this is relatively invulnerable to radiation and other influences, the difference is explicable. On 
either of these hypotheses we should expect higher m utability  in the male to be a general property  
of human and perhaps other vertebrate genes. I t is difficult to see how this could be proved or 
disproved for m any years to come.

B oth  on scientific and eugenical grounds it is of the greatest im portance to exam ine the coagula­
tion tim e of the female relatives of haemophilics. If  almost all turn out to have an abnorm ally  
long coagulation time it will be necessary to adopt either Sirks’s theory or that  of different rates in 
the two sexes. I t  will also follow that  if a woman has had a haemophilic son. half her subsequent 
sons are likely to be haemophilic, even if she has no other haemophilic relatives. This is not the 
case with chondrodystrophy (Morch, 1941). It will also be possible to test the sisters and other 
female relatives of haemophilics. I f  this were done, and all heterozygotes, as well as haemophilic 
men, refrained from breeding, the frequency of haemophilia could be greatly reduced.
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F o r consider a population in equilibrium in which the sex ratio is unity, and the probability th a t  

a new bom  baby will live to be the parent of n sons is the coefficient of tn in the expansion of e*-1 
(Fisher, 1922).  Consider a female heterozygous for haemophilia. L e t P  be the probability th a t a t  
least one of her male descendants will be a haemophilic. The probability th a t she will have no 
haemophilic son is easily seen to be e- *.

On an average she will have £ a heterozygous daughter. Hence

P  =  1 - e - l  +  e - U P  =  =  0-565.

Thus only just over half the m utations occurring in males ever lead to the birth of a haemophilic, 
whilst those which do so lead to the birth of 1-8 haemophilics on an average. In an expanding  
population P  is of course somewhat larger, in a declining one somewhat smaller. Now a t equi­
librium the frequency of haemophilics when no eugenic measures are taken is vj( 1 —/ )  if fi can be 
neglected in comparison with v. I f  only one male were allowed to appear in each pedigree the  
frequency would be reduced to P v , th a t is to say to a fraction (1 - / )  P , or 41 % , of the present

frequency. I f  /jl is not negligible, the frequency would be reduced from ^  to fi +  P(/j. +  v), th at

is to say to a fraction (1 —/ )  J  » which is under 57 %  if pL is less than v.

Thus a very substantial reduction is possible, even though the supply of haemophilics is kept up 
by m utation; and the detection of heterozygous women is an im portant eugenic measure. B u t it is 
to be noted th at, even in a com m unity where sterilization on eugenical grounds was legal, it could 
not be applied to haemophilics, since it would often be fatal; and since 52 %  of heterozygous 
women have an increased tendency to bleed, and 14 %  a fairly severe one, this operation would be 
appreciably more dangerous to them than to women in general. Hence continence or co n tra ­
ception appears, in this case at least, to be preferable to sterilization.

S u m m a r y

Andreassen’s data on haemophilia give the following results:
1. The mean m utation rate to haemophilia per chromosome per generation is 3-2 x 10~5, 

somewhat higher than the value of 1-9 x 10-6 calculated by him.
2. The m utation rate is much higher, and possibly ten times higher, in male than in female 

X-chrom osom es.
3. Combining his data with those of Birch, 31 + 1 doubtful out of 69 sons of the daughters of 

haemophilics were themselves haemophilic. and 52-7 ± 5-9 %  of the sisters of haemophilics were 
heterozygous.
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C r o o n i a n  L e c t u r e  

The formal genetics of man 

B y  J .  B .  S. H a l d a n e , F .R .S .

(D elivered  7 N ovem ber 1940— R eceived  18 D ecem ber 1947)

Man has obvious disadvantages as an object of genetical study. The advantages are that 
very large populations are available, and that many serological differences and congenital 
abnormalities have been intensively investigated.

Some characters are found to obey Mendel's laws with great exactitude. In others the 
deviations are such as to suggest the existence of a considerable selective mortality, perhaps 
prenatal. In yet other cases the observations are biased because we only know that we are 
investigating the progeny of two heterozygotes when the family includes at least one reces­
sive. Statistical methods which eliminate this bias are described.

Still more complex methods are needed for the detection and estimation of linkage. Several 
such cases have been detected with greater or less certainty, and the frequency of recombina­
tion between the loci of the genes for colour-blindness and haemophilia is now estimated at 
10 + 4 %. I f  the theory of partial sex-linkage be accepted, it is possible to make a provisional 
map of a segment of the human sex chromosome.

When a gene is sublethal, as are those for haemophilia and achondroplasic dwarfism, its 
elimination by natural selection is in approximate equilibrium with its appearance by m uta­
tion, and the frequency of the latter process can be estimated. The mutation rates at five 
human gene loci lie between 4 x 10-5 and 4 x 10~6 per locus per generation. These are the only 
estimates available for vertebrates. The rates per generation are rather higher than those in 
D r o s o p h i l a ,  but those per day are so small that much, or even all, human mutation may be 
due to natural radiations and particles of high energy.
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In  1900  B ateson  delivered a lectu re  to  the N eurological S ociety  on ‘ Mendelian 
h ered ity  and its application to  m a n ’ in which he described the genetics o f  brachy-  
d a c ty ly  and congenital c a t a r a c t ,  which are  d om in an t to  th e  norm al (the  word is 
used loosely, since th e  ab n o rm al h o m o zy g o te  is unknow n). H e suggested that  
albinism  and alcap ton u ria  were recessive, and he described the laws of inheritance  
of haem ophilia and colour-blindness, though he did n ot. o f  course, give the 
exp lan atio n  of these laws which is now a ccep ted .

In  th e  ensuing 40  y e a r s  a v e ry  large n u m b er of  pedigrees h ave been collected, 
u n fo rtu n ate ly  w ith v e ry  v ariab le  s ta n d a rd s  of  a c c u ra c y .  These show th a t  more 
th an  a  hundred different h u m an  ab n o rm alities  are  certa in ly  due to  single gene 
su b stitu tion s, and th a t  several hundred m ore are  p rob ab ly  so. F o r  exam ple,  
C o ck ayn e ( 1 9 3 3 ) listed e ig h ty  ab n o rm alities  of  th e  skin, hair, nails, an d  teeth  
w hich are p rob ab ly  due to  d o m in an t au to so m al genes, eighteen to  autosom al  
recessives, and th irteen  to  sex-linked  genes. In  ov er h alf th e  cases the evidence  
is ad eq u ate .

On th e  o th er hand th e  gen etical analysis  of  th e  n orm al polym orphism  of a race  
such as our own for colour, size, and  shape has not gone far. The genetics of eye colour, 
for exam p le , are far m ore com p lex  th an  w as originally th o u g h t, and  s ta tu re  is 
u n d ou b ted ly  determ ined by a large n u m b er o f  genes, as well as by environm ental  
influences. Still less progress has been m ad e  in th e  analysis  of  th e  genetics of  those 
differences in skin colour an d  h air  shape w hich exist  betw een th e m a jo r  human  
races . H ow ever, im m un ology has revealed  a p olym orph ism  existin g in all races  
which was wholly u n exp ected  when B a te s o n  w rote . I ts  genetical basis is exceedingly  
sim ple; perhaps because an tigen s are  d irect p ro d u cts  o f  gene actio n , while pigments  
are  th e end p rod u cts  of  com p lex  chains o f  m etab olic  processes in which m an y , if 
not all, of the steps are controlled  by different genes; and th e  processes o f  m o rp h o­
genesis are even m ore co m p lica ted . M eanwhile, gen etics  have developed along 
m a n y  lines, of which th ree  are  especially  im p o rta n t .  I t  has been shown th a t  genes 
are  m ateria l s tru ctu res  located  a t definite p oints in th e  chrom osom es. I f  we can 
hom ologize the genes of  organ ism s which co n ju g ate  and th e  ‘ tran sform in g  prin­
ciples' of b acteria , which can a p p a re n tly  tran sfer  th em  to  one a n o th er  without 
con jugation , just as th ey  c a rry  out a com m u n al m etab olism , the work of A very, 
M acL eo d  & M a cC a rty  ( 1 9 4 4 ) suggests  th a t  genes, a t  least in som e phases of  th eir life 
cvcles. m a v  consist whollv of  d eso xv-rib ose  nucleic acid .* * i 1

\\ e have learned a good deal about th e  causal chain betw een a gene and its m ani­
festation . G oldschm idt was a pioneer in this w ork. Y o u .  Mr P resid en t, p layed an 
im p o rtan t p art in the analysis of  th e  genetical con trol of  an th o cy an in  production  
in flowers. B ead le . T a tu m  and oth ers  were able to  specify th e  stages in th e  p rod u c­
tion of arginine and o th er essential m etab olites  controlled  bv different genes in 
A eu ro sp ora . In this c o u n try , G riineberg. in the m ouse, and W a d d in g to n . in D roso­
p h ila  , investigated  the genic con trol o f  m orphological d evelop m en t.

F in ally , a num ber of  w orkers, n o ta b ly  D ob zh an sk y , Dubinin. F ish er. H aldane. 
Teissier & 1 H eritier. T .setverikov, and W rig h t h ave in vestigated  the gen etics  of
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populations both p ractically  and th eoretically , and th ey  and others h ave discussed  
the bearing of their results on th e  problem  of evolution.

All these m ethods are applicable to  our own species. T here is. how ever, a w ide­
spread belief th at what I m ay  call form al genetics, th a t  is to  say  the s tu d y  of  h ered ity  
and variation , based on the description and counting of individuals, has ceased to  
be im p ortan t, and th at in future genetics will consist m ainly of the s tu d y  of  b io ­
chemical and m orphogenetic processes controlled by genes, and of ev o lu tio n ary  
changes in populations: while th e  m ere enum eration  of  the results obtained from  
various m atings, and deductions draw n from such enum eration , are no longer o f  
great interest. As I propose to  d evote  this lecture  to  the pure or form al genetics of  
man. I m ay  perhaps be pardoned if I  s ta te  w hat seem to  m e to  be th e  leg itim ate  
aims of hum an genetics, and so to  justify  w h at som e will regard  as a re a c tio n a ry  
standpoint.

The final aim . perhaps asy m p to tic ,  should be the enum eration  and location  o f  
all the genes found in norm al hum an beings, the function of each being deduced  
from the variations occurring when the said gene is altered  by m u ta tio n , or when  
several allelomorphs of it exist in norm al men and women. In addition , inform ation  
would be gathered  on the effect of changes involving sections of chrom osom es, such  
as inversions, translocations, deficiencies, and duplications.

The num ber of genes in a hum an nucleus alm ost certainly  runs into th ou san d s,  
possibly tens of thousands. E a c h  has. so far as one can judge, a highly specific 
biochemical function. The end result of  such a genetical stu d y as I have a d u m b rated  
would be an an a to m y  and physiology of  the hum an nucleus, which would be in ­
comparably m ore detailed than  the a n a to m y  and physiology of th e  whole b od y as  
known a t  present. This end will perhaps be achieved in p art by non-genetical  
methods, such as u ltram icroscop ic  operations on the nuclei of hum an cells in tissue  
culture.

No doubt one result of such a s tu d y  will be the possibility of a scientific eugenics, 
which m ay bear the sam e relation to  the p ractices  now or recently  in vogue in 
certain countries as ch em oth erap y  bears to  the bleedings and purgations of  early  
medicine. B u t oth er results m ay  be m ore im p o rtan t. A knowledge of th e  hum an  
nucleus m ay  give us the sam e powers for good or evil over ourselves as the know ledge  
of the atom ic  nucleus has given us over p arts  of the extern al world.

In this lecture I shall be largely coneerned with the localization of genes in hum an  
chromosomes. A simple exam p le  will show w hy this is im p o rtan t. One of the  
common causes of blindness is retinitis  p igm en tosa . Ten years  ago it could be said  
that in some pedigrees this disease was tran sm itted  as a d om in an t, in o th ers  as a 
recessive of the ordinary ty p e , occasionally  as a sex-linked recessive. In 1930  
I argued th at some pedigrees showed partial sex-linkage, a phenom enon which I shall 
describe later. W e can now say te n ta tiv e ly  th at one of the genes, the a b n o rm ality  of  
which causes this condition, is carried  in th a t  segm ent of the sex chrom osom es of  
which women possess two. and men only one: an oth er, which m ay  give dom inant or  
recessive m u tan ts , in th at segm ent of the sam e chrom osom es of w hich both sexes

V o l .  1 5 5 .  B .  1 0
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150 J . B. S. Haldane
possess tw o ; while o th e r  such genes, how m an y we do not know , are  carried  in tin- 
oth er chrom osom es. I t  is reason ab ly  sure th a t  th ey  control different processes. And 
this is borne out by th e  fact th a t  the p artia lly  sex-linked recessive ty p e  is never 
associated  with deafness, while one of  the au tosom al recessives is so associated .

P ath o lo g is ts  will h ave  to  w ork out the aetiology of  th e  different gen etical type.. 
T h ey  can hardly  hope to  do so until th ey  are distinguished, if. as  seem s probable 
each  gene con trols  a different process. And just as th e  m eth o d s  for th e cure of 
b acillary  and am o eb ic  d y se n te ry  are  v ery  different, so it is unlikely th a t  th e  same 
th erap eu tic  m easu res  will succeed  against diseases, h ow ever sim ilar in their 
sy m p to m s, which are  due to  different genes. T h ey  certa in ly  do not do so in Drosojyfiil,, 
m elanogaster. In  th a t  species at least four different recessives give eye colours which 
are  scarlet becau se th e y  lack a yellow pigm ent found in th e  n orm al eye. which is 
a d erivativ e  of  t ry p to p h a n e . T h e  eye colour of  th e  m u ta n t  verm ilion  can be made 
norm al by in jecting th e  larv ae  w ith kynurenine. for th e  gene present in normal 
flies but in activ e  in ven n ilion  flies is concerned in th e  o x id atio n  o f  try p to p h a n e  to 
kynurenine. B u t  c in n abar  flies are  not cured, because th e y  can n o t c a ta ly z e  a further 
stage in th e  pigm ent fo rm a tio n ; and card in a l  and scarlet flies are  not cured because 
th eir eye ru d im en ts  can n ot ta k e  up the pigm ent p recu rso r (E p h ru ssi  1 9 4 2 ). The 
four genes in question are  carried  at different loci in th ree  ch ro m o so m es.

T h e first step  in form al gen etics  is to  establish th a t  certa in  c h a r a c te rs  are in­
herited in a cco rd a n ce  with M endel’s laws, and  in p a rticu la r  th a t  segregation  occurs 
in Mendelian ratios.

This is certa in ly  tru e  in m a n y  cases where large n um bers h av e  been studied. Thus 
accord in g  to  th eo ry  a m em b er o f  blood group *4 B  p roduces equal n u m b ers  of A 
and B  g am etes. T ab le  1 * shows th a t  this is th e  case, the d eviation  from  th eo ry  beins: 
less th an  the s ta n d a rd  erro r  o f  sam pling. In the m atin g  A x A B  the M children are 
derived from A g am etes  of th e  A B  p aren t, the B  and A B  children from  B  gam etes: 
and so on. Such an ag reem en t implies not only th at the tw o ty p es  of  g am ete  are

T a b l e  1
c h i l d r e n  in g r o u p

p a r e n t s O A B A B t o t a l

O x  A B 8 ! 6 3 3 6 4 6 3 ! 1 2 9 0
A  x A B 0 5 3 3 2 4 7 3 1 2 1 0 9 2
B x A B 2 ! 1 8 3 4 0 6 2 3 2 8 2 3

A B x A B 0 2 8 3 6 6 5 1 2 9

(d  — 1 ) n~* =  0 - 6 4 8 .
t o t a l  .4  g a m e t e s  1 6 0 9 |  
t o t a l  B  g a m e t e s  1 6 4 7 1  

t o t a l  h o r n o z y g '• te ."  f r o m  A B  x  A B  6 4 .  

t o t a l  h e t e r o z y g o t e s  f r o m  A B  x A B  6 5 .

*  F r o m  W i e n e r  ( 1 9 4 3 ). p .  1 9 0 .  T h i s  i n c l u d e s  a l l  d a t a  p u b l i s h e d  s i n c e  1 9 3 1 .  B e f o r e  t h i s  d ate  
o n l y  g r o u p s  o f  o v e r  2 5 0  c h i l d r e n  a r e  i n c l u d e d .  T h i s  c r i t e r i o n  o m i t s  t h r e e  c h i l d r e n  o f  A B  
m o t h e r  a s s i g n e d  t o  g r o u p  O b y  t w o  w o r k e r s  w h o  h a d  t e s t e d  sev  e n  a n d  r u n e  c h i l d r e n  o f  sucl;  
m o t h e r s ,  a n d  w h o s e  f i n d i n g s  h a v e  p e r h a p s  r e c e i v e d  u n d u e  a t t e n t i o n .
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formed in equal num ber*, but th at there is no m arked selective m o rta li ty  of e ith er  
tvpe of zygote. Thirteen children occu r in u nexpected  groups. These represent the  
combined effects of illegitim acy, technical errors, and con ceivably  m u ta tio n  or  
abnormal segregation of chrom osom es. Clearly these causes com bined will produce  
results smaller than sampling error.

In the case of the pair of allelom orphic genes which respectively  produce the  
) f  and A agglutinogens, there is at least prim a facie evidence for v e ry  ab n o rm al  
segregation. \\ here such cases have been investigated  in anim als, th ey  have so far  
almost alw ays been found to  be due to selective m o rta lity , or in fact  n atu ral selection , 
one genotype having a higher d e a th ra te  in the early  stages of life th an  a n o th e r .  
Taylor & P rior ( 1 9 3 9 a) found th a t  th e  progeny from the m arriages of  h eterozy go tes  
which thev had exam ined included a considerable excess of heterozvgotes. T h ev  
were convinced th a t  this was not due to  technical errors, and found a sim ilar excess  
in the pooled d ata  of o th er workers, giving 54-85  ° 0 of heterozygous children, the  
excess being 3-08 times its s tan d ard  error. W iener ( 1 9 4 3 ) believes the excess  to  be 
an artefact due to th e  use of incom pletely  absorbed testing fluids, and th a t  no such  
excess occurs where this error is avoided. Now if the sera used give too m a n y  31X  
children they should also give too m an y M X  p aren ts. T ay lo r & P rior ( 1 9 3 9 6 ) showed  
that in most series of d ata  the square of the num ber o f  M X  individuals a p p ro x im a te s  
to four times the product of the num bers of M  and W. while a few show a great excess .
I have therefore applied their test to  all the series in W iener s table 46. and elim inated  
cases where y 2 exceeds four for the p a re n ts .t I have also om itted  tw o small series  
containing 40  children between th em , and two Ja p a n e se  and one G erm an  series 
which were not available in English libraries, and have inserted one G erm an  series. 
The results are shown in table 2 . The values of y  are calculated  by T a y lo r  & P riorV  
method, a positive value denoting an excess of M X  over e xp ecta tio n  am o n g the  
parents. I t  will be seen that there are  54-N5 ° 0 of heterozygotes. The excess  is 3 -10  
times its s tan d ard  error. The probability of so large an excess or defect by sam pling  
error is 0 -0016 . I f  it were due to the sy stem atic  use of incom pletely absorbed testin g  
fluids, we should exp ect to  And a lower percentage of heterozygotes in those serie> 
where y  is negative. The value found is 50-77  0 o. which is slightly, but not signi­
ficantly higher. The excess of M  over N  children is just below tw ice its s tan d ard  
sampling error, and not s ta tis tically  significant.

I f  the num bers of heterozygotes (M X )  and hom ozygotes (J7  — .V) in the different 
groups are com pared, we find y 2 =  17-21 for 11  degrees of freedom . Thus I ) =  o -ln .  
and the d ata  are not significantly heterogeneous, as they would probably be if som e  
workers had used fau lty  method.-..

Table 3 shows the to tals  found for all typ es of m arriage by the tw elve a u th o rs  
cited in table 2 . Illegitim acy, technical e rro r- , and m u tation  clearly acco u n t for

T Wiener gives the reasons for exclu d in g  buttes X O arrad  s ^ 9 3 2 ) data . T h e  o th er 
relevant values o f  y  are: Da-hr ( 1 9 4 0 ) -+4-51. Hirv.feld X K..stin-h .'1 9 3 S 1 4  2-Mi. Landst.-iner 
A Wiener ( 1 9 4 1 ) -f 2-002. W iener X Sunn -.1 9 4 3 ) — 2-2". The last three v a l u e s  m ay well all 
be due to sam pling error.
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v e ry  few u n exp ected  classifications. In the case of tlie M X  x M  and  M X x X  
m arriag es , th e  differences betw een th e  classes w here eq u ality  is e x p e c te d  are less 
th an  tw ice th eir  s tan d ard  errors. I t  will be seen th a t  th e m ean n u m b e r of  children 
exam in ed  per M X  x M X  m arriag e  w as decidedly less th an  th a t  in th e  o th e r  groups. 
T h e figure 2*73 is not of  course th e  m ean fertility  per m arriag e , as  sterile marriages  
were exclu d ed , it was not a lw ays possible to  e x a m in e  all th e  living children, and

n u m b e r  o f
c h i l d r e n

a u t h o r s f a m i l i e s M M X
—N
X

L a n d s t e i n e r  & L e v i n e 11 + 0-017 17 31 m<
W i e n e r  & V a i s b e r g 25 -0 -0 0 6 29 58 29
S c h i f f 33 +  1-808 18 48 22
C r o m e 9 +  0-083 4 10 4
C l a u s e n 70 -0 -7 7 7 38 74 28
B l a u r o c k 23 +  1-002 25 40 25
M o u r e a u 53 + 0-444 45 102 41
H y m a n 32 +  0-906 10 41 16
M a t t a *

f  20 
\  20

-0 -7 8 1 )
-  1-741 /

9 45 10
D a h r  & B u s s m a n n 30 -0 -5 1 4 38 70 18
T a y l o r  & P r i o r  ( a ) 56 -0 -3 4 9 10 38 8
H o l f o r d 34 +  1-185 24 37 14

t o t a l 416 — 267 594 222
*  O n e  g r o u p  in Eg.\~pt, o n e  in G l a s g o w .

T a b l e  3. P r o g e n y OF D IFFE R E N T MARRIAGES INVOLVING 3/ AND JV
m e a n

n u m b e r  o f c h i l d r e n
p a r e n t s f a m i l i e s M M X A7 t o t a l p e r  f a m ily

M  x  M 1 4 i 425 3! 0 428 2-91
M  x  .V if>i ] ! 477 2 ; 480 3 18
A T x  AT 74 0 0 232 232 3-13

M X  x  M 397 597 662 4 ! 1263 3-18
M X  x  „Y 292 O 1 428 483 913 3-13
M X  x  M X 396 267 594 o o o 1083 2-73

t o t a l 1 457 ____ _____ — 4399 3-02

in vestigators  tend  to  choose large families. N evertheless, it suggests  th a t  such 
m arriages are less fertile th an  th e  av erag e . T h e sh o rtag e  o f  to ta l  children and of 
hom ozygotes can both be exp lain ed  if h om ozygotes h ave  a higher d e a th r a te  (pro­
bably p ren atal) th an  h eterozy go tes . T h e p ren atal and infantile fitness o f  th e  homo­
zygotes is about 82 ° 0 o f  th a t  of  th e  h eterozygotes, so at least IS ° 0 o f  th em  must 
die at an early stage. I f  th ere  had been 594 h om o zyg otes  in stead  of  4 8 9 . th e  mean 
fam ily size would h ave been 3-90 . T h e hypothesis  of selective d eath  implies that 
105. or 2-3 ° 0 o f  a group of 4 5 0 4 . hum an zygotes were e lim in ated , p ro b ab ly  before 
birth. I f  the M X  x M X  m arriag es  had been as fertile as th e  res t ,  we should have
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expected 155 more children from them , m aking a to tal of 4(>59. of  whom 3*4 %  were  
eliminated.

This is a substantial fraction of all conceptions, and it would seem th at  if a 
scientific* study of the problem of hum an population is to be u n d ertak en , it would 
be desirable to investigate a group of say 5000  m arried couples (including sterile  
couples) serologically, in order to discover w hether certain  ty p es  are  less fertile  
than others, and w hether certain  hum an genotypes are elim inated p ren ata lly . It 
would be essential, in such a s tu d y , to  tab u late  the results of reciprocal unions such  
as 3 /A  $ x  J / q . and A /A x  J / A tq , separately . U nfortu n ately , m an y  of the a u th o rs  
cited did not do so. I t  is of course possible th at W iener's  hypothesis  is co rre c t .  
Nevertheless, th e  m a tte r  seems sufficiently im p ortant to w arran t fu rth er s tu d y .

In  the case of  the Rh  group of genes it is known th at  certain  classes o f  offspring  
are killed off because th ey  im m unize th eir m other, and their blood corpuscles are  
destroyed by her antibodies. Such a m echanism  will not explain  th e  results found  
with M  and X . M oreover, the elim ination of hom ozygous offspring o f  tw o h etero-  
zvgous p aren ts  would m ake the equilibrium between the tw o genes u nstable , w hereas  
in fact their frequencies in different peoples are m uch less variable  th a n  those o f  
other genes responsible for serological differences.

W h atev er  m ay  be the final answ er to these questions. I hope I h ave shown th a t  
the e x a c t  investigation of the segregation of com m on genes is not a m a t te r  of m erely  
academic interest.

I m ust pass on to the m ethods which are used in the investigation of  th e  se g re g a ­
tion of rare  genes. W hen the rare  gene is a dom inant there are no s ta tis tica l  diffi­
culties provided the gene m anifests itself in all heterozygotes, and early  in life. W e  
cannot possibly exp ect to  find Mendelian ratios for such a c h a ra c te r  as H u n tin g to n 's  
chorea, whose mean age of ap p earan ce  is about 35 years. W e should e xp ect  to  find 
good results in the case of h ered itarv  skin diseases, which are easilv and ac-curatelv  
diagnosed, and m ostlv m anifested at an earlv age. Table 4 shows the children from  
unions of affected and norm al persons in the sixteen diseases inherited as d om in an ts  
of which C ockayne ( 1 9 3 3 ) in his classical treatise  was able to collect records of over  
100 such children. A few of m v num bers differ slightlv from his to ta ls  through the  
exclusion of doubtful pedigrees. As a result of sampling error we should exp ect  
a normal distribution about zero with unit variance of the values of (d — 1 ) it~*-. w hen 
d is the num ber of affected minus th at of norm al, and >t is their sum . T h ere  are three  
aberrant values. The low incidence of  neurofibrom atosis m ay possibly be acco u n ted  
for bv its variable age of onset and sublethal ch aracter .  Some individuals carrv in g  the  
gene m ay have died p ren atally . o th ers  m ay  not yet have developed it when observed . 
Hypoplasia of the enam el is due to genes in at least two different chrom osom es  
(Haldane 1 9 3 7 ) and therefore presents com plications. Tylosis, w hich is an ab n orm al  
thickening of the skin of the palm s and soles, generally d e v e lo p s  in the first y e a r  of  
life. It seems to present a definite exception  to the usual rules, and dem an ds fu rth er  
investigation. The sim ilar anom alous cases which occur in the literatu re  of d om in an t  
abnormalities of o th er organs arc  easier to explain by faulty diagnosis. T h ere  seem s
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no reason to  doubt that 1 he segregation of most hum an d om inant abnormalities  
follows M endel's laws.

•1* B. »S. Haldane

T h e ratio s  in which a gene pair segregates cannot be obtained  so sim ply when one
allelomorph is fully recessive. This is due to the fact that the compilation of a
pedigree introduced a certain bias. The bias may be of a very simple kind. Birch 
(lQ7 7 l in Chicago nnd A...I.......... - / . • > i-

. . .................. -» m- o ia s  m a y  ue or a v e ry  sim p
(^937) in hicago and A ndrcnsscn ( 1 9 4 3 ) in Copenhagen collected  

aem ophilia , a sexdinked recessive condition, tra n sm itte d  to  ai
14(> pedigree* 

and from male*

T able  4. P rogeny of individuals affected  with dominant

OF T in :  SK IN . HAIR, N AILS, AND TEETH

abn orm ality  
piebaldness
cutaneous xan th om ato sis  
telangiectasis
epiderm olysis bullosa sim plex  
epiderm olysis bullosa d y stro p h ica  
m onilethrix  
porokeratosis
tylosis p lan tar is et pul m ar is 
ichthyosis vulgaris  
alopecia congenita  
onychogryphosis  
hypoplasia of enam el 
neurofibrom atosis  
naevus aplasticus  
fistula auris 
angioneurotic oedem a  

to ta l

ABNORMALITIES

affected norm al ( d -  1 ) n ~

133 118 +  0 - 8 8

98 1 1 1 - 0 - 8 3
320 302 +  0-43
193 163 +  1*54
147 181 -  1-82

92 89 + 0*15
70 91 -  1*58

594 483 +  3" 35
8 6 98 - 0 - 8 1

130 118 +  0-70
242 253 - 0 - 4 5

84 50 +  2-81
115 160 - 2 - 6 1

53 61 - 0 - 6 6

63 6 0 +  0 1 8
1 8 2 206 -  1 1 7

2602 2544 +  0-79

T able  f>. S ons of harmor HI LICS DAUGHTERS

tam ilu 's norm al suns hoen lophilic sons
17 11 26 ( - 1 7 )
2 6 25 23 + 1 ?
4 3 36 49 r i l l -  17) 

=  32->- 1 ?

m others of p atien ts  
other m others

to tal

th rou gh  fem ales. E a c h  p ed igree  b egan  w ith a p atien t whose re la tiv e s  w ere then  
tra c e d . In order to  \eiif\ th a t  th e  co n d itio n  is due to  a single gene we m ust show, 
am o n g oth er things, th a t  th e  d a u g h te r s  o f  h aem op h ilics  b ear equal n u m b ers  of 
n orm a and haemophilia sons. It w e s tu d y  th e  d a u g h te rs  of h aem op h ilics  in the 
pe lgree. we find a con > id erab le  e x c e s s  of  haem ophilie  sons. H o w e v e r ,  a fu rth er  
a 1a (table 5) snow> th a t  th i-  e x c e s s  is confined to  th e  m o th ers  o f  th e  p atien ts  
from  whom the co m p ila tio n  o f  t h e  iv d ig r e e  s ta r te d .

e rea..cn is s im p l t . 1 r!r m o th e r s  c»f p a tie n ts  were in v estig a ted  b ecau se  the

, a . ^ CCA ei * d k a e m o p b ilie . H en ce  at least one o f  th e ir  sons must
la e m o p h ilic . ] rir o t r .e :  d a u g h te r s  o f  h aem op h ilics  m a y  h a v e  borne no
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haemophilie sons, indeed one was fortu nate  enough to bear th ree  norm al sons and  
no haemophilie. W e can allow for this bias by su b tractin g  one haeniophiliefrcm  each  
family including a patient. The to tal then becomes 3 b norm al sons, with 32 haem o-  
philics and one doubtful, a very good ap p roxim ation  to equality . A similar but more  
com plicated analysis shows th a t  about half the sisters of haemophilics tran sm it the 
disease. A neglect of  this elem en tary  point has led to the most rem arkable conclusions  
as to the fertility  of hum an stocks afflicted with hereditary  disease. F o r  if a c h a ra c te r  
is passed on to half the children of an afflicted person, it will not be recognized as 
hereditary unless at least one child possesses it. W e shall thus exclude all families 
of no children, half the families with only one child, a q u arter  of those with two, and  
so on. thus giving a  wholly false impression of the fertility  of such stocks. W here, 
on an average , the ch a ra cte r  only appears in on e-q u arter  of the children, the  
exaggeration  is still greater.

U n fo rtu n ate ly , the very simple typ e of correction  which was applicable to  the  
pedigrees of haem ophilia cannot alw ays be applied.

Consider a recessive ch a ra cte r  such as albinism or am au ro tic  idioev which, bv  
analogy with anim als, is to be exp ected  in on e-q u arter  of the progeny of unions 
between two heterozygotes of norm al ap p earan ce . W e have in general no evidence  
that a pair of  parents is heterozygous, excep t that th ey  have produced a t  least one 
recessive. W e cann ot therefore study the progeny of a  num ber of pairs of  known  
heterozygotes, as we can in animal experim ents. W e can only stu d y the progeny  
of those pairs which have produced at least one recessive.

Clearly the frequency of recessives in such sibships* is g rea ter  th at the exp ected  
quarter. F o r  it is l o o %  in sibship of one, and over 5 0 %  in sibships of  tw o. T h e  
method for assessing the frequency p  which would be found in a very large sibship  
from d a ta  on small ones depends on how the d a ta  are collected.

L et  a rs be the num ber of sibships of s m em bers, of which r are  abnorm al.
L e t  ts =  ^  a rH, i.e. the to ta l  num ber of sibships o f  s m em bers.

r

L et AT =  a rs, i.e. the to ta l  num ber of sibships.
r . s

L et R  =  ^  (ra rs), i.e. the to tal num ber of abnorm als.
r ,  3

L et £  =  v  {-sars), i.e. the to ta l num ber of sibs.
r, s

L et q =  1 — p .
Now consider tw o ideal cases. In the first case a whole population is surve3*ed, and  

all sibships containing a t  least one ab norm al are tab u lated . This is possible in a 
small E u ro p ean  co u n try . Th us Sjogren ( 1 9 3 1 ) probably tab u lated  over 90  %  of the  
Swedish families in which a case of juvenile am a u ro tic  idiocy had occurred  in the  
tw entieth cen tu ry . In this case the estim ate  of p  is given by:

R =  v  [ j L l  
p  7  l_i

* The word sibship m eans a set of siblings, th a t is to say  brothers and/or sisters.
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and it;- s tan d ard  error is given b y :

a - 2 R

V2(l

U n fo rtu n a te ly , this cum brou s eq u ation , due to  H ald an e  ( 1 9 3 8 ), can  be shown to 
yield a result with a sm aller s tan d ard  erro r  th an  a sim pler one due to  W einberg.  
P e rh a p s  a quicker but equally efficient m ethod m ay  be devised.

In  th e  second ideal case all children leaving school in a certa in  y e a r ,  or b e tte r  all 
children born in a certa in  6  m onth s, are exam in ed . T h e sibs of all ab n o rm al children  
are  tab u la ted . Clearly if a sibship con tain s th ree  ab n o rm als . it is th ree  tim es as 
likely to  be tab u lated  as if it con tain s only one, and so on, a p a rt  from  an obvious  
correctio n  for twins. In  this case th e  es tim ate  of  p  is

V =
r - x
T - l V ’ and <Tp

(T — R){R — X)  
(T — X)3

an elegant result due to  W einberg  ( 1 9 2 7 ).
A pplying these m eth od s to  P earso n , N ettleship  & U sh er's  ( 1 9 1 3 ) collection of 41 ] 

sibships from norm al p aren ts  including at least one albino. 804  ou t o f  24 3 5 , or 
35-48  °/0 , were albinos.

A pplying th e  first correctio n

p 1 =  0 -3 0 8 2  ±  0 -0 1 0 7 ,  

applying th e  second p 2 =  0 -2 2 3 8  + 0 -0092 .

T h e Mendelian value of  5 lies betw een these tw o estim ates , and  th ere  is reason to 
think th a t  if an e x a c t  correctio n  were possible, th e  Mendelian ra tio  would be found. 
A simple exam p le  will show th e need for oth er corrections. A cco rd in g  to  Andreassen  
( 1 9 4 3 ), in the y e a r  1941 th ere  were 1 .8 2 0 ,oon m ales in D en m ark , of w hom  81 were 
haem ophilic. Almost all their families were in vestig ated , and valu ab le  results were 
ob tain ed . H ow ever, haem ophilics have a m uch sh o rter  av e ra g e  life th an  ordinary  
m ales (about 18 years  in D en m ark ). So a large fraction , p rob ab ly  th e  m ajo rity , of 
the haem ophilics born between 1910  and 1930 were dead by 1942. A fam ily into which 
three haem ophilics were born in th a t  tim e was m ore likely to  con ta in  a living 
haem ophilic in 1942 th an  one into which only one was born. B u t  it w as not exactly  
th ree  tim es as likely. I f  half the haem ophilics had died, and th ere  was no correlation  
in th e  age of  death between haem ophilic sibs. it was 1-75 tim es as likely. H ence the 
tru e  value of p  would lie somew here between th e  tw o e x tre m e  es tim ates . Special 
m eth od s could and should he developed for such cases.

T h ey  are im p ortan t because th ey  offer a possibility of in vestig atin g  selective 
p ren atal d eath , of verifying the general applicability  of genetical principles to  man. 
and of developing, in co m p a ra tiv e ly  simple cases, the quite p ecu liar statistical  
m eth od s which are required when the gen otyp es of p aren ts  m ust be deduced from 
th e  phenotype of the children, with an a c c u ra c y  which increases with th e  size of the
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sibship. These m ethods m ay be said to  play tlie same part in hum an gen etics  th a t  
standard  culture m ethods play in anim al and plant genetics. W ith ou t th em  q u ali­
tative  conclusions m ay  be draw n, but q u an tita tiv e  work is impossible in th e  case  
of m an y  genes.

W e now pass to the m ethods for the location of genes on the hum an chrom osom es.  
A serious beginning has been m ade with the m apping of tw o sections. One is th e  
segment of the X  chrom osom e which is responsible for sex d eterm in ation , in which  
the ord in ary  sex-linked genes are located. The oth er is the segm ent com m on  to  the  
X  and Y  chrom osom es. W ith  regard to  the rem aining tw en ty -th ree  there  is fairly  
good, but never conclusive, evidence, for the com presence in one chrom osom e of tw o  
genes. F o r  each typ e  of location ap prop riate  s ta tistical m ethods have been developed.

1 f> /

F igure 1. ^ , normal male; deuteranopic male, not haemophilic;
^ , haemophilic male, vision untested: s T  , haemophilic trichromatic male.

L et us begin w ith th e  differential segment of the X . A large num ber of sex-linked  
recessive genes have been located there. The mode of inheritance of the ch a ra cte rs  
determined by them  is highly ch aracteristic . The ab n orm ality  determ ined by any  
one of them  is far com m on er in men than women. It is not tran sm itted  from a fa th er  
to his son. B u t it occurs in about half the sons of heterozygous w om en, w ho include  
the daughters of affected men. The X  chrom osom es of D rosoph ila  species have been 
mapped by studying the segregation of genes in the progeny of m oth ers  w ho are  
heterozygous for two or m ore pairs of sex-linked allelomorphs.

Cytologic-al studies h ave shown that the m aps so obtained depict real m aterial  
structures, as X - r a y  diffraction and reflexion have shown th at th e  s tru c tu ra l  fo r­
mulae of the organic chem ist depict real objects.

At one locus in the hum an A’ chrom osom e abnorm alities are very com m on . A bout  
8 %  of all men are colour-blind or anom alous colou r-m atch ers . H ence if w e wish to  
estim ate the p ercen tage of recom bination between the loci of haem ophilia and  
colour-blindness we m ust search for colour-blindness am ong haem ophilics and  
their brothers. Seventeen pedigrees are known in which both ab norm alities  are  
found. O f the to ta l inform ation available from th em , about a third was collected  
by Bell & H aldane ( 1 9 3 6 ). an oth er third by tlie D utch physician H oogvliet ( 1 9 4 2 ) 
and the rem ainder by ffve others.
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T h e m ethod em ployed  can be illustrated  by tw o simple exam p les. F igure 1 shows
a pedigree in which *4 w a s a  haem ophilic, while a carried the gene for colour-blindness

in one of  her tw o X  chrom osom es. She also gave  it to /?, who had two colour-blind  
sons. So ft  had the genes for these two defects in different chrom osom es (in the trans 
position, if we like a m etap h o r from  organ ic  ch em istry , or in repulsion in B ateson  
& P u n n e tt 's  term in ology). O f /J's th ree  su rvivin g  sons, one w as a  haemophilic  
t r ic h ro m a t ;  tw o were colour-blind, but had norm al blood. Now if x  is th e frequency  
of recom b in ation  betw een th e  tw o loci con cerned , th e prob ab ility  of producing  
ju st these th ree  sons is ( 1  — x )3, given th a t  she had one haem ophilic an d  tw o non- 
haem ophilics. I f  one of  the non-haem ophilics  had had n orm al vision it wrould have  
been .r(l — .r)2, an d  so on. On this pedigree tak en  alone th e  best es tim a te  of x is 
clearlv  zero.

V

Figure 2 , w’hich is p art of  Bell & H ald an e's  ( 1 9 3 7 ) pedigree A, of  98  m em bers, 
raises a  ra th e r  m ore subtle  problem .

? a

(k, k  t k r
' C  D

F igure 2. < / .  normal male; ^ , haemophilic male, vision untested;
( o f , trichromatic male, not haemophilic; (§ ^ , haemophilic deuteranopic male.

This was solved a p p ro x im a te ly  b y Bell & H ald an e ( 1 9 3 6 ), b u t m y  colleague  
Dr S m ith  has produced  a m ore a c c u ra te  m eth od  (H ald an e  & S m ith  1 9 4 7 ). W e  ask  
w h at is th e  probability  th a t  seven persons re la ted  in th e  m an n er show n should have  
ju st these p henotypes. I f  pc and p h are  the frequencies of  th e  genes c  an d  h  for colou r­
blindness and  haem ophilia, we ask wrh at is the p rob ab ility  t h a t  a  should h av e  been 

h eterozygous for both of  th em . C learly  it is 4/>c(l  — p c) Phi l — Ph)- H  x  %vas doubly  
h eterozygous and her husband n orm al, th ere  are  eight possible sets  of  ev e n ts  in the  
fo rm ation  of  o v a  by a ,  /?, an d  y  which could have given th e  ob served  results . T h ey  
are  shown in figure 3 and  the p rob ab ility  o f  each  is given, p u ttin g  y  =  1 — x. I t  is 
th e p rod u ct of  five facto rs  representing the probabilities o f  th e  fo rm a tio n  of  h ve 
different eggs. These are  shown in each  case. Since y  had a  h aem op h ilic  son who died 
in in fan cy we know th a t  she received the gene h from  her m o th e r .  T h is  excludes  
six teen  o th er  possibilities whose probability  is zero. I t  does not e x h a u s t  th e  possi­
bilities. F o r  though we can be sure th a t  neither a  nor her h u sban d  was haem ophilic. 
we ca n n o t be sure th a t  one or both of th em  was n ot colou r-b lind . So th e total  
prob ab ility  has tw o m ore term s, each  con tain in g p 2. I t  is

h P cP h tfi1 “  Pc) ( 1 “  +  T r2 -  T r3 4- x 4) 4- p c{x2 -  x*)].

Since p c is of the order of 0*01  it can  in p ractice  be n eglected  in this case , but not ui 
all cases.
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T h e corresponding expression for the pedigree of figure 1 is

- * ) 3-

These probabilities are of  course small, p artly  because the genes in question are  
rare , p a rtly  because the p articu lar  p attern  of segregation found is one of  a v a s t  
n u m b er which are possible, like the 6 3 5 ,0 1 3 ,5 5 9 ,6 0 0  equiprobable bridge hands. 
H ow ever, each is m axim al for some value of x between 0 and 1 inclusive; in the cases  
considered, for x  =  0 . In  oth er pedigrees a cross-over has occurred , i.e. th e  genes  
c  and h h ave entered a w om an in one gam ete  and left her in different ones or vice  
versa. In  these the polynom ial is m axim al for some other value of  x. The p rod u ct  
of the seventeen polynom ials derived from th e different pedigrees is m axim al when  
x =  0 -098 , and we m a y  estim ate  the frequency of recom bination  between the tw o  
loci as 9-8 + 4-2 % .

W h ite  ( 1 9 4 0 ) found 6 4 - 8 +  12*7 %  of recom bination between the loci o f  co lou r­
blindness and of m yopia with n ystagm us, so the genetical m ap  of the hum an  
X  chrom osom e is likely to  be as long as th a t  of D rosophila  m elan ogaster , though  
probably sh orter th an  th a t  of G allus dottiesticus.

Ten years  ago I accou n ted  for the peculiar inheritance of  certain  c h a ra cte rs  on 
th e  hypothesis th a t  the genes concerned in th eir determ ination were located  in th a t  
segm ent of  th e  sex chrom osom es which is com m on to  the A  and Y, and m ay  be 
exch an ged  between th em  (H aldane 1 9 3 6 ). Such genes are said to  be partially  
sex-linked.

A t th a t  tim e I put forward the hypothesis with considerable misgiving, but it has  
been generally accep ted , and I shall therefore s ta te  it with co m p arativ e  confidence. 
Penrose ( 1 9 4 6 6 ) has recently  given an altern ative  explanation  for some cases which  
ap p ear to  conform  to  it. but he does not think that this will explain all the cases. 
F irs t ,  consider a dom inant gene in this segm ent. I f  a woman has it, necessarily in 
an A' chrom osom e, she will transm it it, on an average, to  half her children, regardless  
of sex. I f  a m an has it in his F ,  he has inherited it from his father, and will probably  
tran sm it it to  most of his sons but a few of his daughters. I f  he has it in his X  he has  
inherited it from his m other, and will tran sm it it to most of his daughters  but a few 
of his sons. Thus the sex of the affected children of affected males will generally be 
the sam e as th a t  of the affected paternal gran d p aren t. The fewer the excep tion s,  
the n earer th e  locus to the differential segm ents containing the sex determ iners, and  
(in the A”) th e  loci of  such genes as haemophilia.

Only one such p artially  sex-linked dom inant is known, nam ely retinitis pigm entosa  
in some pedigrees. Penrose ( 1 9 4 6 6 ) has, I think disproved Pipkin & Pipkin 's  ( 1 9 4 )̂ 
claim to have found a second such, zyg o d acty ly , or webbing of the toes. It is possible 
th at m y own claim in the case of retinitis pigm entosa will equally be disproved.

The location of  partially  sex-linked recessives is not so simple, but I think some  
of its results are m ore certain . W here the parents are first cousins, the sex of the  
affected offspring is usually the same as th at of the paternal gran d p aren t through  
whom the p aren ts  are related . F o r  if this grandparent was a male the fa th er carries
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th e  gene in his Y  chrom osom e, and will tran sm it it p red om in an tly  to  his sons, as 
in figure 4. I f  she was a fem ale th e y  will m o stly  be d au gh ters. I f  the p aren ts  are  not 
known to  be related , we can only say  th a t  in a n y  p articu lar  sibship th e  affected  
m em b ers  will be p red om in an tly  of  one sex , though in all sibships to g e th e r  no such  
p red om in an ce  is to  be exp ected , e x cep t in th e case of  very  rare  conditions w here the  
p aren ts  are  m o stly  consanguineous.
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Fisher (1936) developed a most elegant method for the detection of partial sex- 

linkage in such cases. .Suppose a sibship consists of A’ normal females, n normal males. 
A  affected females, a affected males, and that

?/ = { X  —  n  —  3*4 4- 3u)2 — (*Y + « + 1L4 4- 9u).

then in the absence of partial sex-linkage the expected value of u is zero, in its presence 
it is ££(1 — 2.r)2, where k =  (*Y 4- n 4- ff-4 4- 9a)2 — ( X  4- n 4- NL4 4- Slu), and T is the 
frequency of recombination. Thus if the sum of a large number of u values is signi­
ficantly positive partial sex-linkage can be inferred, and its intensity estimated.

I have since shown (Haldane 1948) that if we calculate a 
polynomial for each sibship on the lines developed for the 
investigation of linkage between sex-linked genes, its logarithm 
can be expressed as a series in ascending powers of (1 — ’lx ) 2.
The coefficient of (1 — 2.r)2 is Fisher's u. Thus the sum of Fisher's 
v scores gives a perfect test for the presence of linkage, though 
not a quite unbiased estimate of its intensity. There is. however, 
a further complication. In the absence of linkage the sampling 
distribution of Z u is not normal, but positively skew. 80 a 
high positive value gives a rather exaggerated estimate of the 
significance of the evidence for linkage. When allowance is 
made for this (Haldane 1946) most, but not quite all. of the data 
formerly regarded as significant remain so.

The Croonian Lecture was originally intended to be on 'local 
motion', and I shall therefore illustrate recessive partial sex- 
linkage by discussing spastic paraplegia, a disease in which the tonus of the limb 
muscles gradually increases until walking becomes impossible. Bell (1939) collected 
forty-four pedigrees in which one or more children of normal parents were affected 
with this disease.

Applying Fisher's method we have = 125b * 231 . and the estimated frequency 
of recombination is 17-5 °0. The significance is not as high as it appears, since the 
sampling distribution in the absence of linkage is very skew positively. But it is 
not in doubt. It is wholly possible that while most of the families are segregating 
for a partially sex-linked gene, others are segregating for an autosomal one. To 
determine whether this is so. about five times the present number of families would 
be required, and it would be necessary to devise new statistical methods. There is 
also a suggestion, both from the results of the direct method applied to the progeny 
of cousin marriages, and the indirect method based on Fisher's '«* scores, that a 
few cases diagnosed as spastic ataxia, and perhaps even a s  Friedreich s ataxia, may 
be due to partially sex-linked genes. The large majority are not (Haldane 1941 0).

On the basis of such statistical work I located se v e n  g e n e s  on t hi s  segment. The 
standard errors of their distances are so large that I do not think that a map is worth 
publishing. However, tlie loci of dominant and re ce s s iv e  g e n e s  fo r  retinitis pig­
mentosa, probably allelomorphs, lie about 3<» units from the sex-determining or

?

i f

?
F igure 4. J . m ale 
h o m o zygo u s f<>r a 
p a rt ia lly  sex-linked 
recessive. T h e  sex of 
his m atern al g r a n d ­
parent is irrelevant.
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differential segment, while the loci of five other genes, namely those for achroma­
topsia. epidermolysis bullosa, xeroderma pigmentosum, spastic paraplegia, and 
Oguchi's disease, seem to lie between 21 and 44 units from it. In addition a lethal 
gene for convulsive seizures with mental deterioration is probably located in this 
segment (Snyder & Palmer 1943) while a gene concerned in some cases of hare-lip 
and cleft-palate may be so (Philip & Mather 1940).

The next step in this investigation will perhaps be the discovery of families in 
which colour-blindness is segregating along with a partially sex-linked gene such as 
those for spastic paraplegia or xeroderma pigmentosum. In the latter case in par­
ticular we should be able to detect linkage in doubly heterozygous females between 
genes in the two segments of the X . and thus to produce a unified map. Even more 
valuable would be the discovery of a gene as common as those for colour-blindness 
and anomalous matching, in either section of the X  chromosome. The most hopeful 
field for such a discovery is among the antigens.

I have deliberated restricted mv own work on human linkage to the sex chromo- 
somes. because in every satisfactory pedigree sex as well as abnormality is recorded. 
Other workers more industrious than myself have looked for linkage between auto­
somal genes. Since man has twenty-three pairs of autosomes. the probability that 
a particular pair of loci will lie in the same chromosome is of the order of 3̂. though 
rather more, because the chromosomes are of unequal size. On the other hand a 
recombination value of over 2f> °0 is unlikely to be detected until data accumulate 
in very considerable quantity.

Two genes are very possibly linked with those for the blood-group antigens. These 
are t lie recessive gene for phenylketonuria (Penrose 1946 a ) and the partially dominant 
gene for allergy (Finney 1940: see also Finney 1941. 1942). A phenylketonuric 
apparently lacks some enzyme concerned in the metabolism of phenylalanine, and 
consequently excretes up to 1 g. day of phenylpyruvic acid. As a further con­
sequence there is a shortage of material for melanin formation, and the hair is of 
a lighter colour than that of other members of the family. Far more important, 
thought is impossible. Phenylketonurics are usually idiots or imbeciles, at best 
feeble-minded.

Penrose (1946a) has developed a statistical method for dealing with such cases, 
when the children in a family can be examined, but the parents cannot. Consider 
a series of sibships in which some members are normal, others are phenylketonurics. 
some have the B  antigen, i.e. bel» mg to group B  or .4 B . others belong to other groups. 
Consider what is to be expected if the loci concerned are on the same chromosome. 
In some sibships the recessive genes for phenylketonuria and absence of B  antigen 
have been in the same chromosome in both parents. In these, the sibs who are 
phenylketonurics will probably not possess antigen B. or more accurately, will be 
less likelv than normals to possess it. 1ft he genes are in different chromosomes in one 
or both parents, those who are phenylketonurics will probably possess antigen B  
Over a group of sibships there will be n o  association between the two characters, 
but in any particular sibship they will be positively or negatively associated.
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Now if we observe any pair of sibs. they must fall into one of the nine categories 
of table 6.

T able  6. T he nine possible  t y p e s  of s i b -pairs in a sibsh ip  segregating for

THE B  ANTIGEN AND PHENYLKETONURIA. EXPLANATION IN TEXT

164 J . B. S. Haldane

B B B b bb t o t a l

A’A' a n  + " 12- °13  +
X P °21 — a 22 + ° 2 3 ~ <■ 2
P P °31 + °32 ~ °33 + C3

t o t a l *1 6 2 *>3 1

Here X  and P  denote normality and phenylketonuria B  and b the presence and 
absence of the B  antigen. Thus a pair of sibs of whom one is normal and one phenyl- 
ketonuric, but both belong to group 0 , falls into the category X P .bb. If the two gene 
pairs are located in different chromosomes the expected number ^23 of sib-pairs 
in this category will be the product of the numbers of X P  pairs and bb pairs, 
divided by the total, that is to say 63r2 6-. If they are in the same chromosome it will 
be less. In general, linkage will increase the numbers in the categories labelled + in 
table 6 , and diminish it in the remainder. Penrose ( 1 9 4 6 a ) found the figures of table 7.

T able 7. Numbers  of s i b -pair t y pe s  found b y  P e n r o se , with

EXPECTATIONS IN THE ABSENCE OF LINKAGE

B B B b bb t o t a l

A 'A " 17  ( 9 - 1 2 5 ) 11 ( 1 6 - 9 4 7 ) 8 9  ( 9 0 - 9 2 8 ) 1 1 7

X P 1 0  ( 1 5 - 3 6 5 ) 3 4 ( 2 8 - 5 3 5 ) 1 5 3  ( 1 5 3 - 1 0 0 ) 1 9 7

P P 1 ( 3 - 5 1 0 ) 7 ( 6 - 5 1 8 ) 3 7  ( 3 4 - 9 7 2 ) 4 5

t o t a l 2 8 5 2 2 7 9 3 5 9

In this table the bracketed numbers are the expectations in the absence of linkage. 
117 x 0 8

Thus 9-125 =  --- —— . In the absence of linkage. Penrose finds that3o9

is normally distributed with mean zero and unit variance. A positive value 
indicates linkage. In this case the value is -f- 1-51 which is not in itself significant. 
But Penrose informed me that when the 0  antigen and the two forms of the A 
antigen are also taken into consideration, the value rises to 1-78 . Since this is 
in the direction expected on theoretical grounds, the probability of obtaining so 
large a value by chance is 0-040 or one in twenty-two. Such a value is usually taken 
as on the borderline of significance A few more families may well establish this 
linkage conclusively.

31 8



C r o o n  i o n  L e c t u r e 165

Finney (1940) used modifications of Fisher's u statistics, and concluded from Zieve. 
Wiener & Fries' (1936) data that the gene for allergy was linked with those for the 
blood groups. However, it must be emphasized that the genetics of allergy are not 
so simple as those of phenylketonuria. The probability of obtaining so large a devia­
tion in the expected direction is (M>4, after correcting for skewness. His result and 
Penrose s are weaker evidence for linkage than appears at first sight because man 
has twenty-three pairs of autosomes, so the a priori probability of linkage is only 
about 0-04. This means that considerably stronger evidence for linkage is required 
than in Drosophila melanogaslir where the a ]>riori probability is about 0-5.

Burks (1939) published preliminary results which very strongly suggest linkage 
between genes for hair colour and defective teeth. Unfortunately only a statistical 
summary was given, and as I have pointed out elsewhere (Haldane 19416) other 
explanations besides linkage are possible, though perhaps not very likely. She also 
obtained evidence of linkage between genes for myopia and eye colour. Penrose 
(1935) and Rife (1941) obtained suggestions of linkage between blood groups and 
hair colour, and interdigital pattern and left-handedness respectively.

Finally, Kloepfer (1946) has made a most comprehensive study involving nineteen 
characters, and obtained evidence suggesting a number of linkages. The most 
impressive are those between eye colour and flare (or projection) of the ears, and 
between ability to taste phenyl-thio-urea and ear size. Unfortunately nothing is 
yet known as to the genetics of ear size and structure.

Finally, there is massive negative evidence showing that various genes, notably 
those for blood groups, blood types (3/ and X ), and ability to taste phenyl-thio-urea. 
are not linked with one another nor with sex. Such work is inevitably tedious, but 
it is striking how long a time elapsed before linkage was discovered in poultry or 
peas, and how rapidly knowledge accumulated once the first linkages were discovered.

Up till now we have considered the behaviour of genes in so far as they reproduce 
their like (or perhaps better, are copied exactly) at each nuclear division. When this 
does not happen, a new type of gene arises which generally, but by no means always, 
reduces the fitness of the organism either (a) at once, if it is a dominant: (6) when it 
appears in a male, if it is a sex-linked recessive: or (r) when two genes of the new type 
are contributed by different parents to the same zygote, if it is an autosomal recessive. 
This process of change is called mutation. Clearly it may be due to a failure of tin- 
copying process, or to a change induced in the model between copyings by physical 
means such as X-rays or chemical means such as///T-dichlorethyl disulphide. Muta­
tion occurs spontaneously, that is to say under normal conditions, in all organisms 
so far studied: but as it is a rare process, it can only be measured when vast numbers 
are available. The rate was first measured in Drosojihila nahutoga^tir. then in Ztu  
Mays, and finally by Gunther & Penrose (1935) and Haldane (1935) in man. More 
exact estimates, fully confirming these figures, have been made in Denmark in 
the last 6 years.

The rate can be measured directly, as was done by Morc-h (1941) for achondroplasia, 
or chondrodystrophy. This is tlie condition found in the familiar short-legged tvpe

V o l .  1 3 5 .  B .  u
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166 J . B. 8. Haldane
o f  dw arf. In 1938 there  were e ig h ty -s ix  such dw arfs in D en m ark  am o n g 3 .8 0 0 ,0 0 0  
people. T h ey  h ave a v ery  low fertility , but when th ey  breed, ab ou t h alf  th eir  off­
spring are  sim ilar dw arfs. T h e  large m a jo ri ty  of  dw arfs, how ever, are  th e  offspring  
o f  norm al p aren ts  with no dw arfs in th eir  families. I t  is c lear th a t  th e  gene for 
dwarfism arises sporadically  b y  m u ta tio n . Out of  132 .761  children born o f  n orm al  
p aren ts  in hospitals in Copenhagen and L u n d  ov er a period of  2 1  y ears , eleven were  
dw arfs of  this typ e . This gives a m u ta tio n  ra te  of  4*1 x 1(>- 5  + 1*2  x 1 0 ~ 5 per norm al  
gene per generation, or ab ou t 1 - 2  x 1 0 ~ 6 per y e a r , since the m ean age o f  norm al  
p aren ts  is 35 years. T h e p rob ab ility  th a t  th e  tru e  valu e should be as low as 1 0 - 5  per 
gen eration  is 0 *0 0 1 1 , th e  p rob ab ility  th a t  it should be as high as 1 0 - 4  is 0 *0 0 0 1 . so 
th e  order of  m agnitude is certa in .

M arch  also es tim ated  th e  m u ta tio n  freq u en cy  indirectly . Most such dw arfs die
a t  or within 2 d avs of birth , and  a n u m b er m ore in the first v e a r  of  life, but a fte r  this% ' «

th eir  e x p ecta tio n  of  life is n orm al. I f  80 %  die in th e  first y ear , which is his es tim ate ,  
th ere  would be 415 such dw arfs in D en m ark  but for this m o rta li ty ,  or a frequ en cy  
of T 09 x 10-4. Now 108 dw arfs had 27 children, and th eir  457 norm al sibs had 582 , 
th us th eir  fitness from a D arw in ian  point o f  view is y2̂  x  |§-|. o r /  =  0 *2 0 4 . T h a t  is 
to  say  in each  generation n a tu ra l  selection effectively elim inates 80  %  o f  the  
dom in an t genes, and but for m u ta tio n  th ere  would be no dw arfs left on earth  within  
seven generations, or say  tw o cen tu ries, if D anish figures are ty p ica l. H ow ev er, the  
tw o processes are in a p p ro x im a te  equilibrium . So if x  is th e  frequ en cy a t  birth , the  
m u ta tio n  r a t e // =  (̂1 —/ ) . r  =  4*3 x 10-5. T h e fa c to r  b arises because we are  dealing  
with a population of  ch rom osom es equal to  tw ice th e  population o f  h um an  beings. 
T h e tw o estim ates  agree v e ry  well, but th e  second is m uch less a c c u ra te ,  since it 
depends on th e  figure for th e  infant m o rta li ty .  M orch. using a ra th e r  different 
a rg u m en t, gets 4*8 x 10~5.

P rofessor P enrose has pointed out to  m e th a t  M nrch's d ata  are  open to  three  
criticism s. In some pedigrees, th ou gh  not in a n y  of those which he collected , there  
is evidence th a t  the gene for achond roplasia  can fail to  manifest itself, as in 
R ic h s b ie th s  ( 1 9 1 2 ) pedigree 6 0 8 . T h e  cases w here tw o norm al p aren ts  had more 
th an  one achondroplasic* child m a y  be due to  this cause or to  a m u tatio n  at an early  
stag e  in the developm ent o f  a gon ad. A correction  for this possibility m akes very  
little difference to  the es tim a te  of  the m u tatio n  ra te , since the gene is d etected  on 
its first ap p earan ce , even if this be occasion ally  delayed. Secondly. M orch did not 
personally exam in e all the infants, an d  it is possible th at som e m ay  have been wrongly  
diagnosed. This is plausible, since he him self failed to  confirm the diagnosis of 
achondroplasia m ade by a n o th e r  w ork er in a N orw egian fam ily. F in ally , the 
frequ en cy increases with p aren ta l age to  an ex te n t inexplicable if all the dwarfs 
born of  norm al p aren ts  are m u ta n ts ,  but explicable  if some of them  are due to  bad 
p ren atal conditions, as with m ongoloid imbeciles. It m ay  therefore  well be that 
M orch 's  figure is too high. B u t th e  tru e  value is alm ost certain ly  ab ove  H>-5 .

F o r  m ost diseases only the indirect m ethod is available. A ndreassen ( 1 9 4 3 ) 
has applied it to haem ophilia in D en m ark . H ow ever. 1 believe (H ald an e 1 9 4 7 6 )
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that his calculations give rather too low a result. Haemophilia is due to a sex-linked 
recessive gene. Hence only about one-third of the genes for haemophilia in a 
population are exposed to natural selection at any moment. More accurately, if 
ji and r are the mutation rate in the female and male sexes respectively.

2// + r = (1 —f)x.

where x is the frequency in males at birth. Now there were just eighty-one haemo- 
philics alive in Denmark in 1941. and their mean life is IS years compared with 
55 for Danes in general. .So x = 1-33 x 1<>-4. The fitness/, that is to say the mean 
number of progeny, compared with that of the population in general, appears to 
be 0 -28 . I have criticized Andreassen’s much higher figure./ = o-59 . It follows that 
2 u + J' = 9-6 x 10-4, or a mean mutation rate of 3-2 x 10-4. Now if the mutation 
rates were equal in the two sexes, i.e. // = r, nearly a third of all haeinophilics would 
be single cases due to mutation in homozygous mothers. Andreas.sen has shown that 
the gene for haemophilia is not completely recessive. Heterozygous women some­
times bleed abnormallv. but always have an abnormally long coagulation time, by 
which they can be detected. Using this technique he has not yet found a case where 
the mother of a haemophilic was homozygous. Doubtless such a case will be found. 
But it can be concluded that r is much larger than /i, very likely ten times as large. 
If this is correct we should haye. yery roughly, v = 8 x lo~5. and // = 8 x 10~G.

Similar estimates are available for three other conditions. Gunther & Penrose 
(1935) f°und 4 -8  x 10-6 for epiloia. Philip & Sorsby (unpublished) found 1-4 x 1<>~5 
for retinoblastoma, and Mollenbac-h (according to Kemp 1944) finds 5 -1 0  x 1<>-6 
for aniridia (Kemp's figure of double this value appears to be the mutation 
rate per zygote, not per gene). The median rate is about lo-:\ Unfortunately, 
this method cannot be applied to auto-omal recessive conditions.

Patau k  Nachtsheim (1946) have estimated the mutation rate of the autosomal 
dominant gene P g  which is responsible for the Pelger anomaly, a failure of segmenta­
tion of the nuclei of polymorphonuclear leucocytes. Pg 4- individuals are thought to 
be less resistant to disease than +/+ . whilst by analogy with rabbits, it is suggested 
that P g jP g  is a lethal genotype. However, too little is know n as to the viability of 
heterozygotes to allow an indirect estimate of the mutation frequency. The authors 
estimated the frequency of the condition as (Mini, and found that out of twelve 
persons showing the Pelger anomaly, and both of whose parents c-ould be examined, 
one parent was affected in ten cases, neither in two cases. This gives a mutation rate 
of | x 10-3 x T>. or 8 x 10~5. Even if the frequency were accurately know n, and if 
120 cases had been examined instead of twelve, this estimate would be somewhat 
high, simply because the cases with both parents living are a selected group, and 
include a higher fraction of cases with normal parents than of those with one 
affected. However, the order of magnitude agree.- well with the figures given above, 
and is unlikely to be incorrect by a power of ten.

It is certain that these figures are not representative. Consider a well-known and 
unmistakable dominant such as lobster claw . Five families with this gene are known

I I ‘2
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in England. They are quite fertile, but presumably their fitness, or net fertility, is 
a little below the average, or the condition would be commoner. Lewis & Embleton's 
(1908) pedigree goes back to a son of allegedly normal parents born in 1 71*3 . In the 
case of such a conspicuous abnormality mutation is a far likelier explanation than 
adultery. But it is extremely doubtful whether the mutation occurs in Britain 
once in 10 years. Five isolated cases were described in Britain between ISO;! and 
1918. That is to say its mutation frequency is of the order of 10-7 per generation. 
This is probably a much more representative figure than those of l0~,r’ or over. 
Unfortunately, the indirect method becomes quite unreliable when, as in this case, 
the fitness is near unity. Finally, we have such cases as that of the ‘ porcupine men’ 
of the Lambert family (literature, see Cockayne 1933), a most striking dominant 
mutation, perhaps a translocation, carried by the 1" chromosome. This has only 
been recorded once, and would have stood a good chance of being recorded in any 
civilized country, in the last 2000 years. It was twice described in the Philosophical 
Transactio7is of this Society. The mutation rate is probably below in-10.

A man or woman consists of about 248 cells, that is to say a representative cell is 
separated from the fertilized ovum by about fifty mitoses. The primordial ova are 
all formed at birth, and do not undergo further mitoses. A man may produce 240 
spermatozoa in a lifetime, so the mean number of mitoses is somewhat greater in the 
male than the female germ-line, but probably not over loo in the former.

Thus a mutation rate even of the order of 10-4 means that the gene-copying process, 
at worst, goes wrong about once in a million times, whether as the result of a failure 
of copying, or of a change in between two copying processes. A similar degree of 
accuracy in crystal growth would give a crystal with under ten flaws per millimetre, 
and 1010 successive flawless layers would give a perfect crystal several metres in 
length. The living substance of our bodies is clearly far more accurately copied than 
the successive layers of a crystal.

In D r o s o p h i l a  the natural mutation rate is of the* order of in 6 to in -’* per genera­
tion for the more mutable loci, such as that whoso mutation produces a white eye. 
and considerable lower for the stabler genes. Natural mutation is increased about 
threefold by a rise of in ( ’. and is therefore largely due to a chemical reaction. As 
a generation in D r o s o p t h i l a  ) n d a n o t / t i x f *  r  takes about in d a y s  and a fly contains 
about 223 cells, while the mutation rate of the more labile genes is about one-fifth of 
that of man per generation, it follows that human mutation rates are about twice 
those of D r o s o j t h i l a  per nuclear division, and about one two-hundredth of those of 
D r o s o j t h i l a  per day. though the body temperature is about 13 higher. It has been 
calculated that natural radiations and particles of high energy will account for only 
0-001 of the mutations in D r o s o j t h i l a . It is clear that if so they may account for 
about a fifth of those in man. and in view of the uncertainty of our knowledge as to 
the efficiency of particles from K 4ft and cosmic rays in producing mutations, and the 
different radiosensitivity of different genes, it is quite possible that radiation may 
account for most human mutation. Morc-h found that the rate of mutation to 
achondroplasia increased with age. but it was not clear w hether maternal or paternal 
age was most important. If this finding is confirmed it suggests a cumulative effect,
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either of radiation, or of successive nuclear divisions, dining a lifetime. 1 lie appar­
ently higher rate in males suggests that the number of nuclear divisions may he 
an important factor in human mutation. To sum up. there are three possible known 
causes of mutation, a chemical reaction with a temperature coefficient, radiation, 
and imperfections of copying, which might have a positive or negative temperature 
coefficient. The first predominates in Drosoj>hiIa. the second or third probably does 
so in man. There must be about a thousand aehondroplasic dwarfs in Britain. If 
the ages of their parents at their births were determined, it would be possible to 
decide between these alternatives, since the egg of a woman of 45 has undergone no 
more nuclear divisions than that of a girl of 15. It is worth remarking that it is quite 
practicable to obtain data of this kind on populations of 40 million human beings, 
and wholly impracticable to do so on 40 million of any other mammal.

The mutation rate is probably more or less adaptive. Too high a mutation rate 
would flood a species with undesirable mutations, too low a one would probably slow 
down evolution. Man and Drosophila mclanogasttr have about the same rate per 
generation, and this could not be increased ten times without a very great loss of 
fitness (Haldane 1937). Other species such as five species of Sciara (Metz 1938) 
have far lower rates per generation though not necessarily less than the human 
rate per day. But it is doubtful whether the human rate could be lowered much 
further, since a substantial fraction of it is due to natural radiation. In fact a very 
great prolongation of human life, or at any rate of the reproductive period, might 
be incompatible with the survival of the human species.

I hope that, in this brief survey. I have shown that human genetics has reached 
the stage when it can claim to be a branch of biology with its own peculiar problems 
and methods. 1 have only dealt with a few of them. This lecture could equally well 
have been devoted to the human antigenic structure, to human prenatal physiology, 
or to variation in human sensory and intellectual capacity, all of which a human 
geneticist must study. If I have confined myself to the more quantitative aspects, 
my excuse must be that in dealing w ith a branch of science w here erroneous views 
may have important political consequences, in such a lecture as this it is desirable 
to concentrate on those problems where political or social bias is least likely to be 
effective, and where we may hope to raise a solid theoretical structure by methods 
like those which have been fruitful in the other branches of science.
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R iassuxto. - Xegli esempi addotti dai biologi per mostrare come la selezione 
naturale agisee, la struttura o la funzione presa in esame e Der lo piu eollegata con 
la protezione contro forze naturali avverse, contro piedatori, oppure con la conquista 
di alimento o dell’altro sesso. L’A. mostra che la lotta contro le malattie, e in par- 
ticolare contro le malattie infettive, ha rappresentato itn t'attore evolutivo molto 
importante e che alcuni dei suoi risultati sono diversi da quelli raggiunti attraverso 
le forme consuete della lotta per Tesistenza.

R esu m e . -  Les exemples portes par les biologistes pour montrer comment la 
selection naturelle opere tiennent compte d'ordinaire de structures ou de fonctions 
liees a la protection contre des forces naturelles hostiles, contre des predateurs, ou 
bien liees a la conquete de la nourriture ou du sexe oppose. L’A. montre quo la 
lutte contre les maladies, et en particulier contre les maladies infectieuses. a re­
presente un facteur evolutif tres important et que qualques-uns parmi ses resultats 
different bien de ceux qui ont etc atteints par les formes ordinaires de la lutte 
pour la vie.

Summary. -  Examples quoted by biologists, in order to show how natural selec­
tion is working, almost present structures or functions concerned either with pro­
tection against natural forces or against predators, or with purchase of food or 
mates. The Author suggests that the struggle against diseases, and especially in­
fectious diseases, has been a very important evolutionary agent and that some of 
its results have been rather unlike those of the struggle for life in its common 
meaning.

It is generally believed by biologists that natural selection has played an impor­
tant part in evolution. When however an attempt is made to show how natural 
selection acts, the structure or function considered is almost always one concerned 
either with protection against natural «forces» such as cold or against predators, or 
one which helps the organism to obtain food or mates. I want to suggest that the 
struggle against disease, and particularly infectious disease, has been a very impor­
tant evolutionary agent, and that some of its results have been rather unlike those 
of the struggle against natural forces, hunger, and predators, or with members of the 
same species.

Under the heading infectious disease I shall include, when considering animals, 
all attacks by smaller organisms, including bacteria, viruses, fungi, protozoa, and 
metazoan parasites. In the case of plants it is not so clear whether we should regard 
aphids or caterpillars as a disease. Similarly there is every gradation between diseases 
due to a deficiency of some particular food constituent and general starvation.

The first question which we should ask is this. How* important is disease as a 
killing agent in nature ? On the one hand what fraction of members of a species die
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of disease before reaching maturity ? On the other, how far does disease reduce the 
fertility of those members which reach maturity ? Clearly the answer will be very 
different in different cases. A marine species producing millions of small eggs with 
planktonic larvae will mainly be eaten by predators. One which is protected against 
predators will lose a larger proportion from disease.

There is however a general fact which shows how important infectious disease 
must be. In every species at least one of the factors wicb kills it or lowers its ferti­
lity must increase in efficiency as the species becomes denser. Otherwise the species, 
if it increased at all, would increase without limit. A predator cannot in general be 
such a factor, since predators are usually larg:r than their prey, and breed more slow­
ly. Thus if the numbers of mice increase, those of their large enemies, such as owls, 
will increase more slowly. Of course the density-dependent check may be lack of 
food or space. Lack of space is certainly effective on dominant species such as fo­
rest trees or animals like M ylilus. Competition for food by the same species is a li­
miting factor in a few phytophagous animals such as defoliating caterpillars, and in 
very stenophagous animals such as many parasitoids. I believe however that the 
density-dependent limiting factor is more often a parasite whose incidence is dispro­
portionately raised by overcrowding.

As an examole of the kind of analysis which we need, I take Varley’s (1947) 
remarkable study on Urophorci jaczcina. which forms galls on the composite Centau- 
rea nigra. In the year considered 0.5 % of the eggs survived to produce a mature
female. How weie the numbers reduced to — -— of the initial value?

200
If we put200 = e k , we can compare the different killing powers of various environ­

mental agents, writing K =  A:.— A\ -f- A*5-f ..., where Ay is a measure of the killing 
powrer of each of them. The result is given in Table 2. Surprisingly, the main killers 
appear to be mice and voles (M us, M icrotus, etc.) which eat the fallen gads and ac­
count for at least 22 % ,  and perhaps 43 % of k. Parasitoids account for 31 %  of 
the total kill, and the effect of Eurytom a curia was shown to be strongly dependent 
on host density, and probably to be the main factor in controlling the numbers of 
the species, since the food plants were never fully occupied.

When wre have similar tables for a dozen species we shall know something about 
the intensity of possible selective agencies. Of course in the case of U rophora ja cea -  
na  analysis is greatly simplified by the fact that the imaginal period is about 2 %  
of the whole life cycle, so that mortality during it is unimportant.

A disease may be an advantage or a disadvantage to a species in competition 
with others. It is obvious that it can be a disadvantage. Let us consider an ecolo­
gical niche which has recently been opened, that of laboratories where the genetics 
of small insects are studied. A number of species of D rosophila  are well adapted for 
this situation. Stalker attempted to bleed the related genus Scaplom yza  under 
similar conditions, ami found, that his cultures died of bacterial disease. Clear­
ly the immunity ol‘ D rosophila  to such diseases must be of value to it in nature also.

Xow let us take an example where disease is an advantage. Most, if not a!!, of 
the South African arliodaclyis are infested by trypanosomes such as T. rhodcsicnsc 
which are transmitted by species of Glossina to other mammals and. sometimes at 
least, to men. It is impossible to introduce a species such as Bos laurus into an area 
where this infection is prevalent. Clearly these ungulates have a very powerful 
defence against invaders. The latter may ultimately acquire immunity by natural 
selection, but this is a very slow process, as is shown by the fact that the races of 
cattle belonging to the native Atrican peoples have not yet acquired it alter some 
centuries of sporadic exposure to the infection. Probably 5oine of the wiiu ungulates
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die of, or have their health lowered by the trypanosomes, but this is a small price 
to pay for protection from other species.

A non-specific parasite to which partial immunity has been acquired, is a power­
ful competitive weapon. Europeans have used tlieir genetic resistance to such vi­
ruses as that of measles (rubeola) as a weapon against primitive peoples as effective 
as fire-arms. The latter have responded with a variety of diseases to which they are 
resistant. It is entirely possible that great and, if I may say so, tragic episodes in 
evolutionary history such as the extinction of the Noto-ungulata and Litopterna may 
have been due to infectious diseases carried by invaders such as the ungulates, rather 
than to supeiior skeletal or visceral developments of the latter.

A suitable helminth parasite may also prove a more efficient protection against 
predators than horns or cryptic coloration, though until much more is known as to 
the power of helminths in killing vertebrates or reducing their fertility, this must 
remain speculative.

However it may be said that the capacity for harbouring a non-specific parasite 
without grave disadvantage will often aid a species in the struggle for existence. An 
ungulate species which is not completely immune to Trypanosoma rhodesiense has 
probably (or had until men discovered the life history of this parasite) a greater 
chance of survival than one which does not harbour it, even though it causes some 
mortality. directly or indirectly.

TABLE 1.

Month
D en sity  per square  

m etre Cause of death k.

J u ly 2 0 3 ,0 __ ___
1» 1 3 4 ,7 Infertile eggs. 0 ,0 9 5

> 1 4 7 ,6 Failure to  form gall. 0 ,2 2 4
» 1 4 4 ,6 ? Disease. 0 ,021
> 7 8 ,3 E u ry lo m a  cu ria 0 ,6 0 7

A ug., Sept. Other parasitoids. 0 ,222
> 5 0 ,2 Caterpillars. 0 ,2 3 4

W in ter 1 9 ,2 Disappearance, probably mice. 0 9 5 7
» 7,0 Mice. 1 ,009
» 5 ,2 Unknowm 0 .2 9 7

May-.June Birds. 0 ,0 9 0
9 3 ,6 Parasitoids 0 .2 7 0

Ju ly 2 .0 3  j Floods. | 0.5S1

4 ,6 0 6

Mortality of Urophora jaceana in 1935-1946, after Varley.
The winter disappearance was probably due to galls carried off by mice. The 

mortality attributed to mice is based on counts of galls bitten open. The k due to 
Euryloma curia in the preceding year was. 0 .069, in the subsequent year 0 .137. This 
cause of death depends very strongly on host and parasitoid densities. The ca­
terpillars killed the laivae by eating the galls.

I now pass to the probably much larger group of cases where the presence of a 
disease is disadvantageous to the host. And here a very elementary fact must be 
stressed. In all species investigated the genetieal diversity as regards resistance to 
disease is vastly greater than that as regards resistance to predators.
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Within a species of plant we can generally find individuals resistant to any par­
ticular race of rust (Uredineae) or any particular bacterial disease. Quite often this 
resistance is determined by a single pair, or a very few pairs, of genes. In the same 
way there are large differences between different breeds of mice and poultry in resi­
stance to a variety of bacterial and virus diseases. To put tbe matter rather figura­
tively, it is much easier for a mouse to get a set of genes which enable it to resist 
Bacillus typhi murium than a set which enable it to resist cats. The genes common­
ly segregating in plants have much more effect on their resistance to small animals 
which may be regarded as parasites, than to larger ones. Thus a semiglabrous mutant 
of Primula sinensis was constantly infested by aphids, which however are never found 
on the normal plant. I suppose thornless mutants of Rubus are less resistant to 
browsing mammals than the normal type, but such vacations are rarer.

Anyone with any experience of plant diseases will of course point out that tbe 
resistance of which I have spoken is rarely very general. When a variety of wheat 
has been selected which is immune to all the strains ot Puccinia graminis in its nei­
ghbourhood, a new strain to which it is susceptible usually appears within a few years, 
whether by mutation, gene recombination, or migration. Doubtless the same is 
true for bacterial and virus diseases. The microscopic and sub-microscopic parasites 
can evolve so much more rapidly than their hosts that the latter have little chance 
of evolving complete immunity to them. It is very remarkable that Drosophila 
is as generally immune as it is. I venture to fear that some bacillus or virus may 
yet find a suitable niche in the highly overcrowded Drosophila populations of our 
laboratories, and that if so this genus will lose its proud position as a laboratory ani­
mal. Tbe most that the average species can achieve is to dodge its minute enemies 
by constantly producing new genotypes, as the agronomists are constantly producing 
new rust-resistant wheat varieties.

Piobably a very small biochemical change will give a host species a substantial 
degree of resistance to a highly adapted microorganism. This has an important 
evolutionary effect. It- means that it is an advantage to the individual to possess 
a rare biochemical phenotype. For just because of its rarity it will be resistant to 
diseases which attack the majority of its fellows. And it means that it is an ad­
vantage to a species to be biochemically diverse, and even to be mutable as regards 
genes concerned in disease resistance. For the biochemically diverse species will 
contain at least some members capable of resisting any particular pestilence. And 
the biochemically mutable species will not remain in a condition where it is resi­
stant to all the diseases so far encountered, but an easy prey to the next one. A 
beautiful example of the danger of homogeneity is the case of the cultivated banana 
clone s Gros Michel 3 which is well adapted for export and Ins been widely planted 
in the West Indies. However it is susceptible to a root infection by the fungus Fu- 
sarium cubensc to which many varieties are immune, and its exclusive cultivation 
in many areas has therefore had serious economic effects.

Xow every species of mammal and bird so far investigated has shown a quite 
surprising biochemical diversity revealed by serological tests. The antigens concer­
ned seem to be proteins to which polysaccharide groups are attached. We do not 
know their functions in the organism, though some of them seem to be part of the 
structure of cell membranes. 1 wish to suggest that they may play a pari in disease 
resistance, a particular race of bacteria or virus being adapted to individuals of a 
certain range of biochemical constitution, while those of other constitutions arc re­
latively resistant. 1 am quite aware that attempts to show that persons of a parti­
cular blood group are specially susceptible to a Dartieular disease have so far failed. 
This is perhaps to be expected, as a disease such as diphtheria or tuberculosis is caused
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by a number of biochemically different races of pathogens. The kind of investiga­
tion needed is this. In a particular epidemic, say of diphtheria, are those who are 
infected (or perhaps those who are worst affected) predominantly drawn from one se­
rological type (for example A B , M M , or B M M )? In a different epidemic a different 
type would be affected.

In addition, if my hypothesis is correct, it would be advantageous for a species 
if the genes for such biochemical diversity were particularly mutable, provided that 
this could be achieved without increasing the mutability of other genes whose muta­
tion would give lethal or sublethal genotypes. Dr. P. A. Gorer informs me that there 
is reason to think that genes of this type are particularly mutable in mice. Many 
pure lines of mice have split up into sublines which differ in their resistance to tumour 
implantation. This can only be due to mutation. The number of loci concerned 
is comparable, it would seem, with the number concerned with coat colour. But 
if so their mutation frequency must be markedly greater.

We have here, then, a mechanism which favours polymorphism, because it gives 
a selective value to a genotype so long as it is rare. Such mechanisms are not very 
common. Among others whicn do so are a system of self-sterility genes of the Nico- 
tian a  type. Here a new and rare gene will always be favoured because pollen tubes 
carrying it will be able to grow in the styles of all plants in which it is absent, 
while common genes will more frequently meet their like. However this selection will 
only act on genes at one locus, or more rarely at two or three. A more generally im­
portant mechanism is that where a beterozygote is fitter than either homozygote, as 
in Paratettix  texanus (Fisher 1939) and D rosophila  pseudoobscura  (Dobzhansky 1947). 
This does not, however, give an advantage to rarity as such. It need hardly be poin­
ted out that, in the majority of cases where it has been studied, natural selection re­
duces variance.j

I wish to suggest that the selection of rare biochemical genotypes has been an 
important agent not only in keeping species variable, but also in speciation. We 
know, from the example of the R h  locus in man, that biochemical differentiation 
-of this type may lower the effective fertility of matings between different genotypes 
in mammals. Wherever a father can induce immunity reactions in a mother the sa­
me is likely to be the case. If I am right, under the pressure of disease, every spe­
cies will pursue a more or less random path of biochemical evolution. Antigens ori­
ginally universal will disappear because a pathogen had become adapted to hosts 
carrying them, and be replaced by a new set, not intrinsically more valuable, but 
favouring resistance to that particular pathogen. Once a pair of races is geographi­
cally separated they will be exposed to different pathogens. Such races will tern! to 
diverge antigenically, and some of this divergence may lower the fertility of crosses. 
It is very striking that Irwin (1947) finds that related, and still crossable, species of 
C olam ba , Streplopelia, and allied genera differ in respect of large numbers of antigens. 
I am quite aware that random mutation would ultimately have the same effect. 
But once we have a mechanism which gives a mutant gene as such an advantage, even 
if. it be oniy an advantage of one per thousand, the process wili be e n o rm o u sly  acce­
lerated, particularly in large populations.

There is still another way in which parasitism may favour speciation. Consider 
an insect in which a parasiioid, say an ichneumon fly, lays its eggs. And iet us sup­
pose both host and parasite to have an annual cycle, the parasite being specific to 
that particular host. To simplify matters still further, we shall suppose that the pa­
rasite is tile only density-dependent factor limiting the growth of the host population, 
whilst the density-dependent factor limiting the growth of the parasite population 
is the difficulty of finding hosts. It is further assumed that the parasitoid only lays
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one egg in each  host, or th at only one develops if several are laid. V arley showed 
th a t  all these assumptions are rough]y*true f o r U rophora ja c e a n a and E urylom a curta.

■ L e t  e* be th e  effective fertility of the host, th a t  is to  s a y  let k  Ije the mean  
value of the n atu ral logarithm of the number of female-producing eggs laid p er fe­
male. L e t  k x be the killing power of agents killing during the p art  of the life cycle  
before the host is not infested. L et k2 be the killing power of agents other than the  
parasite  killing during th at p art of the life cycle when it is infested, and therefore  
killing the sam e fraction l-e**? of parasites as of hosts. L e t  k x be the killing pow er  
of .agents killing after the parasites have emerged as imagines.

L e t  x  be th e  equilibrium density of adult hosts, y th a t  of parasitoids, and a  th e  
mean area of search of the parasitoid.

Then th e  fraction of hosts which are not parasitized m ust be e*1'4, where k x -f k2 4 - 
t ^ 5 +  K :  Nicholson and Bailey (1933) showed th a t  A% =  ay. B u t the host
density available for parasitism is Of these ( l - e * t4) e K ‘ kl are parasitized.
And e K 'hi ' hz ( 1  — of the parasites live to emerge. This is diminished b y a facto r  

The equilibrium densities are given by

e *i * *3 y
£ K  - • A*2 • Jr3 __  ^  9

though there is perpetual oscillation round this equilibrium. Now consider the ef­
fect of changes in these param eters. A ny gene in the host which increases K  — k x —  
A j'— k s will give its carriers a selective advantage over their fellows, and will there­
fore spread through the population. This will cause an increase in the density of 
parasitoids. If i t  acts  before or during parasitisation, thus diminishing k x or k 2, it 
will diminish th e  equilibrium value of x. If it acts  after parasitisation is over, th u s  
diminishing k Sf i t  will increase the equilibrium value of x, though not very  m uch. 
But since we h av e  supposed th at the parasitoids only emerge shortly  before the end 
of the hosts life cycle , every increase in its adaptation to  environmental factors  o th er  
than the specific p arasite  will diminish tbe numbers of adult hosts, though it m a y  
increase th e  num ber of their larvae a t  an early stage. This is a striking exam ple of 
the w ay in which th e  survival of the fittest can make a species less fit.

A  concrete case  would be a gene which, by improving cryp tic  or aposem atic colo­
ration of th e  larv ae , enabled more of them to escape predators, and therefore m ore  
parasites to do so. Since the host population is denser th ey  will parasitise a larger  
fraction of the hosts and thus reduce their number. Since a larger fraction of p a ra ­
sites escape, equilibrium will be reached w’ith a lower host density. Few er of the c a ­
terpillars a n ati a  fa r  Tangelica farfalla » will achieve this end. More of th em  will 
give rise t o r ichneumons or chalcids.

N atural selection will also favour genes which enable the host to resist the p a ra ­
sitoid, but th e  la t te r  will also increase its efficiency by natural selection. As Nichol­
son and B ailey  showed, every increase in the area searched by it will diminish the  
density of both hosts and parasites.

The best t h a t  can be said for this tendency, from the h o st’s point of view, is 
that it makes it less likely to become extinct as the result of other agencies. F o r  the  
parasitoid being dependent on tbe density of the host population, will allow its n um ­
bers to increase rapidly after any tem porary fall.
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The host can hardly hope to throw off the parasite permanently by changing its 
life cycle, developing immunity (if tbis'is possible) or otherwise. But it can reduce 
its numbers by speciating. For suppose that the pair of species is replaced by two 
host-parasitoid pairs, the population will be doubled, in so far as the parasitoid is 
the regulator. It is unlikely that a species can divide sympatrically, but the reduc­
tion in numbers caused by parasitoidism will leave food available for other immigrant 
species of similar habits, even if they are equally parasitised.

Thus certain types of parasitism will tend to encourage sDeciation, as others en­
courage polymorphism. This will specially be the case where the parasite is very 
highly adapted to its host, the most striking cases of adaptation being probably 
those of the parasitoid insects.

We see then that in certain circumstances, parasitism wall be a factor promoting 
polymorphism and the formation of new species. And this evolution will in a sense 
be random. Thus any sufficiently large difference in the times of emergence or 
ovip'osition of two similar insect species will make it very difficult for the same para­
sitoid to attack both of them efficiently. So will any sufficiently large difference in 
their odours. We may have here a cause for some of the apparently unadaptive 
differences between related species.

Besides these random effects, disease will of course have others. It is clear that 
natural selection will favour the development of all kinds of mechanisms of resistance, 
including tough cuticles, phagocytes, the production of immune bodies, and so on. 
It will have other less obvious effects. It will be on the whole an antisocial agency. 
Disease will be less of a menace to animals living singly or in family groups than to 
those which live in large communities. Thus it is doubtful if all birds could survive 
amid the faecal'contamination which characterises the colonies of many sea birds. 
A  factor favouring dispersion will favour the development of methods of sexual re­
cognition at great distances such as are found in some Lepidoptera.

Again, disease will set a premium on the finding of radically new habitats. 
When our ancestors left the water, they must have left many of their parasites be­
hind them. A predator which ceases to feed on a particular prey, either through 
migration or changed habits, may shake off a cestode which depends on this feeding 
Iiabit. When cerebral development has gone far enough to make this possible, it 
will favour a negative reaction to faecal odours and an objection to cannibalism, and 
will so far be of social value. A vast variety of apparently irrelevant habits and 
instincts may prove to have selective value as a means of avoiding disease.

A few words may be said on non-infectious diseases. These include congenital 
div.-ases due to lethai and sub-lethal genes. Since mutation seems to be non-speci­
fic as between harmful and neutral or beneficial genes, and mutation rate is to some 
extent inherited, it follows that natural selection will tend to lower the mutation 
rate, and this tendency may perhaps go so far as to slow down evolution. It v.ill 
aiso tend to select other genes which neutralise the effect of mutants, and thus to 
make them recessive or even ineffective, as Fisher has pointed out. Whether the 
advantage thus given to polyploids is ever important, we do not know. But the 
evolution of dominance must tend to make the normal genes act more intensely and 
thus probably earlier in ontogeny, so that a character originally appearing late in the 
life cycle will tend lo develop earlier as time goes on.

Deaths from old age are due to the breakdown of one organ or another, in fact
to disease, and the studv of the mouse has shown that senile diseases such as cancer%/
and n e p h ro s is  are often congenital. In animals with a limited reproductive period 
senile disease does not lower the fitness of the individual, and increases that of the 
species. A small human community where every woman died of cancer at 55, would
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be m ore prosperous and fertile than one where this did Dot occur. Senile disease 
m ay  be an ad v an tag e  wherever the reproductive period is lim ited ; and even where 
it is not, a genotype which lead to disease in the 10 % or so of individuals which live  
longest m ay  be selected if it confers vigour on the m ajority . As Simpson (1944) has  
em phasized, som e of the alleged cases of hypertely can be explained in this way.

Deficiency diseases are due to the lack of a p articu lar food con stitu en t which an  
organism  or its  sym bionts cannot synthesize or m ake from  larger m olecules. T hey  
m ust a c t  as a  selective agent against the loss of synthetic ca p a city  which is a very  
common ty p e  of m u tation  in simple organism s a t least, and in favou r of genotypes 
with a varied  sym biotic flora. They m ight thus have speeded up th e evolution of 
the ru m in an ts, whose symbionts prooably make vitam ins as weh as sim ple n u trien ts  
like ace tic  acid . To be precise it m ight be an advantage to have a sm all rumen, 
where sym bionts m ade B vitam ins before it got large enough to add ap p reciab ly  to  
the availab le calories.

On the oth er hand Rudkin and Schulz (1948) have shown th at deficiency disea­
ses can select m u tan ts which utilize the nutriiite in question less th an  does the nor­
mal typ e, in p articu lar the vermilion m u tan t of D rosophila m elanogasier  does not 
form th e brown eye pigment om m atin from tryptophane. It is m ore viable than th e  
wild typ e on a diet seriously deficient in tryptophane. Thus deficiency diseases m aj’ 
cause a regressive typ e of evolution characterized by the loss of ca p a c ity  to  utilise 
rare nutrilites for synthesis.

In this brief com m unication I have no more than attem p ted  to suggest some li­
nes of th ou gh t. M any or all of them  m ay prove to be sterile. Few  of them  can 
be followed profitably except on the basis of much field work.
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D I S C U S S I O N

M o n t a l e n t i . Sottolinea rim p o rtan za delle vedute espresse dal P ro f. H aldane. 
R icorda il caso della m icrocitem ia o talassem ia, studiato da Silvestroni, Bianco e 
M ontalenti. Qui un gene, letale alio stato  omozigote (rriorbo di Cooley) si tro v a . 
alio sta to  eterozigote, con tale frequenza in alcune popolazioni (piu del 10 % )  c!:e 
bisogna am m ettere  che esso rappresenli in questa condizione un van taggio  per <di 
individui che lo p ortan o. Poiche da alcune ricerche, t u t t ’altro che com plete, sembra 
che il gene sia piu frequente in zone m alariche, il Prof. Haldane ha suggerito in com u- 
nicazione verbale che gli individui m icrocitem ici, i quali fra Taltro hanno resistenza  
globulare au m en tata , possano essere piu resistenti alfinfezione m alarica . Comunque 
e questo un caso interessante di eterosi, che si ricollega a quanto ha illu strato  il 
P rof. H aldane.

J u c c i .  h a  relazione del Prof. H aldane ha sviluppato m agistralm en te, in modo  
quanto m ai skggestivo, un argom ento del piu alto interessc. Desidero fare qualche 
coram ento su qualcuno dei tan ti asp etti del problem a. Non conoscevo lc ricerche di
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Varley su Urophora. Gerto g'i insetti gallicoli offrono un m ateriale p articolarm ente  
ad atto . Anni fa cominciai a raccog 'ierc d ati analoghi sul cecidom ide M ikio la  fag i. 
Ma la mia attenzione fu p artico larm en te  assorbita dal fa tto  che nella zona da me 
esplorata -  ogni sir.golo faggio iungo la s trad a  che saie ai Term inillo, nel tra tto  da 
1000 a 1200 m etri di altezza -  si p resen tav a  una varieta di com p ortam en to spicca- 
tissim a. A ccanto a un faggio oarico di galle spesso un aJtro ne era del tu tlo  sprov- 
visto, come per una variability  genetica di com portam ento della p ian ta  ospite. Le 
ricerche verranno riprcse ed approfondite ora che stiam o per organizzare una S ta- 
zione m ontan a di Genetica sul Term inillo, aJFaltezza di 1700 m . Suggestive le consi- 
derazioni del Prof. H aldane sul pericolo che per la specie presenta una eccessiva  
omogeneity e sul vantaggio di una cap acity  a presentare m utazioni biochim iche in 
rapporto alia possibility di esprim ere dalla costituzione genetica razze resistenti a 
parassiti Io ho avuto occasione di studiare a lungo le diverse rece ttiv ity  di due bom - 
bici serigeni P hylosam ia ricin i e Ph. cynthia, al virus del giallum e. L a  ricin i, form a  
dom estica, e resistente: p ortatore  sano; la cynlhia , selvatica su ira ilan to ,rece ttiv a  
come il Bom byx. Forse e per questa ragione che in Italia  la cynthia  e diffusa larga- 
m ente, m a ovunque poco abbondante. U na o poche m utazioni (neda F 2  delFincrocio  
si ha la disgiunzione dei fattori con ritorno a forme resistenti e recettiv c , come le 
parcntali) possono aver determ inato nella ricin i la cap acity  ad essere allevate in 
massa. A proposito della tendenza antisociale che il periodo delle m alattie  infettive  
pud im prim ere a molte specie di organism i, noterd che per Fevoluzione degli insetti 
sociali deve certo avere avu to  larga im portanza Facquisizione di forte resistenza alle 
infezioni. Sarebbe interessante p aragonare a questo riguardo la rece ttiv ita  della for­
m a dom estica (A pis m cllifica) e di form e affini selvatiche alia peste delle api e simili 
forme epidem iche. U na delle vie p er le quali il fattore m a la ttia  da infestione o infe- 
zione deve aveie orofondam ente influenzato il processo evolutivo e s ta ta  certo quella 
della sim biosi, che va considerata com e uno sta to  di alleanza subentrato a un p e­
riodo piu o meno lungo di guerra fra  due organism i. C aratteristico  il caso dei b atteri 
sim bionti nel tessuto adiposo di B la ttid i e di T erm iti. L a  simbiosi risale ai P ro to - 
blattoidi del Carbonifero, come lo d im ostra F id en tita  dei processi di trasm issione dei 
b atteri da una generazione a lF a ltra  nei B la ttid i e nel M astotermes. Gli Isotteri hanno 
lasciato cadere lungo la via filogenetica la sim biosi con i b atteri forse perchd hanno  
trovato  assai piu vantaggiosa la sim biosi con i flagellati delFintestino che hanno loro 
perm esso la conquista del mondo della cellulosa. Interessantissim o Faccenno del 
Prof. H aldane alle m alattie  di caren za: m utazioni in questo senso possono aver solle- 
citato  lo stabilirsi di simbiosi nelle quali Fassociato  veniva ad offrire il fatto re  acces- 
sorio che Fospite non era piu cap ace di produrre e che non p o teva tro v are  nelFam - 
biente.

H a d o r n . Bei Bakterien gibt es zahlreiche Beispiele, die zeigen dass biochem i- 
sche M utationen die zu synthetischen  Defekten fiihren, gleichzeitig eine Resistenz  
gegen Infektionen (Phagen) bedingen. V ielleicht konnte dies als Modell dienen flir 
den positiven Selektionswert im Falle  von Thalassem ia.

W ie kann m an erklaren, dass die N egerbevolkerung von Zentralafrika gegenii- 
ber der tropisclien Schlafkrankheit w eniger resistent ist als die eingewanderten E u -  
ropiier ? Es ware vielm ehr zu erw arten dass die Selektion bei der schwarzen Bevol- 
kerung eine erhdhte Im inunitiit begiinstigt hiitte.

H a l d a n e . 1 . I  agree with Dr. M on talen ti’s p roject. A nother possibility is th a t  
{by analogy with the ad van tage possessed by vermilion D rosophila  on media defi­
cient in tryp top h an ) m icrocythem ic heterozygotes m ay be a t an advantage on 
•diets deficient in iron or other sub stan ces, thus leading to anaem ia.

2. Perhaps the theory th at m ost diseases evolve into symbioses is som ewhat 
panglussist. I doubt if it occurs as a general-rule, though it m ay do so. The posi­
tion for the original host is how ever best.
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T H E  ASSOCIATION OF C H A R A C T E R S  AS A R E S U L T  
OF I N B R E E D I N G  AND L I N K A G E

B y J .  B . S. H A LD A N E

Department o f Biometry, University College, London

The effect of inbreeding in increasing the frequency of homozygosis, and therefore of recessive 
phenotypes, is well known, and its theory in a population was firmly established by W right (1922). 
In the present paper a step is taken to extend it to pairs of linked or unlinked genes. The effects of 
linkage in human genetics are by no means fully worked out. I t  is frequently found th at two 
abnormal characters are associated, that is to say, that zygotes possessing one of them are more 
likely than the average of the population to possess the other also. This phenomenon is sometimes 
attributed to linkage between the genes responsible for these two characters. In most cases this 
explanation is incorrect. The association is often due to pleiotropism of a single gene, which m ay, 
but does not always, manifest itself by producing two different characters, the manifestation in 
one or both cases depending on other genes or environmental factors. As a reaction against this 
view it is sometimes stated th at linkage between two genes does not give rise to any association 
between the phenotypes determined by them in a population. This is true only in a random mating 
population. I t  will be shown th at if there is partial inbreeding even unlinked recessive characters  
show a certain amount of association, while linked ones may show it to a much greater degree. 
As a preliminary I shall summarize Malecot’s (1948) proof of W right’s theory as applied to a single 
locus, and show how association arises in the absence of linkage.

C o e f f ic ie n t s  o f  r e l a t io n s h ip  and  in b r e e d in g

Consider an ideal population in which, a t a certain locus, every chromosome in the gametes 
forming it carried a different allelomorph. That is to say, the different zygotes are a1a2, a3a,i, a5a6, 
and so on. If  this population is allowed to breed for some generations, matings being between 
unrelated individuals except as specified, we ask the following question. W hat is the probability 
fx y  th at, if the zygote X  has produced a gamete carrying a particular allelomorph a, a gamete 
produced by the zygote Y will carry the same allelomorph ? /xp- is called the coefficient of relation­
ship of X  and Y. I f  these gametes unite to form a zygote Z, f z  =  f XY is the probability th at Z 
will be a homozygote aa, and is called the coefficient of inbreeding of Z. W e say th at X  and Y are 
related by a chain of relationship of m links if they have a common ancestor P , and m is the sum 
of the numbers of generations separating P  from X  and Y. X  and Y  are often related by several 
chains. F o r example, an uncle and niece are related by two chains of three links. Clearly each  
link in a single chain halves the value o f / .  W right showed th at f x x  =  £(1 + f x ), and th at if X  
and Y are related by a number of chains of which the rth consists of mr links, while the common 
ancestor P r had a coefficient of inbreeding f r, then

/ x r  =  2  + /,)]• (1)
If a m utates to other allelomorphs with frequency fi per generation, then
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so th at f XT is not unity or near it in a population derived from a few ancestors in the very remote 
past. Selection in favour of heterozygotes has a similar, and sometimes larger, effect.

If  we now pass to the more concrete case where the gene a has a frequency p , its allelomorphs, 
collectively described as A, a frequency p' =  1 — p, we see th at if X  produces a gam ete a. in a 
fraction /  of all cases it will meet a gamete of Y derived from a common ancestral gam ete and 
earn in g  a. In 1 —/  of all cases it will meet a gam ete not so derived, and with a probability p  of 
carrying a. Thus the probability th at it will unite with a gam ete earn in g  a i s / - i - ( l — f ) p ,  or 
p+ fp'\  and since the probability th at any particular gam ete of X  carries a ia p , the probability 
th at Z is aa is p 2 + fp'p . Thus the frequency distribution of genotypes in a group of Z zygotes with 
the same coefficient of inbreeding /  is

(p '2 + fp'p)  AA + 2( 1 - / )  p'pAa + (p 2 + fp ’p) aa.
The values o f /f o r  different relationships are known. The mean value/  in a population is Bern­

stein’s (1930) coefficient of inbreeding a . This is not known at all exactly  for any human population, 
the values given by Haldane & Moshinsky (1939) being minimum values. /  is for first-cousin 
marriages, an d /  is a t least 0-001 in several large European populations, and a t least 0-01 in some 
small and isolated ones.

T h e  a s s o c ia t io n  o f  p h e n o t y p e s  d u e  t o  u n l in k e d  g e n e s

Let a and b be two genes in different chromosomes, their frequencies being p  and q, where 
p  + p' = q + q' =  L  Then in a series of zygotes with the same coefficient of inbreeding the fre­
quencies of aa. bb and aabb are p 2 + fp ’p, q2 +fq'q, and (p2 +  fp 'p ) {q2 +fq'q)- There is no association. 
But in the whole population the frequency of aa is p 2+ fp ’p , th at of bb is q2jrfq'q, and that of

aabb 13 p2r  + 7{p2q'q +p'pq2) + f2p'pq'q,
or (p2 + fp'p) {q2 +fq'q) +  Vfpp q'q , (2)

where Vf  = p  — ( f )2 is the variance o f /  in the population. Thus unless the coefficient of inbreeding 
is the same in all members of the population, there is an excess of double homozygotes over the 
product of the frequencies of single homozvgotes. The excess frequency is clearly the same for 
AABB, AAbb, aaBB and aabb. On drawing up a 3 x 3 table we see th at the frequency of each class 
of single heterozygotes is reduced by 2Vfp'pq'q\ for example, the frequency of AaBB is

2( 1 - / )  p'piq2 + fq'q) -  2Vfp'pq'q.

The frequency of double heterozygotes AaBb is

4[(i - f ) 2 + V/] p'pq'q-
Thus, to take an example, the frequency of albinism must be greater among infantile am aurotic 
idiots than in the rest of the population, even if the genes responsible are on different chromo­
somes.

If  we could divide up our population into groups, each of which had exactly  the same coefficient 
of inbreeding, this association would vanish within each such group. B u t we cannot do so. Thus 
the progeny of supposedly unrelated parents includes some members whose parents were dis­
tan tly  related; the progeny of first-cousin marriages includes many cases drawn from rural 
populations in which there is a further inbreeding. A correlation of this type is sometimes, but 
in my opinion with doubtful propriety, described as spurious.

33 6



J. B. S. H A L D A N E 17
A numerical example may make the situation clearer. Suppose p  =  0*01, q =  0-003, then in 

outbred individuals the frequencies of aa. bb and aabb would be 10~\ 9 x 10-6, and 9 x 10~10. 
Among the progeny of unions of first cousins the corresponding frequencies would be 7-2 x 10-4 , 
195-9 x 10-6, and 1408-3 x 10-1°. Thus the frequency of aa would be increased 7-2 times, of bb 
2TS times, and of aabb 156-5 times. Now if 1 % of all marriages were between first cousins, while 
99 % of married couples were unrelated, the overall frequencies of aa. bb and aabb in the popu­
lation would be 1-062 x 10-4 , 1-087 x 10-5 and 2-299 x 10~9, as compared with an expected value 
of 1-154 x 10-9 in the absence of association. Moreover, 61-2 % of all aabb individuals would be 
the progeny of the 1 % of cousin marriages. Tliis example, however, shows th at an effect of this 
kind could rarely be detected even in a survey of a whole nation, since when p  and q are larger 
the association is less marked.

If the genes a and b are fully recessive, and their effects additive, the product-moment corre­
lation of the characters determined by them in the whole population is

p =  vf[  — = - -------------- -------------------------------------- T ,
' L i p + f p ' )  (1 + P - / P )  (7+/?') f1 + 7-/7)J

(3 )

which approximates to when p  and q are small, and has a maximum near -^ 7  when
/  V2/

. However, for small values of p  and q Y ule’s coefficient of associa­

tion is much larger. This is

Vf
■Up + /p') ( ? + /? ')  ( i + p - f p )  ( i + q - f a )  + ( i - - p - - Vp'p) ( i - -  -f'l'q) vi  +- -p 'p t 'j ’

which can be nearly 1 when p  and q are small and /  very variable. I t  may be remarked th at p is 
zero if either gene is completely without dominance, the heterozygote being intermediate.

A MEASUBE OF THE EFFEC T OF LINKAGE

First consider a hypothetical population in which all genes a t the a and b loci are different. L et 
c be the frequency of recombination between these loci, and c' =  1 — c. H A  has produced an  
ab gamete we ask what is the probability Fx y  that Y will also do so. First consider the case

where X  and Y are identical and outbred. In 1 — c of all cases X  is
4- +  
ab

and the probability is

£(1 — c). In c of all cases X  is
a +
7 b ’

and the probability is \c. Thus

Fx x  =  i(c '2 + c2) =  \ -c'\

If a and b have entered a zygote in the same gamete the probability th at a gamete from this 
zygote will contain both is \c'\ and the probability that, if a zygote has produced an ab gam ete, 
a specified parent of it produced an ab gamete which went to form it is the same. Thus with each 
link in a chain of relationship the value of F  must be multiplied by £c'. I t  follows th at if X  and Y 
are related by a single chain of m links through a single outbred common ancestor P  (who m ay  
be identical with X t Y, or both),

F . x y  = ( ic )m ( i ~ c  c ) .  ( 4 )
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W e see th at if c =  0 (complete linkage), F  =  / ,  while if c =  A (independence), F  =  / 2. In general 
F ^ p .  The same is clearly true for anv type of relationship whatever. To take a concrete 

exam ple, if X  and Y are half first co u sin s ,/TF = yy, and FXY =  (Ac')4 (A — c'c).
In  human pedigrees relatives are usually related by a pair of equal chains passing to a married 

pair of ancestors. W e first determine F v f  when X  and Y are sibs with outbred and unrelated

parents. Suppose X  produced an ab gam ete. In c' of all cases X  is c> these a and b

cam e from a parent, so the probability th at Y is is Ac'; the further probability th at aab ab a +
given gamete from Y  is ab being also £c '. In c cases a and b cam e from an — -  parent, so the 

probability that Y is is Ac; and the further probability th at a given gam ete from Y is ab
aD

is Ac'. Thus the total probability so far is Ac'2 (Ac'2 +  Ac2).

In c of all cases X  is One parent was ~~~» the other . So the probability th at Y is

— -  is If  so the probability th at a given gamete from Y is ab is Ac. The total probability of this

set of events is £c2. Hence y  _  |(2c'4 -t- 2c'2c2 + c2).

And since with every further link in the chains F XY must be multiplied by Ac', the value of the 
coefficient when X  and Y  are related by two equal chains of relationship of m links going back to 
a pair of mated outbred ancestors is

Fx r  =  ( K ) m-H (2 c '4 +  2 c '2c2 +  c2). (5)

E ach  type of multiple relationship between X  and Y  involves a separate polynomial in c' and c. 
Thus if X  and Y are double half first cousins, th at is to say, if their parents were half-sibs who 
had married another pair of half-sibs,

Fx r  =  2 -7(8c'6 +  8c'4c2 +  c2).

There are similar complications if one or more of the common ancestors of X  and Y are inbred. 
I have been unable to devise a general formula comparable with W right’s which will give F  in 
all cases, though I deal with some more cases later in this paper. Until this is done the theory 
will be very incomplete, even though it is not very hard to work out the formula in any particular 
pedigree.

N ext suppose the frequencies of a and b to be p  and q, with p' + p  =  q' + q = L Suppose also 
th at the population has reached equilibrium, so th at the frequencies of the four gam etic types

are given by p'q'A.B+p'qAb+pq'&B  -fy^ab.

This is a stable equilibrium, and unless c is very small or inbreeding very intense the stability 
is high. F o r in an outbred population if pq + xn be the frequency of ab in the nth generation, 
x ncc c 'n.

X  produces an ab gamete with frequency pq. Y  m ay produce an ab gamete for four reasons:
(1) a and b are derived from one or two common ancestors. This event has a probability FXY-
(2) a is derived from a common ancestor and b from another source, a is so derived i n /^ F of 

all cases. I n / X F — Fx r  a but not b is derived from a common ancestor. In  q(fXY — FXY) it is 
associated with b from another source. Thus the probability is q(fXY — FXY)'
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(3) b is derived from a common ancestor, a from another source. The probability is p i fx Y  “  F x r  )•
(4) Both a and b are derived from another source. In 1 — 2f x Y JrF xY  cases neither a nor b 

is derived from a common ancestor. Hence the probability of this event is pq( 1 — - / x y  + ^x y )-
The total probability th at Z, a child of X  and Y,  should be aabb is therefore, if we p u t /z =  f XY>

P<l[Fz + (? + ?) (/z “  Fz) + 1 “ 2f z  + Fz)]
=  pqiFzP'<l' + fzP 'l +fzP(l'+P<l)
= p q(fz p '+ p )  ( fzq '+ ti+ tzP 'p q 'V ’

where <*>z  =  Fz —f z . f>XY =  <j$z may be called the coefficient of relationship or inbreeding for a 
linked gene pair. Table 1 gives the values of <}> for a number of relationships, c ' - c  or 1 — 2c is 
always a factor of f>. So <f> = / (  1 —/ )  when c =  0, and vanishes when c = I t  is also clear th at the 
frequencies of all the four doubly homozygous genotypes are increased by the same amount, as 
the result of linkage, namely, f>zp p q q , just as, in the case of a single gene, the frequencies of the 
two homozygous genotypes aa and AA are increased h y f z p'p. As before, the frequencies of single 
homozygous genotypes are each diminished by 2^zP Ptf^  those of each of the two doubly hetero-

zvgous genotypes — — and —-  being increased by 2f>z p'pq'q. These frequencies are set out in
dD -f* D

Table 2. Linkage leads to an association between the homozygous types within a group with the 
same type of inbreeding, for example, the progeny of unions between first cousins. In this case

<j> =  2 -8[8c'2(2c'4 + 2c'2c2 + c2) - l ] ,

Table 1. Values o f <pXY

R e la t io n  o f  X to  Y <t>XY f  x r
I d e n tic a l i ( c ' - c ) 1 *
P a re n t-o ffs p rin  g A ( c ' - c )  (3c'a + ca) i
W h o le  sib s + 4c'*cl + 2c1 -  1) i
H a l f  sib s ■g*j(8c/4 -f 8c'!Ca — 1) i
U n c le -n ie c e , a u n t-n e p h e w e‘j(8c'6 + 8c,1c1 + 4c,c1-  1) i
D o u b le  firs t co u sin s 2 -8(8c'« + 8c'4ca + 4c'*c2 + 2c1 -  1) i
F i r s t  co u sin s 2 -8[8c'1(2c'4 + 2c'2cJ + ca) -  1] *
H a l f  firs t co u sin s 2 -10[32c,4(c'1 + c1) -  1] ih
S e co n d  co u sin s 2 - ll[32c/a(2c'4 + 2c'aca + c1) -  1] 3*4

T h e se  fo rm u la e  c a n  o f  co u rse  be w r it te n  in te r m s  o f  c  o r  c ' a lo n e , o r  in a  h o m o g e n e o u s  fo rm . T h e y  a ll c o n ta in  
c ' - c o r  1 — 2c, a s  a  f a c to r .  T h u s  th e  fo rm u la  fo r firs t co u sin s  c a n  b e w rit te n

<f>x r=2-*(c'-c) (15c'6 + 9c'4c + 18c'3ca + 14c'*c3 + 14c'c4 + C5)
= 2~*( 1 -  2c) (1 5  -  66c +  1 3 2 c 1 -  136c3 +  7 2 c 4 -  16c6)
=  2 - 8(2c ' — 1 ) [ l  +  2c ' { l + 2c , (2c ' — l)  (2c ' a + l ) } ] ;  

b u t th e  fo rm s g iv e n  in  th e  ta b le  se e m  to  b e  th e  s im p le s t.

Table 2. Frequencies with which the fou r classes o f gametes from  X  unite with members o f the 
fou r classes from  Y i f  f  and <f> are their coefficients o f relationship

ABAb&Bab

AB Ab aB ab
(P'9 +fp'p) (?'* +fq'q) + A(1 - /)  (p'9 +fp'p) q'q -  A (i - /)  p'piq'9 +fq'q) -  A (i —/)* p’pq'q+A

(!- /)  (p'*+fp'p) q'q-h
(p'* +fp'p) (q1 +fq'q) + A 
(i-f)* p'pq'q+ *

-f) p'piq2 + fq'q)-h

(1-/) p'p(q'* +fq'q) — A (i —/)* p'pq'q+ h 
(p*+fp'p) (q'*+fq'q) + A ( l - / )  (p*+fp'p) q'q-A

(l —/)* p'pq'q + A ( ! - f)p'p(q1 +fq'q)~ A (i - / )  (p2 +fp'p) q'q -  A - (p*+fp'p) (q%+fq'q)± A
A = (pp'pq'q.
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which is tabulated in Table 3, ranges from to 0 as c rises from 0 to and is 0-02007 when 
c =  0-10. The correlation of phenotypes is

_________________ p 'p q 'q __________________ T
9 L ( P + f p ' )  ( l + p - f p )  ( 7 + / 7 ' )  ( l + 7 “ / 7 ) J

In the case of first-cousin marriage* - k ^ hhwih-H4)-ks:p
Table 3

c 0 0-05 0*1 0*2 o -3 0-4 0-5

<j> (firs t co u sin s) 0-05859 0-04211 0-02997 0-01430 0-006176 0-0002106 O
0  (s e co n d  co u sin s) 0 0 1 5 3 8 0-OIOI4 0-006616 0 0 0 2 6 6 9 0-0009909 0-00004651 1 O

Thus p  would be ^  when p  =  q =  i , or 0-0135 if c =  0-10. To detect this we should need a

sample of about 1400 progeny of cousins, and many more would be needed were either gene rare. 
F o r example, if p  =  q =  0-01, we should expect the frequency of aa and bb among the progeny 
of first-cousin marriages to be 7-2 x 10-4 , as compared with 10~* in th at of unrelated parents. In 
the absence of linkage 7-2 x 10~4 of either of these classes should be aabb. W ith 10 %  recom ­
bination the fraction would rise to 47-2 x 10-4 . In order to detect it, we should need a sample 
of the order of 400 recessives known to be the progeny of first cousins. Such samples do not 
exist a t present. However, if among fifty or so single recessives from parents known to be related, 
a single double recessive were found, this would create a suspicion of linkage, which would become 
strong if two or more double recessives were found. W e should not expect anything like so many 
among the progeny of unrelated parents. B u t the presence of one or two would not disprove 
the hypothesis of linkage, since the group in which consanguinity is not reported must include 
some cases where it exists but has not been recorded.

I t  seems th at a system atic search of the existing literature might reveal cases suggesting 
linkage in this manner.

I f  we consider the whole population, the frequency of aa is p (fp ' +p) ,  th at of aabb is

p q [ ( f p f + P )  (fa '  +  7) +  ( ?  +  Vr) P o l ­

and we can substitute ($5 +  Vf ) p'pq'q for A throughout Table 2.
Thus the overall association of aa and bb is due both to the variance of f  and to the existence of

(3  +  Vf) p'q'
linkage. The fraction of aa which are also bb is q(fq +q)-\------------------ -

PUP +P)
I t  should be possible to determine Vj in the future, as it is a fairly im portant constant of any 

population, and is probably a little below 10-4 for many European peoples. must certainly  
exceed Vf  when linkage is strong. I t  m ay therefore be possible to use data on whole populations 
to detect linkage, but it would seem more hopeful to deal separately with consanguineous unions.

If, for example, we take the values p  =  0-01, q =  0-003 of the former numerical example, and 
suppose th at there is 5 %  recombination between the loci of a and b, then the frequency of aabb
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amono’ outbred individuals will be 1*154 x 10 9 as before, or about two in the whole human race. 
The frequency among the progeny of unions of first cousins will be 1*388 x 10~6, or 1200 times 
greater. This is an effect of inbreeding which we should only get with a single gene of frequency 
o x  10-6, which is probably too small to allow of genetical investigation. I t  must, however, be 
emphasized th at the calculated effects are a t most on a small scale, and the object of this paper 
has been to place the theory on a firm basis rather than to suggest concrete research. There is 
only one human situation where double recessives for rare gene pairs are likely to be relatively  
very common. This is when there is assortative mating over several generations on the basis of 
somatic resemblance. This certainly occurs in the case of recessive deaf-mutism, and m ay do so 
in the case of other defects.

T h e  c a l c u l a t io n  o f  <f>X Y  in  m o r e  c o m p l e x  p e d ig r e e s

First let us find the value of <j>xx when <j>x an^ / x  are known. This enables us to calculate $5Xr  hi 
any pedigree where X  and Y are related through a single common ancestor who was inbred. To  
do so we go back to the original hypothetical population, which is essentially the limiting case of 
an actual population when the gene frequencies p  and q tend to zero. W e see a t once th at if X  is 
inbred, the frequencies of the four genotypes which can produce ab gametes are as

2 U-P-t) + b 
ab (/*  + <*)

ab
a b ’

where /  =  f x , <t> =  <f>x•
“H & "f"  ̂ |

Now he' of the gametes from — — are ab, as are he of those from — - ,  h of those from ——.an d  so 1 ® ab . " +b - ab
on. Hence

F x x  =  K 2 • 2[( 1 - j ?  +  +  i  c * . 2[( 1 - / ) *  +  +  i  • ± { f - P  -  f t  + / *  +  <P
= /+£(c'2 + C2) [ (1 -/)’ +*>],

<f>xx =  i (  1 — f x ) 2 (c ~  c )2 2 ■+"c2)

=  (i  e'e) (1 f x ) 2 ( i  e'e) <f>x *

while f x x  =  J(1 + f x ) ‘ This formula enables us to deal with cases where one common ancestor P  
is inbred, provided we can calculate <pP. W e can similarly deal with the case where each of the two 
common ancestors P  and Q are inbred, provided f PQ =  0, th at is to say they are unrelated. How­
ever, I have not found a formula covering the case when P  and Q are related. I t  is possible th at  
f PQ and <pPQ do not give all the needful information. There is no particular difficulty in cases 
where X  and Y are more than doubly related, provided th at ancestors are not inbred or related. 
I give the formula when X  and Y are double first cousins in Table 1.

E v o l u t io n a r y  c o n s e q u e n c e s

In a population all of whose members are not equally inbred it is clear that the lethal or sublethal 
character of some homozygotes will lessen the viability of homozygotes a t other loci. F o r exam ple, 
if the frequency of the genes for the various group A agglutinogens is 0*30, the frequency of A A 
zygotes will be 9 % when the parents are unrelated, 10*31 %  if they are first cousins. There is 
reason to think that, on the whole, the progeny of first cousins are slightly less viable and fertile 
than th at of unrelated parents. If  so AA zygotes will, for this reason, be a little less fit than AO  
and A B . If  any sublethal genes are in the same chromosome with the blood-group genes, this 
will have a further effect in the same direction. I t  is true th at in the case of incompatibility
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between m other and foetus, heterozvgotes are less fit than homozygotes. However, it is unlikely 
th at this influence is enough to counteract the general disadvantage of homozygosis.

I  naturally thought th at this selective ‘ force ’ would tend to encourage heterozygosis a t all loci. 
B u t like so many verbal argum ents concerning evolution, this is fallacious. Consider the pairs 
of genes Aa and Bb, linked or otherwise, as before, and let bb have a fitness (1 — K )  of those of 
AA and Aa, while BB, Bb and bb have the same fitness of unity. Of the q(fq' + q) bb zygotes,

p(/p' +p) (Jq'q+q2) + (<t> + vf) p'pq'q are aa,
2( 1 - / )  P pCfqq +  q2) -  2(^ +  Vf ) p'pq'q are Aa,

P'(p' +Jp) (h  q + ?2) + (0 + Vf) p'pq'q are AA.

Thus from an original population of

(p ’2 + fp'p)  AA + 2( 1 - / )  p'pA a +  (p 2 + fp'p)  aa, 
the survivors will be in the frequencies

ip'2 + Jp'p  -  k p ’p) AA + 2(p'p - f p ' p  + k p ’p)  Aa + {p2 + fp 'p  -  k p ’p) aa,
where k =  , ^ , -7 ^  Thus k  is independent of p. Hence in the next generation p becomes 

l - h ( f q q  + qz) F *  °  *

( 1 “ / )  P P  +  kp'p + p 2 + fp 'p  -  k p ’p ,

th at is to say, p  is not altered. Hence, although selection against homozvgotes a t some loci reduces 
the frequency of homozygosis a t other loci, it does so in such a way as to leave gene frequencies 
unaltered, and thus has no evolutionary consequences.

D is c u s s io n

I t  should be emphasized th at the formulae here given are subject to two suppositions, both rather 
unrealistic. F irst, it is assumed th at we are dealing with the whole population. F o r example, 
of the group of single recessives, aa, a fraction of a t least 2p{p' + f p )  would have one or both 
parents aa. In any collection of pedigrees these would be separately classified. Secondly, it is 
assumed th at the viability of the recessives is normal, while in fact they are often lethal or sub- 
lethal. These considerations invalidate the well-known formulae such as p5.P(l + In fact, 
if we ask what is the frequency of recessive zygotes from the mating 1 x 7 , when X  and Y  are 
first cousins, but it is also known th at neither X y Y , nor any of their parents or grandparents, 
are homozygous recessives, we raise a rather complicated problem, whose solution is not without 
interest.

P Q

M N

- z
Text-fig. 1.
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Consider the pedigree of Fig. 1, where P, Q, ft, v are supposed to be outbred individuals, and  

P, Q, M , N, /M, v, X  and Y are all known to be AA or Aa. Since outbred individuals occur in the
. A . 2 p

frequencies p'-AA + 2 j/p A a + j?2aa, the probability th at an outbred dominant is Aa is Y+~p’

which will be written as x. We require the probability th at Z shall be aa. This can occur in seven 

cases:

(1) P  or Q is Aa (probability 2x).
(2) P  and Q are Aa (probability x2).
(3) fi and v are Aa (probability x 2).
(4) P  and p, P  and v, Q and pi, or Q and v are Aa (probability 4x2).
(5) P, Q and p, or P, Q and v are Aa (probability 2 X 3 ) .

(6) P, p, and y, or Q, pi, and v are Aa (probability ix 3).
(7) P, Q, j.l, and v are all Aa (probability x4).

Now the probability' that M or N shall be Aa is i  whether one or both of P  and Q are Aa. Thus 
cases (1) and (2) give the same fraction of homozygous Z . Cases (4) and (5) are equivalent, as 
are cases (6) and (7). In case (1) 2~* of Z are aa. In case (3) 2~4 of Z are aa. In case (4) suppose
P  and pi are Aa. The genotype of AT is irrelevant, for whatever it m ay be the chance th at X  is
Aa is Hence 2-5 of Z are aa. S imilarly, cases (6) and (7) are equivalent to case (3). Hence the 
probability th at Z shall be aa is

2-«(2x + x2) +  2~4(x2 + 2X3 + x4) +  2~5(4x2 + 2X3)

=  2~6x (2  + 1 3 x + 1 2 x 2 + 4x3) 

j3( 1 +  16p + 53p2 + 54p3)
1 6 ( 1  + p ) 4

=  I L p ( l  +  1 2 p - i )2 - 1 8 ^  +  . . . ) .  ( 8 )

Similar expressions could be found in other cases, notably th at where M  and N  had several 
normal sibs, but it is clear th at they would often be very complicated. The first term in each  
polynomial, which is multiplied by a coefficient of inbreeding, is always unaltered. B u t the effect 
of omitting pedigrees where homozygous recessives occur among the parents and other relatives 
will be a slight decrease in the various frequencies calculated for inbred progeny.

S u m m a r y

Partial inbreeding, such as occurs in human communities, leads to a slight tendency for recessive 
characters due to unlinked genes to be associated. This is because as a result of consanguineous 
unions the frequency of double recessives is more augmented than th at of single recessives. 
Linkage between recessive genes leads to a further association of recessive characters, but it is 
still so slight as to be of doubtful value for the detection of linkage. Finally, an expression is 
found for the frequency of recessives in the progeny of cousin marriages where a number of 
ancestors are known to have been normal.
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P A R E N T A L  AND F R A T E R N A L  C O R R E L A T I O N S  F O R  F I T N E S S

B y  J .  B . S. H A L D A N E , Department o f  B iom etry , University College, London

The fitness of a genotype in the Darwinian sense is measured by the mean numbers of its progeny, 
different generations being counted a t t he same stage of the life cycle. F ish er’s (1 !>‘K)) M althusian  
param eter is the natural logarithm of the fitness, and his more detailed definition m ay be 
accepted. The Malthusian param eter has the advantage th a t when it varies with tim e we can  
use its arithm etic mean. However, the fitness has the im portant property th at, over a  sufficiently 
long tim e, the arithm etic mean of the fitnesses of all individuals m ust be very near unity. 
More accurately the geometric mean of the arithm etic means in each generation m ust ap p roxi­
m ate to unity. F o r if it were 1 01 over only 10,000 generations (which is a short tim e geologically) 
the population would increase by a factor of 1043, which is impossible even for bacteria. If  wo 
are concerned with changes in the composition of a population, we need only consider the relative  
fitness of different genotypes. I t  is hardly necessary to emphasize th a t fitness throughout will 
b etak en  to mean fitness in this strictly  Darwinian sense, and not fitness for football, industry, 
music, self-governm ent, or any other activ ity .

In the absence of m utation natural selection acts so as to m axim ize t he mean fitness of the 
population, some genotypes being eliminated, others being present in the proportions which 
are optimal under the given mating system , though in general a higher fitness could be achieved  
under a different m ating system . M utation in general lowers the fitness below w hat would 
otherwise be its value. Fitness can only be m axim ized so as long as all possible genes or chrom o­
somal arrangem ents making for m axim al fitness are present in the population. B u t of course 
any m utation producing a gene or chromosomal pattern  which can further increase fitness will 
ultim ately shift the equilibrium. Since the mean fitness m ust always be very close to unity  
overjiong periods it is a little paradoxical to speak of maximizing if. However, a move*, towards 
the equilibrium will increase the fitness possible a t  the particular population density in question, 
though it m ay cause an increase in density which again lowers the fitness to unity.

' I f  a  gene has a marked effect on fitness, natural selection m ust affect its frequency consider­
ably, and it m ust approach its stable equilibrium rapidly. Hence such genes must gen eral^  be 
near their equilibrium frequencies, unless there has been a recent change in the environm ent, 
altering the relative fitnesses of genotypes, a change in the m ating system , or one in the m utation  
rate. I t  is therefore interesting to consider the correlations between relatives to be expected  
in a population in equilibrium. I t  will be seen th a t these are sometimes very different from 
those found by Fisher (1918) for genes which affect a m etrical character, but whose effect on 
fitness was not explicitly considered.

I f  we are dealing with a pair of autosom al allelomorphs A and a, whose effects on fitness are  
additive with those of other genes, there are three possible conditions for equilibrium, ap art  
from the complete disappearance of one of th e m :

(1) Aa is fitter than AA or Aa (heterosis).

(2) Aa is less fit than aa, but A is constantly arising by m utation. I f  the difference of fitnesses 
is m any times the m utation rate, AA is so rare th at its fitness is irrelevant.
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(3) AA and Aa arc equally fit, but aa is less fit than  either, while a is constantly arising by 
m utation.

A com bination of (1) and (3) is also possible, i.e. the fitnesses m ay be in the order Aa, AA, aa, 
with A and a arising by m utation, but usually (1) or (3) will be nearly a correct description of 

the situation. O ther causes of equilibrium are negligible if differences of fitness greatly  exceed  

m utation  rates. W here genes in teract on fitness, numerous stable equilibria m ay be possible, as 
W right (1935) has pointed out. H ow ever, the above conditions will hold near any one of them . 
Thus if AABB is substantially fitter than AaBB or AABb, there will be a stable equilibrium  

with the population composed m ainly of AABB, even though aabb is fitter than AABB.

289 J . B . S. H A L D A N E

E quilibrium  under  heterosis and random mating

Suppose the fitnesses of AA, Aa, and aa to be in the ratios l — K  : 1 : I — k. Then there is a stable 
equilibrium when the gene frequencies of A and a, both a t  birth and alter selection has operated, 

k K  .
are and ~ respectively. The population a t  birth is thus

k 2 A 2 K k  _ A'277? 777 A A + 7 7 .; Aa + . _ aa.
( k + k ) 2 ( k  + k)2 ( k + k ) 2

Kk  /  K k  \2
Its  mean fitness is I — • , and its variance in fitness Let us suppose, selection to

A l l '  \k-\-kJ
a c t by differential m ortality before m atu rity , rath er than by differences in fert ility or in m ortality  
during the fertile period. This simplifies calculation w ithout essentially altering the situation. 
The effective breeders are t hus

k 2(l — K)  2 K k  A /<■{ I -  k)
(K  +  k) (K  + k -  Kk) (K  +  k) (K  + k - K k )  (K + k) ( A +  k -  Kk)  '

The progeny of different m atings are therefore as shown in Table I. I t  is a well-known and 
easily calculable result th a t the progeny of AA parents are kAA  : A Aa, those of Aa parents 
k A A :  ( K  +  k) A a : 7faa, and those of aa parents k A &: 7faa. All these' progenies have* t he same 
fitness. Thus as regards fitness the correlation between parent and offspring is zero.

Table 1

Mating Frequency
x ( K  +  k)2 { K  + k - K k ) 2 Progeny

Menu fillios.s 1
of progeny 1

Varianco of nroooiiy's
i  1 *•1 litness

AA x aa 
Aa x AA 
Aa x aa Aa x Aa AA x AA 
aa x aa

z K 2k2(i — K) (1 — k) 
4 A F ( i - A )  
^K3k ( i - k )
4 A 2jfc2 

k*( 1 -  A')2 
A 4( 1 —k)2

Aa
*AA, £Aa

$Aa, £aa 
1AA, £Aa, |aa AA aa

1
1 —  1A  
1 - \ k
1 — f (A’ + k ) 
1 -  A  
1 — k

0
} A 2 
Ik 2

2 A/.' 4  j k 2)
0
0

B u t it m ust be emphasized th a t if the gene affects any measurable ch aracter this ch aracter  
will in general show a high parent-offspring correlation. Thus AA babies m ight, on an average, 
weigh 500 g. m ore than Aa a t birth, aa 1000 g. less. As babies of unusually high or low birth  
weights are in general more likely to die than those near the average, the heterozygotes could be 
fitter than the hom ozygotes. There would then be a  high parent-offspring correlation for birth  

weight, but none for fitness.
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On the other hand, the fitnesses of sibs are positively correlated. The variance of the total
/ fck \ 2

progeny a t birth is cr2=  (---— - I . Tiie mean variance within a sibship is
\A +  kf

(A  +  k)~2 (K  + k -  K k)~ 2 [(1 -  K )  A 3F  +  (1 - k )  A 3F  +  {  (3A 2 -  2 K k  + 3k2) K 2k 2 J,

or "771-------\T • Hence the fraternal correlation is --— - —. This varies between when A" or k ,
4 ( 1 — a )2 2 - 2 a

and therefore a ,  is small, and nearly zero when K  and k are both near unity. It a  number of
gene pairs are acting in this way with additive effects on fitness, each with a small value of
cr, the fraternal correlation due to all of them will be just below

The above calculations will not be much affected if inbreeding occurs with the m oderate
intensity usual in man. F o r if we consider a group of children of first cousins, the frequency of

K k
AA and aa will each be increased b y ---- —— — and the mean fitness therefore only diminished

J  16(A +  k)2
r i A  A . , 11 K k  IT . . . .
Irom I — zz— - to 1 — — — r- . However, assortative m ating on the basis, not of lit ness, nut 

K  + k  16(A +  k) 6
of some other character determined by A and a, might lead to a substantial parent-offspring
correlation, besides diminishing the fitness of the population appreciably. The work of Pearson &
Lee (1900, p. 150) suggests that, this m ay bo true for some of the genes responsible lor human
iris colour.

E q u i l ib r i u m  b e t w e e n  m u t a t io n  a n d  e l im in a t io n  o k  a d o m in a n t  

Suppose th at a m utates to A with frequency ft per generation, and th a t the fit ness of Aa is l — k.

Then a stable equilibrium is reached when the population a t  birth consists of Aa + I 1 — I aa

provided ^  is so small th at its square can be neglected, i.e. th at AA zygotes do not occur with

appreciable frequency (Haldane, 1927). This also implies th at inbreeding is irrelevant. If 1 —x 

be the fitness a t birth, it can be seen th at x =  2/i, x2 =  2/tk. Supposing selection to act. before
m aturity, the breeders are

2//(l ~ k) * 4 ,

So if 1 —y be the fitness of a parent,

y = 2 / i ( \ - k ) ,  y2 = 2/tk ( l - k ) .

The variances are clearly alm ost equal to the mean squares. It is assumed th at alm ost all 
m utations occur late in the form ation of gam etes, so th a t we very rarely find two sibs due to 
the same m utation which has affected a number of gam etes from the same zygote.

_  4/U l — k)
W e see th a t xy  =  —  ------\k2 =  / i k ( l —k). So the parent-offspring correlation is

k
/ik( 1 — k)

VL2/ik~2yk'{ 1 -  k) j 

The fraternal correlation table is :

=  iy< i

Aa aa
Aa — k ) i

1 
! 

i?i\
t\
7 

1
! 

i
i 

i

aa y k ~l(I -1-A:) i - / i k ~ l ( 3 + k )
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neglecting terms of the order of / i2, so the fraternal correlation is £(1 — k). Loth an* very nearly }, 

if k is small. They are clearly equal to the correlations for metrical characters. Only il Aa is 
sublethal will they be substantially less than \.

E q u i l i b r i u m  b e t w e e n  m u t a t io n  a n d  e l im in a t io n  o e  a r e c e s s i v e

Here if A mutates to a with frequency //, and the fitness of aa is l —k, the frequency of aa at 
equilibrium is j ijk under any mating system, provided this is a small quantify, though the 
equilibrium is approached very slowly (Haldane, 1999). Since almost all aa progeny arc derived 
from Aa x Aa unions, the parent-offspring correlation for fitness is very small, and the fraternal 
correlation about The same values are found for metrical characters if Aa is indistinguishable 
from AA.

D is c u s s io n

We see that the correlation in fitness between parent and offspring is pract ica l ly  zero except, 
where unfavourable dominants are arising by mutation, whereas th e  lratei ual corre lations range 
between 0*5 and 0-25,  except, in the case of nearly lethal dominants. T h is  is. however, only f ine  

for populations in equilibrium. If the effects of a number of gem's on litness have recently 
altered through changed environmental conditions, there may be an appreciable  parental corre­
lation in the fitness due to heterotic genes. But even so we should expect fraternal correlations 
to be a good deal higher than parental.

A number of characters, notable longevity (Beeton & Pearson, 1901) and fertility (Pearson, 
Lee & Bramley-Moore, 1899) have been measured, and fairly high parental correlations found. 
While there ma}̂  well be a substantial non-genetieal element in these, due to family tradition 
as regards over-eating, birth control, and so on, it is hard to believe that much of I be correlation 
is not of genetical origin. Unfortunately, however, I know of no work where fitness has been 
directly estimated in men. It is entirely possible that were this done, the parental correlations 
would be much attenuated. Thus it is possible that, in so far as length of life is inherited, it. may 
be negatively correlated with fertility. This would not mean that it was so in general. Pearson, 
Lee & Moore were essentially of this opinion when they stressed the antagonistic effects of 
natural selection (i.e. selection for longevity) and reproductive selection (i.e. selection for 
fertility).

However the statistics, so far as they go, are suggestive. Thus Beeton <.V P e a r s o n  p o i n t e d  o u t  

that the causes of death in infancy and later life are very different, a n d  d< alt. p a r t i c u l a r l y  with 
durations of life of children who died at 21 or later, and who were therefbio p o t e n t i a l  o r  a c t u a l  

parents. The four parent-offspring correlations range from 0*1801 t o  0*1498. wi t h m e a n  0*1809. 
The three sib-sib correlations range from 0*2129 to 0*2222 with mean <>*2011. b r o t h e r - s i s t e r  

correlation being given double weight. The remarkable difference certainly b e a t s  o u t  t he theory 
here developed.

It is not easy to see how the inheritance of human fitness could be quantitatively investigated. 
Probably the best method would be to correlate the mean numbers of children born to a group 
of persons who had died before the age of 60 or had reached that age, wit h the corresponding 
numbers for their parents and sibs. It would be essential to follow up entire families. Records 
may possibly be available for certain groups such as the peerage and the (Society of Friends
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The parents would be a highly’ selected group, those with m any children being more represented  
than those with few. If the thesis of this paper be correct, the parental correlations should be 

quite small, the sib correlations large.
I f  this were so we could say th at unfavourable dominants balanced by m utation did not play 

an im portant p art in determining human fitness. W e should not be able to distinguish between 
recessive genes and those acting through heterosis. B u t an investigation of the lit ness of the 
children of first cousins would enable us to obtain some estim ate*of the im portance ol recessives. 
F o r inbreeding would have a much larger effect with rare recessive genes than with those 
responsible for heterosis.

Finally it is worth emphasizing w hat I have not said. I f  there is a very small correlation  
between the fitness of a group of children and th at of their parents, this does not imply th a t  
fitness is not inherited, in one sense of this vague word. I t  can be genetically determ ined, but 
not inherited in the ordinary sense. I have not discussed the problem of selection against 
heterozygotes such as occurs in connexion with neonatal jaundice. E ith er human populations 
are very far from equilibrium with regard to genes having an effect of this kind, or it is balanced 
by some other effect of which we know nothing a t present. B u t it is clear th at the prim a fa c ie  
effect will be to add a factor to the sib-sib correlation for fitness, without increasing th at between 
parents and offspring.

S u m m a r y

In so far as fitness in the Darwinian sense is a measurable character, it should be substantially  
correlated in sibs, and not a t all in parent and offspring, in the case of genes where the hetero- 
zygote is fitter than either or both homozygotes. Only in the case where t he heterozygotc is less 
fit, th at is to say of dominant genes lowering fitness, is a parental correlation to be expected.
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AN ENUM ERATION OF SOME HUMAN RELATIO N SH IPS

B y J. B. S. H A L D A N E  and S. D. J A Y A K A R

G e n e tic s  &  B io m e tr y  Research. U n i t , C . S . I . R .

I ntroduction

In view of the importance attached to relationship in most human cultures, religions, 

and legal codes, it might be thought that at least the simpler ones, for example those 

not more distant than that o f  uncle, would have been enumerated, and a terminology 

adopted for them, either in colloquial or legal language, or in that o f  anthropologists. 

This is not the case. For example if we say that B  is T ’s first cousin we shall show that 

this may mean any o f 48 relationships if the sexes o f A  and B  are not specified, and 

192 if they are specified. O nly a few of these are given special names in any language 

known to us. All but 6 o f  the 48 involve at least one multiple marriage, or its biological 

equivalent, among the grandparents o f  .4 and B . However even when simultaneous 
polygamy and divorce are both illegal, remarriage after the death o f a spouse is per­

mitted and may be enjoined, and its frequency is shown by the existence o f such words 

as “ stepmother'’ and “ half-sister” . With increasing study o f  the extent and effects 
o f  human inbreeding an exact terminology is desirable, though we do not suppose that 
our own cannot be improved. W e venture to hope that our enumeration may be of 
value to anthropologists.

(a )  As we are concerned with biological relationships, it is irrelevant whether the 
parents o f  any member o f the pedigree were married when he or she was born. N ever­
theless we shall frequently use the word “ marriage”  to mean “ marriage or its biological 
equivalent” .

(b ) W e confine ourselves to cognate or “ blood”  relationships, that is to say relation­
ships between two persons who have at least one known latest common ancestor in 
common, or o f  whom one is the ancestor of the other. By “ latest common ancestor”  
is meant the last-born common ancestor. Thus two sons o f the same man by different 

women have Two grandparents in common, but their father is their latest 
common ancestor.

(t) W e also confine ourselves to relationships o f  B  to A  where no latest common 
ancestor is more remote than a grandparent o f A  or B .

( d )  We further neglect the possibility o f  any inbreeding in the ancestry o f A  or B  
(though of course their offspring, if  any, are inbred). For it can be seen that by con­
dition (c ) this would imply a fertile sexual union between parent and offspring or 
between whole or half brother and sister. A  union between grandparent and grand­
child, uncle and niece, or aunt and nephew would violate condition (c ). Thus if  A  
is the child of a man and his niece, this means that the same person is .4’s grandparent 

and great-grandparent. Incestuous unions between parent and offspring, or between 
sibs, rarelv occur, and are still more rarely discovered with certainty. W e are aware 

that in Bali p d e  Karve, 1953) twins o f opposite sex were compelled to marry. A
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consideration o f  such possibilities would greatly extend our analysis. W e do however 

consider unions, such as that o f  a man with a wom an and her daughter by another 

man, which are forbidden in many cultures. Such unions do not involve inbreeding.

(e ) Finally we adopt the convention that the sexes o f  the relatives A  and B  are irrele­

vant to the relationship. This convention reduces the number o f  relationships listed 

to one quarter o f  the possible number, and greatly simplifies the symbolism. However 

it involves some complication in the consideration o f  sex-linked genes. T h e  structure 

o f most languages is illogical. Thus a man or a woman usually uses the same word 

for his or her brother, and another for his or her sister, though in India different words 

o f  older and younger brothers, and for older and younger sisters, are usual. However 

a man and a woman almost always use the same words. Thus the description o f  the 

relationship o f  B  to A  depends on the sex o f  B  and not that o f  .-1. But according to 

K arve (1953) the Nambudri Brahmins o f  K erala  are more logical. A  woman calls 

her elder brother “ o p p a ” , a man “j y t s t h a n " . A  vyoman calls her elder sister “ c h e t- 
t a l i"  or “j y e s t h a t i " , a man calls her “ o p p o l” . T h e  terms for younger sibs do not 

appear to depend on .Ts sex.

Ignoring the sexes o f .1 and B  we have to enumerate 129 distinct relationships, or 

516 if the sexes o f  T and B  are considered. This large number is mainly due to the 

possibilities o f  polygamy, remarriage, and their biological equivalents. I f  no member 

o f  the pedigree has a child by more than one spouse or sexual partner, these numbers 
are reduced to 17 and 6 8 .

M onozygotic twinning leads to a slight complication. M onozygotic twins have 

the same genotype apart from mutation, and their children presumably resemble one 

another as closely as those o f  the same individual. T h e  effect o f  such twinning is 

considered in a special section."

T h e classification adopted in Rom an law (see M orton, 1961 for diagrams) is excel­

lent so far as it goes, and will be adopted here. The degree o f  consanguinity is the 

number o f ‘ ‘steps”  between two relatives, the parent-child relationship being regarded 

as a step. Thus parents are relatives o f  degree 1 , sibs o f  degree 2. This system does 

not take cognizance o f  half-relationships, and even with the restrictions which we have 

adopted, B  can be simultaneously related to A  in two different degrees.
A  geneticist asks three main types o f  question about a given relationship:

( 1 ) W hat correlations may be expected between the phenotypic characters o f 

A  and B  as the result o f  their relationship ?
(2) If  .-I and B  are o f  different sexes, and have children, how may these children 

be expected to differ from the general population ?
(3) W hat are the frequencies in a population studied, o f  marriages, or their 

biological equivalent, between relatives o f  various different kinds, and of 

progeny o f such marriages ? These two frequencies are not quite the 

same if inbreeding affects the net fertility o f  a marriage, or the viability o f  

its children.

T h e first two questions can be answered with the aid o f  coefficients o f  relationship 

which are here calculated. It must however be stated that these coefficients may be

H um a n relationships
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misleading for at least five reasons. T h e population studied may be divided into 

more or less endogamous groups, based either on geographical isolation, or on religious, 

occupational, or caste differences. In some societies spouses are positively correlated 

for certain phenotypic characters, presumably as a result o f  choice. Selective deaths 

may alter correlations; thus maternal-foetal incompatibility must raise the correlation 

between mothers and surviving children with respect to some antigens. There is 

presumably a tendency for relationships to accumulate. Thus those who are first 

cousins are probably more often also second or third cousins than are persons unrelated 

in the fourth degree. Finally the environments o f relatives are correlated. All these 

causes must tend to increase correlations.
All the relationships which we shall consider are irreflexive in the terminology o f  

logic. If  B  is .-J’s paternal half-brother, he cannot be identical with .4. So we must 
be careful not to define .4’s paternal half-brother as .4’s father's son, and if we are using 
symbolic logic, to add the non-identity symbol J  where it is needed to ensure irre- 

flexivity (see Carnap, 1953, pp. 11 7, 223). None of the relations in our list is transitive, 
like “ ancestor”  arid “ descendant” . Some are intransitive, others non-transitive, for 
example the relation “ whole sib” . The symmetry or otherwise o f  relationships is more 
important. It is clear that some relationships are symmetric, for example if B  is .Ts 
mother's whole sister’s child, .4 is B 's  mother's whole sister's child. Others are asym­
metric. Thus if B  is .Ts mother's whole brother's child, .4 is B 's  father's whole sister's 
child. Such asymmetric relations evidently occur in pairs, each member o f a pair 
being the converse of the other. A  third class of relations, the non-symmetric, also 
exists. I f  B  has a relation R  of this class to A ,  then A  may or may not have it to B .  
Thus if B  is .Ts sister, .4 may be B 's  sister or her brother. None o f  the relations in our 
classification fall into this class, as they would do if B 's  sex were specified while .4’s 
was not. W e avoid this class either by specifying the sex of neither .4 nor B ,  or by 
specifying the sex of both. W e can thus classify all our 129 relationships as symmetrical 
or fully asymmetrical. In fact 37 are symmetrical, and the other 92 occur in converse 

pairs.

J .  B. S . H a l d a n e  & S . D. J ayakar

C oefficients of R elationship

T h e terminology of coefficients o f  relationship is unfortunately imprecise. Wright 
(1922) used the lower case le tte r/ fo r  his coefficient, which is much the most important 
o f  the group. Recent authors have however used F . Haldane and Moshinsky (1939) 
used f  for sex-linked loci. This had however been used by W right for / n_x when /  
d en oted /,. W e suggest that the Greek letter <f> be u s e d ./ a n d  <£ enable us to make 
statements about the gametes o f B ,  given information about a gamete o f .4. But we 
also require information about the diploid genotype o f B ,  given that o f  A .  This in­
formation may be given by two more coefficients, F  for autosomal loci, and <t> for sex- 
linked loci in members of the homogametic sex. A  similar coefficient for T-linked 
genes would be unity tor males with a latest common male ancestor connected to each 

by a series of males, (e.g. if B  is .4’s father’s paternal half-brother) and otherwise zero.
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T h e values o f / a n d  F  are independent o f the sexes o f  4  and B ,  so no difficulty arises 

from grouping our relations in fours. But this is not so for <f>, which may be defined 

as the limiting probability, when a sex-linked gene is very rare, that if  it is present in a 

gamete o f  4 , it will also be found in the first gamete o f  B  examined. This probability 

differs with the sexes o f 4  and B  and may assume four different values. By listing 

these, we have been able to reduce our list o f  relationships from 516 to 33, and we 

consider that this compensates for a possible lack o f  logicality. O u r  definitions, which 

follow, are based on M alecot’s (1948) useful fiction o f  an ancestral population in which 

any given allele was present at only one locus. This greatly facilitates the calculation 

o f the coefficients in finite pedigrees. W e shall call such a gene ‘rare’ . From these 

definitions one can readily calculate probabilities when a gene is not rare.

/sym bolizes W right’s coefficient o f  relationship or o f  inbreeding. It is more precisely 

described as the coefficient o f  single autosomal relationship. T h e  rules for its calcula­

tion are well-known. f Ao —/ da is the probability that if 4  has produced a gamete carry­

ing a rare gene, the first tested gamete o f  B  will carry the same gene. W hen the gene 

has a frequency q in the population this probability becomes q —f  (1 — q). I f  there is 

no dominance, the somatic resemblance between 4  and B  for any character is given by 

the correlation

2 O'" / AB
Pad =  — ------ -cr —

=  2 h 2f AD.
where a2 is the part o f  the variance o f the character concerned due to additive gene 

effects, €2 the part due to inhomogeneity o f  the environment, and h 2 its heritability. 

(Here and later we neglect maternal effects, environmental correlation between rela­

tives, epistasis, and other complicating factors listed by Lerner (1950), Kem pthorne 

(1957) and others.) However dominance introduces a complication. I f  4  and B  
are related through both parents o f  each, then there is a finite probability F a b > when 

neither 4  nor B  is inbred (i.e. f A = f B — 0) that if  4  is homozygous for a rare gene, B  
will also be homozygous. This, as M alecot showed, can be calculated as follows. I f  P  
and Q.are the parents o f  4 ,  R  and S  those o f B ,  then

F a b  = f p r  f a s  4 / ”s f a n  > 
while J a b  =  \ { J p r  4 / i s 4 / ° s 4 / i r ) •

If now F \ o  is not zero, their somatic resemblance is given by

_  2ct2/ iz? ■ ■̂ 't' F a b
PAD-  <y2_j_T2+ € *

where r2 is the part o f  the variance of the character concerned due to “ dominance

deviations” ,

Fisher 1918) first explained the higher correlations between sibs than between parent 

and offspring on these lines. F  is usually zero, for example for ordinary first cousins, 

but it is not zero for double half first cousins, though a large sample would be needed 

to verifv the increased correlation. I f  p - \ - q  =  l ,  the array o f  B ,  given that 4  is g g , 
and G stands for any allelomorph o f g, is

I - 4  f  - F , p -  G G - 2 p [<7 4-2/ (/>— ?) — F p \  Gg +  +4/M  + F p - )  g g .
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T h e  value o I F AD is irrelevant to the offspring o f  A  and B .
is similarly definable as the probability that if J  has produced a gamete carrying 

a rare sex-linked gene, the first tested gamete o f B  will carry the same gene. 4> is defined 

as their coefficient o f  single sex-linked relationship: and it is easily seen that 4>b .\ —  ^ a b - 
If  .1 and B  have a child C , <f>c is not defined if C  is a male. I f  C  is a female <bc — 4>a b  
is her coefficient of sex-linked inbreeding. When the gene s is not rare but has a 
frequency q . and p  — q =  1 , then the probable genotypes o f B ,  if A  has produced a gamete 
carrying s, are: —

£  ( 1
9 (1 - 2 / ) / r S S - 2  (p q - f p - - f p q ) S s - ( q z - 2 f p q )  ss  

where S stands for all alleles o f  s.
Haldane and Moshinsky (1939) gave rules for calculating <J> which are correct if 

none of their latest common ancestors are inbred, as in the pedigrees here considered. 
T h e  amended rules, valid for a finite pedigree, are as follows. List all paths by which 
A  and B  are connected to latest common ancestors. Ignore any path passing through 

two males in succession. Count the steps in the remainder with the following conven­
tions. The step from mother to daughter counts as one. T h at from father to daughter 
counts as zero, so docs that from mother to son, except that where a woman is a latest 
common ancestor the steps between two o f her sons count as one. If  n t is the number 
o f  steps so counted in the i-th path from .4 to B ,  and (/>* is the coefficient o f  sex-linked 
inbreeding o f the latest common ancestor (if a woman) on this path, then

4>ad= E 2-\  —1(1 —
Similarly if P  and Q a re  the parents of A ,  R  and S  those of B ,

&AB =  <f>PR <f>Q.S 4>PS <t>Q.R,
with the further convention that if P = R , <f>PR =  \ if  P  is a male, and <j>pR =   ̂ if P  is 
a female. This is the probability that if .4 is ss, B  will also be ss. In practice it is 
simpler to calculate these values directly, adopting M alecot’s fiction, for the 18 funda­
mental relationships from which all the others in Table 1 except F  and 0  can be built 

up by addition.

T he L ocical Structure of H uman R elationships

Carnap (1958) describes human relationships in terms o f  symbolic logic in his 

sections 15c, 17b, 30c, 31b, 54a, 54b, and 55c. He is able to derive all cognate rela­
tionships from the relation P a r  (Parent of) and the class A l l  (Male), though in this 
system x  is only said to be the husband of^ if he has begotten a child by her. Further 

primitive signs are needed for legal relationships such as “ Husband o f” , but they do 
not concern us here. Logicians have been more interested in defining relationships 
for which names already exist than in enumeration. In practice we gain in symmetry 
by adopting two primitive signs A I  and P  for relations, rather than one. Let A t  designate 
the maternal relationship, i.e. A l ( x , y )  means “ x  is the mother o l y " ,  and let P  similarly 

designate the paternal relationship. Instead o f A l ~ x and P ~ l for the converse relation­

ships we shall use Russell’s (1903) sign M  and P .  A I  (x ,  y )  means that x is a child 

born of^\ ory  the mother of x . S I  and P  are one-valued, A/ and P  are many-valued.

J. B. S. H a l d a n e  &  S. D. J a y a k a r
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T h e  logical products o f  all these four symbols are null for the human species. Thus 

A l . P  would mean that x  was both mother and father o f y ,  which is only possible in self- 

fertilized organisms. H owever their relative products are meaningful. Thus A l \ A l  
means maternal grandmother, and .V/)/5 paternal grandmother (mother o f father;. 

Cognate relationships involving a common ancestor are symbolized by a series o f  one 

or more inverse signs followed by one or more direct signs. T h e  first direct sign must 

be the converse o f the last converse sign. Thus A/|P is null. It means that * ’s mother 

is y s  father. A/|A/ means that x  and y  have the same mother. T o  ensure that x  is 

not identical with y  we must use the non-identity sign J .  Thus A I [ A I .  J  means 

that x  has the same mother as^  but is not identical, x  and^y often have several latest 

common ancestors. Thus A/|.\/. P \P .  J  means that x  has the same mother as y , 

and also the same father, and is not identical; hence x  is y s  whole sister or brother. 

This is however a somewhat cumbrous expression, which we replace by a single letter. 

However we are aware that logicians may prefer a symbolism which fits into the corpus 

o f  symbolic logic. And it may also readily be translated into the symbols o f  binary 

arithmetic. Thus if x  is the child o f y s  mother’s father and of_/s father’s whole sister,

w Ha relation which we symbolize by  ̂ ^

this section is [ P \ P . J )  |A/.A/| (A/|A/. PjP.J) |P. If  we write 0  for .V/ and A I  and 1 

for P  and P ,  using a decimal point for the latest common ancestor, with the convention 

that children o f the same parent are not identical, this becomes I • 1 0 —00*01 —0 1 -1 1 , 

using Russell’s sign for logical product. It is instructive to note why we could not 

use symbols for “ Son o f ”  and “ Daughter o f”  as our primitive signs.

Symbolism

J , the relationship in the terminology of

In the interests o f  brevity we use the following symbolism. Each letter stands for 

a human being, w  means a wife, woman, Weib, etc. h means a man (husband, homme, 

Herr, homo, etc.). T h e  symbols m  (which may mean male, man, maschio, mother, 

Mutter, ma (Hindi) etc.) a n d y  (which may mean father, female, femme, etc.) are liable 

to be misleading. A n y set o f  letters (not more than three in this paper) symbolises a 

relationship o f  B  to A  through a common ancestor, beginning with T ’s parent. T h e  

common ancestor is written with a capital letter, and letters subsequent to it represent 

descendants of the common ancestor, and ancestors o f  B .  Thus w H  means that 

4̂’s mother w  was a daughter o f  H ,  the father o f  B .  Thus B  is T ’s maternal half-uncle. 

Similarly h W h  means that B  is the child o f  /I’s maternal half-brother. I f  there are

several common ancestors we use a bracket. Thus means that A ’s paternalh H  )
w W w j

grandfather H  had a child B  by the maternal half sister o f  .Ts mother. T h at is to say 

H  married his son’s wife’s maternal half-sister. Thus both H  and W  must have married 

twice (or had children by two sexual partners). Where a pair o f  common ancestors

are married, we use the symbol A/. Thus h M  replaces and

a whole sib of A ’s father h , that is to say a paternal aunt or uncle o f  A .

means that B is

356



87
W e are aware that we have no symbols for the relationships in a direct ancestral 

line, namely parent and child, and the symbols are ambiguous for grandparent, and 
grandchild, which come within our scope. But here unambiguous words or phrases 

are available in most languages. The Indian languages are richer than the European 

in terms for relationships. Thus in Hindi “ brother’ ’ is “ b h a i ’ ’ and “ sister’ ’ “ b a k i n '  
or “ b a h a : i ’ . The four types o f male first cousin, namely the sons o f  .4’s mother's 

sister, mother's brother, father's sister, and father’s brother (in our symbolism w M i v ,  
w M h ,  h M w ,  and h .M h ) are called m a u s e r a -b h a i, m a m e r a -b h a i, p h u p h e r a -b h a i, and c h a c h e ra -  
b h a i, respectively, their sisters being called m a u s e r i-b a h a n , etc. These arc derived 
from the names o f the four types of aunt and uncle. But although remarriage o f  
widowers is normal in northern India, and polygyny was not rare, there are no special 

words for w H w , etc. There is therefore a need for a symbolism.
In translating our symbolism into that of symbolic logic, the order should be reversed. 

w  before the capital becomes .1/, after it M .  h before the capital becomes P ,  after it P .  
\ V  becomes .\/|.\/. J \  H  becomes P \P .  J , and M  becomes (*\/|.\/. P \P .  J ) .  Inclusion 
in a bracket is replaced by the full stop or other sign for a logical product or intersec­
tion class.

J. B. S. H a l d a n e  &  S. D. J a y a k a r

T he E numeration

Table 1 gives our enumeration. The third column gives the converse o f each rela­
tionship. S  denotes that a relationship is symmetrical, and is therefore its own converse. 
There are only 17 relationships which do not involve at least one remarriage. T h ey  
are the six relations between ancestor and descendant which head our list, and the 
follow ing:—

M ,  w M ,  M w ,  h M ,  M h , w M w ,  w M h ,  h M w , h M h , , and . In Indian

communities where widows do not remarry, relationships containing the letter W  do 
not occur, or are not recognized.

Some o f the multiple relationships involving remarriage or polygamy are no doubt 
bizarre, and several o f  them can only occur after marriages to agnates (spouse’s blood- 
relatives) which are forbidden in some cultures. However they are often encouraged 
in others. Thus where a man marries two full sisters, simultaneously or successively,

—  ~ H  \
their children will be in the relation W ly f w f  (paternal half sib and full cousin) to one

another. Again in some polygamous cultures, and particularly in ruling families, a 

man might inherit his father’s wives and concubines, and have access to all o f  them 
but his own mother. T h e child o f a woman by her first husband and by his son by

W)another wife are in the relationship , that is to say B  is A 's  maternal half-brother

and paternal nephew. M ythology furnishes examples o f still stranger relationships. 
Thus in the M ahabharata the children o f  the brothers Yudhisthira and Arjuna by their

IV) •co-wife Draupadi were legally  ̂ ; but since according to the epic Yudhi${hira

6

357



8 8

T a b le  1 . R e la t io n s h ip s  a n d  co e ff ic ie n ts  o f  r e la tio n s h ip

H u m a n  relationships

Relation Symbol Converse / F 1̂J <̂ 2l <t>

Degree 1
1, 2 Parent — Child 0 0 1 i i 0

Degree 2
1,2 Mother’s Parent — Daughter’s

child i 0 i l l i 0
3 ,4 Father's Parent — Son’s

child 11 ii 0 0 0 l 0
5 Maternal half sib w S i 0 i i i 0
6 Paternal half sib H S 9 9 11 0 0 0 i 0
7 Full sib Af S i i l i i

Degree 3
0

1, 2 Half aunt or uncle wW Ww 0 i i i iV 0
3 ,4 11 1 9  I f wH Hw ii 11 0 * 0 l 11
5, 6 11 91 11 hW Wh ii 11 0 0 i i 11
7, 8 ♦» 11 11 hH Hh ii 11 0 0 0 0
9, 10 Aunt or uncle wM Mw 0 i i l T IT 0
11. 12 «» M M hM Mh ii 11 0 0 * 0
13, 14 Double half aunt or

uncle ^Fig. 1) wW  \ Ww \ *
1

T S i T S 0
hH 1 Hh )

15, 16 ii ii ii wH  \ Hw \ ii ii 0 i * k \

hW  I Wh 1
17, 18 Half aunt or uncle

and half niece or
nephew (Fig. 2) wW  1 Ww \ i

i
I f f l i i i V 0

Hh / hH j

19 ii ii ii wH \ S ii ii 0 l l i i
ii ii ii Hw 1

20 ii ii ii hW  \ S ii 19 0 i  i l l i
ii ii ii Wh )

Degree 4 !
, ~ ~~ i
j L 
i

1
I

i

i
i

I One common grand­ i ii i - 1
1
1 1

parent i 1i i 1 !

1 Half first cousin F ig ,3 i wWw i s  1
1

3 7 ! 0 1 i tV i * 3*7 ! 0
2 ii ii ii ! wHw ! S ii 11 i i i i 1*8 1 * 13, 4 19 11 19 ! wWh ! hWw 11 0 1 0 iTB
5, 6 11 11 11 1 -  wHh ! hHw ii 11 0 0 1 0 0 i , 11

7 19 11 11 1 hWh \ s ii 19 0 0 0 !8 11 11 11 ' hHh
i
i

I s

1
11 0

!
o 1 0

1

0 1
11

II Two common grand­
1
1

I
,

1
11

1
!
i

parents 1
|

f  1
I :

A No remarriage 11 . i
9 Full first cousin wMw j! s  1 1TS 0 1 i iTB 0

(Fig. 4) ii 1 1
10, 11 ii ii ii wMh i hAfw ii If 0 i 0 TB 11
12 ii ii ii hMh s ii 11 : 0i

0 0 i 1
>9

B Two remarriages
i !
i

I 1 
1 1

1
1

13 Double half first cousin w Ww 1 ,; 1Iff ; i * 1TS " 3 7
1

(Fig. 5) ! hWh 1
114 11 11 11 11 wWw 1 1 S  J ii ii : i

1
1 1

1
1 8 3*7 0

hHh 1 ; 11

15 11 ii 11 it wHw 1 ,i S  '
ii 19 i i l I f  ' l

hWh 1 \ !1 i
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Relation Symbol Converse f F t it t t i fat <P

B Two remarriages
01G Double hall* first wHw 1 s Iff Xff{ i i i Iff

17
cousin hHh )

n >» yy yy wWh \ 
hWw j

s yy yy 0 i h i A

18 » yy yy yy wHh \ 
hHw )

s yy yy 0 0 0 0 0

19, 20 >> yy yy yy wWh \ wHh \ yy yy 0 i 0 fa 0
hHw j hWw )

C Double remarriage
21, 22 Double half first cousin wlVw \ w IVw \\ 1Tff 0 i TB * fa 0

23, 24
(Fig. 6) wHh 1 hHw 1yy yy yy yy w 1 Vh ) wHw \ yy yy i i i i 0

25, 26
wHw 1 hWw )yy yy >> »> wWh \ hWw 1 yy yy 0 i 0 fa 0

27, 28
hHh 1 hHh )

yy yy yy yy wHh ) hHw ) yy yy 0 0 0 i 0
hlVh ) h\Vh )

III Three common grand­
parents

A One remarriage
29 Full and half first wAlw 1 S 335 fa i :iTff nIff 31 A
30

cousin (Fig. 7) h\Vh )
yy yy yy yy wAluu ) 

hHh )
S 1 yy yy i nIff •»Iff fa 0

31, 32 yy yy yy yy wAth \ h\tw \ yy yy 0 i i lIff 0
h 11Aw ) wWh /

33, 34 yy yy yy yy wAIh 1 hAlw 1 yy yy 0 i 0 iIff 0
hHw } wHh J

35 yy yy yy yy hAlh }
w\Vw j

S yy yy i fa A fa A
36 yy yy yy yy hAlh \ 

wHw )
S yy yy i * i IS i

B Triple remarriage
37 Triple half first wWh ^

cousin (Fig. 8) hWw l 
wHw J

s fa 1ff* i i fa A

w l Vw I wWw )
38, 39 yy yy yy wHh 1 hHw yy yy i A T« fa 1Tff

hlVh ) hWh J

w\Vw \ 1
40 yy yy »» uHh l S yy ft . i A ' *  , fa 0

hHw } I

41 yy yy »» wWh \ 
hHh i S yy yy 0 t i i 1Tff
hWw J

42, 43 yy yy »* wHw 'j wHw )
wWh t hWw yy yy i i i i 0
hHh ) hHh I i
wHh A

44 yy yy *. hHw > S yy yy 0 0 0 i 0
h\vh J
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T a b l e  1. R e la t io n s h ip s  a n d  coeffic ien ts o f  r e la t io n s h ip ■— (Con id .)

Relation Symbol Convene / F bn 4>ti <f>12 <P

IV Four c o m m o n
grandparents

A Two marriages
\45 Double first cousin wMw ) 5 k A \13 \I#*. .3 2 \T»T

(Fig. 9) h.\th )
46 a it a wMh \ 

h.Mw )
S tt >* 0 i k i 1*3

B Cyclical remarriage

47 Quadruple half first w 11'w )
cousin (Fig. 10) wHh S it 3 2 k il« tT S’ *

3 2 1*5
h llh
hHw J
wWh y\

48 a a a wHw 
h M ’w i 
hHh il

S a >* k k k t\ 1T r,

Degrees 2 and 3 .
1, 2 Half sib and half 1V 1 1V 11 te

I
k i k k k 0

aunt or u n c l e hH I Hh )
(Fig. 11)

3, 4 »> a a H \ H \ tt k k k S1 3 k
w IV ) Wuu j

Degrees 2 and 4
I Two remarriages

k k k k k1 Half sib and half W s *32 1T5
first cousin (Fig. 12) hWh )

2 i • it a W s a tt k k k k 0
hHh l

3 a it a H \ s a a k 1TS Q
3 2 k

w 1Vw 1
4 a it a H \ s it a k k k *T 3 k

wHw J

II One remarriage k k k k k k5 Half sib and full W } s nTff
cousin (Fig. 13) hMh 1

6 a a a H s tt tt l 3T 8 *3TS hh l
wMw ) -

Degrees 3 and 4 I
I
i

)
l

I A One remarriage
k k 01, 2 Half aunt or uncle w W \ Ww \  *2 0 k iT3

and half cousin 
(Fig. 14)

wHh } hHw )
i

3 , 4 a a a wH ] Hw ) 1
' it k A TB * 0

wlVw / wWw /  .
5, 6 a a a hW Wh \ tt 0 0 k 0

' hHh 1 hHh 1
7 , 8 a a it hH I Hh ] 1 tt 0 0 k TH 0

h It’w ) wWh ) 1
. . __ ___ _ 1
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Table 1 . R e la tio n s h ip s  a n d  co effic ien ts  o f  r e la t io n s h ip — (Coned.) 

Relation Symbol Converse /  F  <f>n 4>it

B Two remarriages

9, 10 Half aunt or uncle wW \ IVw
and half cousin hWh J hlVh
(Fi?. 15)

11, 12 it tt wW  I I Vw
hHh j hHh

13, 14 tt tt tt wH \ Hw
hWw 1 wWh

15, 16 tt tt tt wH  \ Hw
h I Vw ) wHh

17, 18 tt • tt tt hW  -\ Wh
wWh 1 hWw

19, 20 tt tt tt hW  1 Wh
wHh J hHw

21, 22 tt tt tt hH 1 Hh
w l Vw 1 wWw

23, 24 tt it it hH \ Hh
wHw 1 wHw

II A Double remarriage

25, 26 Half aunt or uncle wW Ww
and double half wHh !• hHw
cousin (Fig. 161 MVA i hWh

wH Hw
27, 28 tt tt tt wWw > wWw

hHw ) wHh

h\V \ Wh
29, 30 tt tt it hHh hHh

wWh 1 h Ww

hH ^ Hh
31, 32 tt tt tt h I Vw j. wWh

wHw ; wHw

II B One remarriage

33, 34 Half aunt or uncle w IV 1 Ww
and cousin (Fig. 17) hMh 1i h.\lh

35, 36 tt tt tt wH 1
hMw J1 wMh

37, 38 tt tt >t hW i Wh
wMh l( hMw

39, 40 tt tt it hH \ Hh
w.\fw Jf Wi\lw

III Two remarriages

Half aunt or uncle,
41 half nephew or wH '1 .niece, and h a l f Hw

cousin (Fig. 18) w I Vw .1

hlV '1
42 It It >! IVh

hHh I

1

}

3 1 s S 4 4 i
\

I F #

tt tt 4 4 4 I*F 0

l

) i t tt 0 4 4 A 4

1

) tt tt 0 4 0 i 0

\ tt tt 0
«

4 4 A 4

)

\ it i t 0 4 4 4 0

)

\ tt i t 4 A tV 3 1 0

)

\ tt it 4 4 4
l

T * 0

J

}
4 3*1 4 4 4 4

}
tt tt 4 r'a :i5; 0

}
It tt 0 i 4 T.T 4

}
tt tt 4 4 4 4 0

4 A 4 4 4 T 5 4
)

It tt 0 i 4 I  © 4
)
) tt tt 0 4 4

T
I F 4

I

1

tt it i
l

I F I F
0

*
3 1

tTF 4
*

t f
4IF A 4

i t i t 0 4 4 4 4
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Human relationships

x cP̂ x o x O*?

O 8 

cP7  x $
O a

Fig. 1 The relationship symbolised by ^

x o :?

O a O b
Fig. 2 The relationship symbolised by

Ô x O Ĉ x o x cP7? $ $

cP7 ?  $

0 A O b
Fig. 3 The relationship symbolised by wWw

cP7

X cP7

cP7
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O a O 8
Fig. 4 The relationship symbolised by wMw

X

Q B
The relationship symbolised by j

O A
fig.

Q B
6 The relationship symbolised by
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Fig. 7 The relationship symbolised by I wMw 
l h\V h

O a O b

{wWw 
h\Vh 
wHw

O^x  O O x  O*

<">---- -'j'- x
£ x--------C/7

O A  o B

F ig .  9 T h e  r e la t io n s h ip  s y m b o lis e d  b y
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$

O a O b

Fi? . 11 The relationship symbolised by {
vv

h H
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C ^ x  o  
1 ¥

*bX------

1
C ^ x  £

—
X ‘i

t-

O a O b
1 The relationship symbolised by ^\Vh

?

O ^ x  £

r
*bX-----

QA OB
Fig. 13 The relationship symbolised by (^M h

Fig. 14 The relationship symbolised by {
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c / 7 : ?

X-----

X-----
"b

c? X ?

0 *
f  wW

The relationship symbolised by l ^Wh

?

Q 8

f wW
Fig. 16 The relationship symbolised by j wHh
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d^x o x cP7

O ^ x  ?

O a O 8
F ig . 17 The relationship symbolised by i wW

\hMh

X
O ^ x $

?  ?

OA 0 »

Fig. 18 The relationship symbolised by « Hw
IwWw
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and Arjuna, though legally sons o f Pandu, were in fact children o f their mother K unti 

by different males, their relationship was • T o  take a still more startling rela­

tionship, according to some Greek mvthologists. after Odysseus' death his son Tele- 

machas by Penelope married Circe, his son Telegonos by Circe married Penelope.

W h )
T h e children o f these second marriages were in the relation h \ V  > . Each, if  a male,

h H h  )
was half-uncle, half-nephew, and half-first cousin o f the other. It is perhaps unlikely 
that this relationship, which closes our list, has occurred outside mythology'.

W hile relationships whose symbol contains a single H  or a single W  are not rare, 
those with several such arc much rarer, and those involving a triple rem arriage o f 

five persons must be very rare, even though such a chain o f marriages could occur 

without divorce. O n the other hand a cyclical rem arriage (Fig. 10) must be rare, 

though it occurs in communities where divorce is easy and spouses exchanged. But 
the sequel o f two marriages between the unrelated progeny o f the cyclical rem arriage 
must be very rare indeed, whereas a marriage between two brothers and two sisters, 
which yields similar coefficients o f relationship, is not unusual.

T h e relationships fall into 24 groups, in each o f which the structure, as shown by the 
pedigree, is the same, apart from differences o f sex. Hence in each group the values 
o f/ a n d  F ,  which refer to autosomal genes, and are thus not affected by sex, are constant. 
T h e  groups are separated in T able  1 . T he values o f/ a n d  F  may o f course be the same 
in two groups o f different structure, for example the grandparent and grandchild group 
and the h alf sib group. There is no difficulty in being sure that one has enumerated 
all the possible relationships in such a group. O ne has merely to permute the sexes 
o f all relevant ancestors o f A  and B  in every way consistent with the condition that the 
parents o f any individual are o f different sexes. T h e number o f relationships in a 
group then ranges from 1 to 16 (subject to m ultiplication by 4 if the sexes o f .1 and B  
are taken into account). It is a little harder to lay down rules to ensure that the 
enum eration o f the isomorphic groups is exhaustive.

T h e following argument show s that there are 48 and only 48 types o f first cousin rela­
tionship. A  has four grandparents, his m other’s mother his father’s mother C l5 

his m other’s father y2, his father’s father y v  Similarly B ' ŝ  four grandparents m ay 
be labelled C 2, C [ ,  y 2, y [ .  A  and B  may have 1, 2, 3, or 4 grandparents in common.

First consider in how many ways they may have one in common. W e can choose 
any o f .d’s four grandparents, say C v  This grandparent must be a female grandparent 

o f B ,  and can be assigned to B  in two ways, either as C [  or C2. Thus there are 8 

different relationships. We can choose tw o like-sexed grandparents o f A  in 2 ways, and 
assign them to B  in 2 ways. So they can have two like-sexed grandparents in 4 ways. 
W e can choose two unlike-sexed grandparents of A  in 4 ways, and assign them in 4 
ways. So A  and B  can ha\e 2 unlike-sexed grandparents in 16 ways, and 2 grand­
parents in 20 ways. W e can choose 3 grandparents o f A  in 4 ways, and assign them to 
B  in 4 ways, making 16 possibilities. Finally if they have all 4 grandparents in common

J. B. S. Haldane & S. D. J ayakaR
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the grandm others m ay be assigned to B  in 2 ways, and the grandfathers in 2 ways, 

m aking 4  in all. This agrees with the figures 8 , 20, 16, and 4, given in T ab le  1.

H ow ever we actually used a method which can be illustrated from the relations 

between first cousins. W e write down the 8 single path relationships:—  

w W w , w W h ,  h \ V w ,  h \ V h ,  w H u \  w H h ,  h H w ,  and h H h .
A ny one o f these is com patible with any other differing from it by two or more steps. 

A  capital letter represents two steps. Thus w W w  is com patible with all the others 

except w l l ' h  and h \ V w .  Thus 8 o f  the 28 possible pairs o f paths arc excluded because

they involve incest, e.g. w\Vw\ 
w l V h  I This leaves 20 admissible relationships with 2

grandparents in com m on. A  third path may be added to each pair provided it is not 

incom patible with either o f the first two. T h e triad o f paths must include two with the 

same com m on capital letter. There are only 4 such pairs, and each such pair can be

associated with any path with the other capital letter. For exam ple can

associated with any path including H .  Thus there are 16 relationships involving 3 

grandparents. Sim ilarly each o f the two com patible pairs including \ V  can be associa­

ted with either o f the two including H ,  giving 4 quadruple relationships. In fact we 

represented each single path by a point, joined the com patible points by 20  lines, and 

then picked out triangles and quadrilaterals with both diagonals. T w o  paths differing

only in their capital letters are condensed, e.g. ^  j  to w . M w .  T h e  same princi­

ples can be applied to the relationships o f  mixed degree, though here some multiple 

relationships are excluded because they involve more than 3 generations.

T h e calculation o f coefficients o f relationship is not difficult. B  m ay be related to 

.4 by at most 4 single paths; and since a gene found in A  and B  can only be inherited 
from one o f their com m on ancestors, the contributions o f these paths to f  and <£ are 
additive. T h e single paths are sym bolized by W ,  H ,  numbers 1 to 8 o f degree 3, and 

rrumbers 1 to 8 o f degree 4. Thus having calculated the values o f f  and <f> for those

paths we can obtain them for all the rest by addition. Thus the values for w M w
h W h are

obtained by adding those for w W w ,  w H w ,  and h W h .  T h e values o f F  and 0  are sums 

o f two products o ff  and (£ values which m ay be looked up in the earlier parts o f T ab le  1 , 

and o f the values when A = B , which are given in the first line o f T ab le  2.
T h e most im portant o f the coefficients is W right’s / , which am ong other things, 

determines the biological dangers o f inbreeding, and its biological advantage in reducing 
the risk o f m aternal-foetal incom patibility. As the latter, though it has probably been 
detected by Goldschm idt (1961), has not been calculated, we discuss it in the next 
section. T he prohibitions against m arriage with cognate relatives, if, as has been 

suggested, they are based on the observation that inbreeding produces more defective 
children than outbreeding, are not very logical, as has often been pointed out. M arriage 
between h alf brother and half sister is generally prohibited, and a union between them 
is criminal in m any legal codes. H owever, by the standard o f/ ,  they are no more

370



101J .  B. S. H aldane & S. D. J ayakar

closely related than niece and uncle or aunt and nephew, whose union is legal in some 

codes, and criminal in few or none, double first cousins (who m ay marry where uncle 

and niece may not, as in Britain! and several complex relations. In British law a man 

m ay not marry his half-niece, who is less closely related { / =  i z )  than his double first 
cousin.

T he E ffect of Inbreeding on Disease and D eath due to Maternal-foetal

Incompatibility

Consider an autosomal locus where a gene A determines the production o f an antigen 
such that an Aa child may immunize an aa mother, and cause its own death, or more 

usually that o f a subsequent Aa child. T he symbol A is used both for genes such a 
A t which appear often to immunize a mother to her first Aa child, and those such as D 
which rarely immunize the mother during the first pregnancy.

I f  p  is the frequency o f A, q  that o f a. i.e. o f all alleles not producing the antigen in 
question, the frequency o f mothers lacking the antigen is q 2. In a random mating 
population a fraction p  o f their children, or p q 2 of all children, is liable to be immunized. 
O f  these p 2q 2 are in families consisting of Aa children only, p q 3 in families consisting of 
Aa and aa. In the case o f genes such as D the former are at a considerably greater 
risk. I f  the father is a relative of the mother with given values o f^ an d  F, the frequency 

o f Aa among the children o f aa mothers is reduced from p  to (1 — 2f ) p .  T he fraction 
belonging to all-A a families is reduced from p 2 to (1 — 4f — F ) p 2, while that belonging 
to mixed families is changed from p q  to p [ q i - 2 f ( p — q) — F p ] ,  which may be an increase 
or decrease according to the value o f p .  I f  K  o f the Aa children o f homozygous, and k  
o f the children o f heterozygous fathers are killed by incom patibility, the death-rate 

from this cause is p q 2 (K p - * - k q ) when parents are unrelated, and
p q 2[ K p ~ k q - f  ( 2 K p — k p — k q )  +  F ( K - k ) p ]  

when they are related. Thus inbreeding saves the lives o f a fraction

(f - F )  ( K - k )  p  
J  ^  ' K p - r k q

o f the babies which would otherwise die from the effect o f incom patibility. f > F  and 
K > k ,  so the fraction exceeds f ,  but cannot exceed 2f — F .  This however is the fraction 
saved at any one locus. If the number o f independent loci concerned is large enough, 
it is conceivable that the death-rate may be reduced quite considerably by cousin 

marriage.
Sex-linked genes responsible for human antigens are not yet known.* Still less is 

there any evidence that such genes are ever responsible for incom patibility between 
mother and foetus. H owever it is interesting to calculate what effect they have if they 
exist. Let S and s be a pair o f sex-linked allelomorphs, or groups o f allelomorphs, 
such that S determines the production o f an antigen capable o f im m unizing ss mothers, 
while s does not. A  ss mother cannot bear S sons, but may bear Ss daughters, who 
m ay be elim inated. Let p  and q  be the frequencies o f S and s, and k  the fraction of 
Ss daughters o f ss mothers eliminated. T h e fraction o f daughters elimirftued if parents 

• We learn that one has at last been discovered.
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are unrelated is ciearlv k p q 2, and it can be seen that there is unstable equilibrium  when 

P ==(I ==b  as in autosomal case. T h e frequency o f males am ong the surviving

offspring would thus be „ — —̂ j if  no other causes were disturbing the sex ratio.I  — kp q~
I f  the parents are related, the frequency o f Ss am ong the daughters o f ss mothers 

is reduced from p  to (1 — <f>)p where <f> is the coefficient o f relationship o f the parents. 

T hus the frequency o f males would be reduced from (2 — kpq'2) ~ l to [ 2 — k ( \  — 6 ) p q 2J~l . 
Goldschm idt how ever found more males when the parents were related. So incom ­

patibility, if  it accounts for a lower abortion rate, cannot account for a higher frequency 

o f males when parents are related. I f  p  =  which gives the m axim al elim ination, and

k  = 0 -1 , which is very high, the frequency o f males would only be 50-373% , and if the 

coefficient o f sex-linked relationship o f parents were 1 /8 , it would only be reduced to 

50-326%, which could hardly be verified on a sam ple less than a million. T here 

m ight be several such loci on the X  chrom osom e, but a high m ortality rate and a high 

frequency o f the rarer allele could seldom coexist. Even if, between them, they accoun­

ted for the whole excess o f males observed, inbreeding would rarely reduce the ratio 

by even one eighth o f the w ay towards equality. W e conclude that such effects, if 
they occur, are unim portant.

T h e effect o f inbreeding in raising the m ale frequency, if  it is confirmed, is perhaps 

more likely to be due to the same ejroup o f causes which elim inate m ale m am m als, 

and in general members o f the heterogam etic sex, in interspecific hybrids (H aldane, 
1922).

T he E ffect of M onozygotic T winning

I f  B  is A ' s  m onozygotic twin, the effect on the coefficients o f relationship is as shown 
in the first line o f T ab le  2. I f  a pair o f like-sexed sibs are m onozygotic twins they 

are believed to be genetically identical. I f  any pair o f “ paths”  connecting B - t o  A  
passes through a pair o f whole brothers or sisters, these m ay be m onozygotic twins. 

In double first cousinship o f the first type, either the sisters, the brothers, or both, m ay 

be m onozygotic twins. T h e relationships which can be transformed by m onozygotic 

twinning are listed in T ab le  2. T h e  first one can o f course only be transformed if 

A  and B  are o f like sex, the second if B  is a wom an, the third if A  is a wom an, the fourth 

if  B  is a man and the fifth if  A  is a man. A ltogether 18 relationships can be so trans­

formed. T h e second column gives the original value o f f ,  the fourth and later those o f 

the transformed relationship. T h e  value o f f  is always increased, but never more 
than doubled. T h at o f F  can be increased up to four times. T h e  m arriage o f twro 

pairs o f m onozygotic twins m ay not be as rare as m ight be thought. A  biom etric 
study o f the resem blance between the children o f m onozygotic twins would be well 

worth carrying out.

R elationships when R elatives are Inbred

W e shall not consider these in any detail, but it m ay be instructive to work out the 

num ber o f first cousinships possible if A ,  B ,  or both are inbred. A  m ay have only 3
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T able 2. E n h a n c e m e n t  o f  r e la t i o n s h i p  b y  m o n o z y g o t i c  t w i n n i n g
---— - • " - - — ----- * ------ * ~ — - - -

Original Enhanced
<t>relationship / relationship / F 1̂1

M

- - - - ~ ( 

k Identity i 1 1 \ I
wM k Mother k 0 . . ‘ i . . k 0
Mw Woman's child 9 9 9 9 . . . . 4 k 0
hM 9 9 Father 9 9 9 9 0 . . k . . • •
Mh 9 9 Man's child 9 9 9 9 0 i • •

w+\fw xV w k 0 * i k k 0
hMh 9 9 H 9 9 9 9 0 0 0 k 0

wMw ) 13 J W \ 533 * k i k k k
hWh ) hlVh )

wMw ) 9 9 W \ 9 9 »* * k k k 0
hHh ) hHh i

hMh \
9 9 - H  \ 9 9 9 9 Js 3*3 k

w 1 Vw j IL'lVlV J

hMh \ 9 9 H \ 9 9 9 9 * k k *»To k
wHw ) wHw j

w M lu \ k w \ lIS k * k k k k
hMh J hMh J

» 9 9 »  \ 
wMw )

9 9 9 9 ’ i T8 TK k k l

>> 9 9 M k k i k k i k
W \ 

hMh ) TS M 9 9 9 9

•

9 9 9 9 9 9 9 9 9 9

H  \
wMw j

9 9 M 9 9 9 9 9 9 9 9 9 9 9 9 9 9

w\V 4 J *TS k k k k k
hMh J w\V )

Ww \ 9 9 H  1 9 9 1* k k k STK k
hMh ) Ww J

hH \ 9 9 I V  1 9 9 9 9 * k k k 0
wMw j hH j

Hh \ 9 9 I V  \ 9 9 9 9 k k k k 0
wMw j Hh J

grandparents in two ways. His double grandfather had a son and daughter by different 
wom en, and A  is the offspring o f their union. O r he may have only one grandm other 
as a result o f a union between her offspring by two men. In either case the three 
grandparents can be specified uniquely. A  can have only two grandparents in three 
ways. His grandfather m ay have united with a daughter, and is therefore i4’s father 
and grandfather. O r his grandm other may have united with a son. W e do not 
consider these possibilities further, as they give rise to mixed relationships o f degree 3 

and 4. Finally A  may be the offspring o f the union o f a whole brother and sister. 

7
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This possibility will be considered. A ll these possibilities are o f course realised in 
anim al breeding.

T ab le  3. S u m m a r y  o f  T a b l e s  1 a n d  2

104  H u m a n  relationships

Degree of Symmetrical Pairs of converse Number enhanced
relationship relationships relationships by monozygositv

1 0 1 0

2 3 2 1

3 2 9 4

4 24 12 7

2 + 3 0 2 0

2 + 4 6 0 2

3 + 4 2 20 4

37 46 18

It is convenient to denote the relationships where 4  has m  grandparents and B  has 

n by (m , n ) .  W e have shown that there are 48 relationships o f class (4, 4). Let us 

now find the num ber in class (3, 4). First consider the relationships with 1 grand­

parent in common. I f  4  has only one grandfather he can be assigned to B  in 2 ways. 

But 4 ’s grandm other can be chosen in 2 ways and assigned in 2. So they m ay have 

one grandparent in com m on in 6 ways, with 6  more when A  has only one grandm other, 

m aking 12. A gain  if  A  has only one grandfather we can choose two grandm others 

in one w ay and assign them to B  in 2 ways; we can choose a grandfather and grand­

mother in 2 ways and assign them in 4. Sim ilarly if  A  has only one grandm other. 

Thus A  and B  can have 2 com m on grandparents in 20  ways. Sim ilarly 4 ’s 3 grand­

parents m ay be assigned in 4 ways if he has one grandm other, or 8 in all. T h e  total 

num ber o f cousinships o f  cktss (3, 4) is thus 12-|-20 -(-8 , or 40.

Sim ilar calculations m ay be made for other classes, and we find the following numbers

(4, 4) 48

(3, 4) and (4, 3) 80

(2, 4) and (4, 2) 16

(3, 3) 40

(2, 3) and (3, 2) 20

(2 , 2 ) 3

207

Thus the number o f possible first cousin-ships has been increased from 48 to 207, 

or 828 if the sexes o f A  arid B  are considered. T h e  grand total o f all relationships 

would be considerably increased, since new relationships o f mixed degree are possible,
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for exam ple A  may be B ' s  parent and grandparent, parent and half-sib, and so on. 

O u r h, w  symbolism is not adapted to describe relationships involving inbreeding o f 

either relative, that is to say relation through a line o f intermediaries which forks.

R elationships of H icher D egree

It is quite possible to enumerate relationships o f higher degree, and to calculate 

their coefficients. W e have not attempted this task for two reasons. T h e first is its 

gigantic character. As will be seen, a list o f relationships between second cousins 

on the lines o f T able 1 would occupy several volumes. T h e second is that as soon as 

we reach asymmetrical relations o f degree 4 such as that o f great-uncle, or relations o f 
higher degree such as first cousin once removed, it becomes possible for A  or B  to be 

inbred, and related through chains o f relatives which split. W e shall merely calculate 
the number o f distinct relationships between second cousins which do not involve 
inbreeding, so that both A  and B  have 8 distinct grandparents. C learly they are all 

built up o f 32 constituents such as w h l V h h ,  though at most 8 o f these can be com bined, 
since there are at most 8 common grandparents. Let the great-grandm others o f 

A  be C u  C 2, C3, C„ the great-grandfathers y 1( y2, y3, y4, each defined by her or his 
relation to A. Thus C, might be ,4 ’s m other’s father's mother. Let Cj, C.>, C3, C [ ,  
Y\-> Y°> Y v  Y i  be the great grandparents o f B ,  similarly defined. From 1 to 8 o f these 
m ay be common great grandparents o f both. Consider the grandmothers. I f  a 
single one is common to A  and B  this can occur in 42 or 16 ways, for that o f .4 can be 

any o f C v  Co ,  C3, and C4, and that o f B  can be any one o f C(, C!,, C3 and C'v  Thus the 
same woman could be .4’s m other’s father’s mother and B ' s  father's father’s mother. 
Sim ilarly a second identical pair can be chosen in 32= 9  ways, but since the order o f 
the pairs is irrelevant we have 16 x 9 -i-2  or 72 possibilities. Sim ilarly 3 identities can 
be chosen in 42.32.22 -f-3!, or 96 ways, and four identities in 42.32.22.1 2 4-4!, or 24 ways.

(41) 2
In fact the identity o f i great grandmothers allows possibilities. T h e same

is clearly true for the great grandfathers. Now suppose A  and B  have 5 great-grand­
parents in common, 4 m ay be great grandmothers and 1 great-grandfather, or 1 great­
grandm other and 4 great-grandfathers, each giving 2 4 x 1 6 , or 384 possibilities. O r 
they m ay have 3 great-grandm others and 2 great-grandfathers, or 2 and 3, in common, 
each giving 72 x9 6 , or 6912 possibilities. W e thus have the possibilities given in 
T ab le  4.

T here are thus 43,680 or 25.3.5.7.13 distinct relationships when neither 
A  nor B  is inbred. But *Ts or B ' s  parents may, without incest, be any one o f the 48 
types o f first cousin, descended from only 7 to 4 great-grandparents. W hen allowance 
is made for this there may be about 9 million types o f second cousin.

D iscussion

O ur main results are summarized in T able 3. Perhaps the most unexpected is the 

large number o f possible relationships o f mixed degrees 3 and 4. Some o f these may
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T ab le  4. P o s s i b l e  r e la t i o n s  o f  o u t b r e d  s e c o n d  co ' is ins

H u m a n  relationships

Number of common 
greatgrandparents

Partitions Possible relationships Total

............... -------- ---------- -

i 0 + 1 2 x 16 32

2 0 + 2, 1 + 1 2 .< 72 + 16* 400

3 0 + 3, 1+2 2 x 96 + 2 x 16 x 72 2,496

4 0 + 4, 1+3, 2+2 2 x 24+2 x 16x96 + 72* 8,304

5 1+4, 2 + 3 2 x 16x24+ 2x72  x96 14,592

6 2+4, 3 + 3 2 x 72 x 24+96* 12,672

7 3+4 2 x 96 x 24 4,608

8 4+ 4 24* 576
--- — * --  -----

43,680

not be very rare. W here it is perm itted, there is nothing surprising in a widower 

m arrying a wom an, and his son by another m arriage m arrying her younger sister. T h e
H h  1

children o f these marriages are in the relationship sym bolized by \ f w \

W e are aware that we m ay have made errors both by om itting relationships permitted 

by our hypothesis, by m iscalculation, or by the overlooking o f misprints. W e shall 

be thankful to receive corrections, and to publish them if  they are accepted. O ur 

symbolism m ay be found unacceptable. W e have given reasons for preferring it to 
a bulkier if  more logical symbolism, and for using w  and h rather than f  and m ,  m  and 

f ,  or m  and p .  It has the grave demerits o f not covering ancestral relationships or 

their converses, relations beyond the fourth degree, or relationships involving incest. 

It has however the m erit that it can readily be extended to cover the distinction between 
older and younger brothers or sisters where this is sociologically im portant. I f  by 

putting a sign above or below that o f the com m on ancestor or ancestors we denote 
younger and elder sibs, while an asterisk denotes twins, this need can be met. Thus 

W  would denote a younger m aternal h alf sib, M w  the child o f an elder full sister, 
w A I *  a twin o f A ' s  m other, and so on.

T here is a very serious gap between genetics and anthropology, and anything which 
can help to bridge that gap is worth attem pting.

Summary

T h e logical structure o f human relationships is discussed. W hen the relatives 
are not inbred their genetical implications can be sum m arized by four coefficients o f 

relationship, nam ely W right’s coefficient o f  single autosomal relationship, a coefficient 
o f  double autosomal relationship, a coefficient o f single sex-linked relationship, and 
one o f double sex-linked relationship between wom en only. A  simple symbolism
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for human relationships is developed. There are 516 possible relationships bet 
A  and B ,  not involving an ancestor o f either more remote than a grandparent, an no 

involving incest. T ab le  1 gives the coefficients o f relationship for all o f them, 
are relationships between first cousins. In 6 6  cases the coefficients may be raise 
by m onozygotic twinning. T h e effect o f relationship on incom patibility between 

mother and foetus is described. There is a brief discussion o f relationships involving 

incest, and those between second cousins.
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Linkage
Haldane’s first study in genetics involved the discovery of linkage in mice, the 

first known case in vertebrates when he first reported it in a seminar of E.S. Goodrich 
at Oxford in 1911. However, R.C. Punnett advised him to obtain confirmatory 
evidence by conducting his own experiments. The paper was published in 1915 with 
his sister N.M. Haldane (now Lady Naomi Mitchison) and A.D. Sprunt, who died 
later in World War I. (See “An Autobiography in Brief,” p. 19).

A number of papers dealt with the estimation of linkage in special situations. The 
first of these provided the first mapping function relating crossovervalues with map 
distances (1919). The same paper contains the suggestion that map distances can be 
conveniently measured in units of “centimorgans” (cM), which is now universally 
used in gene mapping. Another paper (with C.H. Waddington) dealt with an analysis 
of the effects of inbreeding on linked factors, especially in complex situations that 
Jennings found so frustrating to deal with.1 The final paper of the section is especially 
concerned with the analysis of linkage in the tetraploid Primula sinensis, the first such 
study ever undertaken in plants.

1. Jennings, H.S., The numerical results of diverse systems of breeding with respect
to two characters, etc. Genetics, 2 : 9 7 -1 5 4 , 1917.
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R E D U P L I C A T I O N  I N  M I C E .

( P r e l i m i n a r y  C o m m u n i c a t i o n . )

B y  J. B. S. HALDANE, BA.,
L ieu t . 3 r d  B la c k  W atch, N e w  C ollege, O x f o r d ;

A. D. SPRUNT, B.A.,
L a te  2 n d  L ieu t . 4th B e d fo r d s h ir e  R eg t ., N ew  C o llege , O x fo rd  ;

a n d  N. M. HALDANE,
H o m e  S tu d en t , O x fo rd .

( F r o m  the L a b o ra to ry  o f  the D ep a rtm e n t  o f  C o m p a ra tiv e  A i\ a to m y ,

O x fo rd .)

D a r h i s h i r e ’s  ( 1 ) experiments indicated the existence of Redupli­
cation in Mice, and this work was undertaken to verify and extend his 
results. Owing to the war it has been necessary to publish prematurely, 
as unfortunately one of us (A. D. S.) has already been killed in France. 
He was a man of considerable promise, and his death is a real loss 
to Zoology.

The reduplication occurs between the factors named by Miss 
Durham(2) C and E, the absence of C producing albinism, that of E 
(when C is present) pink eyes and a coloured but pale coat. It is thus 
not possible to distinguish ce (albino) and Cee (pink eyed pigmented) 
mice on birth ; hence mice with pink eyes dying before the hair is 
grown cannot be distinguished, whereas CE (dark eyed) mice are at 
once identifiable.

8 cc  and 8 Cee mice were mated. All the c c ’s were of composition 
ccE E , two of the C ee’s were Ccee, tho rost CCee.
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The F x generation consisted of 9G CE and G cc, the CE’s being 
therefore of composition Ce . cE.

They were mated together and produced 1 1 1  CE, 1 1 G Cee or cc. 
Of these latter 74 survived to glow hair and 33 were Cee, 41 cc. If 
the rate of mortality is equal for Cee and cc, as Darbishire’s figures 
suggest, the original numbers were approximately 111 CE, 5T7 Cee, 
64 3 cc.

If the gametic series of F x was 1 CE : 1 Ce : 1 cE : 1 ce, the 
expectation would be 9 : 3 : 4 ,  or 127 7 CE, 42 6 Cee, 56 7 cc. If it 
was 1 CE : 3 Ce : 3 cE : 1 ce, the expectation would be 33 : 15 :16, or 
117 CE, 53 2 Cee, 56*7 cc, a much closer fit.

Darbishire mated his F x to albinos, obtaining 378 CE, 368 cc, or 
nearly equality. We mated F } to CCee mice, obtaining 18 CE, 23 
pink eyed, of which the 16 survivors were all Cee. This ratio suggests 
equality.

We next mated the F 2 mice of composition cc (albinos) to those 
of composition ee (pink eyed pigmented). We thus discovered 
which albinos were ccEE, ccEe, and ccee, the former giving no Cee 
offspring, the latter no CE, and similarly the Cee’s were separated into 
CCee and Ccee. Of the albinos 11 were ccE E , 9 ccEe, 6 either 
ccE E  or ccEe, 1 ccEe or ccee. Of the Cee’s 7 were CCee, 11 Ccee, 
4 doubtful.

Having thus produced a number of Ccee mice (either F 2 or 
offspring of ccE e x CCee), they wore mated together, and all their 
albino offspring were therefore ccee. These were mated back to 
the F x. The result was 3 CE, 24 Cee or cc, of which 7 survivors 
were cc.

Supposing the- gametic series to have been 1 CE, x  Ce, y c E ,  z ce, 
we have from the above matings:—

1 +  x =  y +  z, and probably 1 + y  = x  -f- z, also x  + y + z = Hence 
y =  x, z =  1, and 2./ + 1 = 8 , jr = 3{,. Assuming however that x  = 3, 
the expectation from the mating Fx x ccee is 1 :7 or 3| CE, 23{j Cee 
and cc, a close enough agreement, while without reduplication we 
should expect 6 J, 20\.

The experiments are being continued and extended to rats.

Part of our expenses were met by a grant from the Royal Society.

R eduplication in M ice
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C o n c l u s i o n .

Reduplication of the “repulsion” type, probably on the basis 
1 :3  :3  : 1 , occurs between the colour factors in mice named by Miss 
Durham (2) C and E, by Hagedoorn (3) A and E.
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T H E  C O M B I N A T I O N  O F  L I N K A G E  V A L U E S ,  A N D  

T H E  C A L C U L A T I O N  O F  D I S T A N C E S  B E T W E E N  

T H E  L O C I  O F  L I N K E D  F A C T O R S .

B y J . B. S. HALDANE, M.A.,

Fellow  o f  N ew  College, O xford.

(With One Text-figure.)

O n the theory that the degree of linkage between two factors 
depends on the distance apart of their loci in a chromosome, Morgan 
and his fellow-workers have taken the distance between two loci as 
proportional to the cross-over value1 of the factors located in them. 
This theory gives consistent results when the cross-over values are small, 
but, as recognised by Sturtevant, and by Morgan and Bridges(l), is not 
accurate for larger values. On the reduplication theory Trow(2 ) has given 
a formula for the combination of linkage values which is shown below 
to be inaccurate when the linkage is not close. In the present paper 
a more accurate theory of the relations inter se of the cross-over values, 
and of their connexion with the distances apart of the loci of factors in 
a chromosome, is developed. Some such theory is especially necessary 
when dealing with a group of factors containing few members not very 
closely linked.

Suppose A , B , C  to be three factors whose loci lie in that order in 
the same chromosome. Let m be the cross-over value for A  and B , 
n  that for A  and C. If the chromosomes were perfectly flexible, so 
that the fact of their having crossed between A  and B  did not diminish 
the probability of their crossing again between B  and C, we should 
expect a triply heterozygous organism to produce gametes in the fol-

1 If zygotes of composition A B  . a b  and A b  . a B  give gametic series

(1 -  m )  A B  : m A b  : m a B  : (1 -  m )  a b  and m A B  : (1 -  m)  A b  : (1 -  m ) a B  : m o b  
respectively, then m  is said to be the cross-over value for the factors A  and B ,
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lowing proportions if it wore of composition A B C  .a b c , and similarly 
for other compositions : .

No cross-over ...
Cross-over between loci of A ami II only ..

„  ,, „  I t  and C' only ...
,, ,, ,, A  and 71 and of I t  and ( '

( . l / i C  and a b c ) .  
( a l t C  and A b c ) .  
(A  11c and a b ( '). 
(.1b ( ' and <t />c)-

(1 - m ) (1 -  h). 
m (1 - /«).
(1 - Hi) I t.

mn.

Actually the last class has boon shown to lx* in defect in many 
eases. This has been thought to lx* due to the loops formed by the 
chromosomes during synapsis having a modal length(o). If this were 
so, we should expect to find an excessive number of double cross-overs 
when the distance between the loci of A and C  w;is equal to twice the 
modal distance between points of crossing over. This phenomenon 
has however not been recorded. Tin* shortage of double cross-overs 
can equally well be explained by the mere rigidity of the chromo­
somes, which makes sharp bending difficult. In the sex chromosome 
of Drosophila the ratio* of observed to calculated numbers of double 
cross-overs is ’58 :1  for eosin (white), vermilion, and sable (4) (where 
m -f // = ’400), and ’2 1 : 1  for vermilion, sable, and bar(8 ) (where 
m  -f n =  ’28!)).

If the calculated number mn of double cross-overs occurred, the 
cross-over value for A and C  would be equal to the total number of 
single cross-overs, i.e. to in (1  — n) -f- (1  — in) n, or m +  n — 2 mn.

If double cross-overs were impossible, but the full numbers of single 
cross-overs occurred, as would happen if the chromosomes were straight 
rigid rods, the cross-over value for A and C would obviously be m +  n 
(Morgan and Bridges’ formula).

Finally if double cross-overs were impossible, and in every case 
where one should have occurred according to the calculation above, 
a single cross-over took its place, the cross-over value for A and C 
would be m - f n -  2m n  +  mn, or m  +  n — mn. This case might be 
approximately realised if the chromosome could not form loops shorter 
than some definite length.

Hence the cross-over values for A and C should be approximately 
m  + n -when m and n are small, m +  n —2mn when their sum is large, 
and m + n — mn for intermediate values.

Table I contains the observed values(5 ) for all triads of factors in 
the sex chromosome of Drosophila for which each of the cross-over 
values exceeds T (10 0/o)- The first column gives the three factors 
concerned in each case; the second and third columns give the cross-

1 Called by Muller the “  coincidence.”
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over values for the first and second, and second and third factors 
respectively, i.e. m  and n. The fourth, fifth, and sixth columns give 
the results of the three provisional summation formulae obtained 
above; the seventh gives the observed cross-over value for the first

TABLE I.
1 n 3 4 3 6 7 8

F a c to rs m n m + n m+n-iim m-f/i—2»m Observed C lass

White sable lethal s c  ... •412 •236 •648 •551 •454 •460 7
Yellow vermilion rudimentary . •345 •241 •586 •503 •420 •420 7

.. >• b a r ............... •345 •230 •584 •502 •410 •479 7
White depressed bar ............... •203 •380 •583 •506 •420 •436 7 ?

,, sable forked •412 •160 •572 •506 •440 •457 7
Yellow sable rudimentary •420 •143 •572 •511 •440 •429 5

,, bar ............... •420 •138 •567 •508 •440 •479 7
White vermilion fused ... •305 •258 •563 •484 ;406 •433 7
Bifid vermilion forked ... •311 •245 •556 •480 •404 *425 7 ?
White sable rudimentary •412 •143 *555 •496 •437 •424 5
Bifid vermilion rudimentary ... •311 •241 •552 •477 •402 •427 7
White verraiiion forked •305 •245 •550 •475 •401 •'457 7

,, sable bar ... •412 •138 •550 •403 •436 •436 y l
Yellow miniature bar ... •343 •205 •548 •478 •407 •479 P
White vermilion rudimentary ... •305 •241 *546 •472 •300 •421 7

„ bar ............... •305 •239 •544 •471 •308 •436 7
,, miniature bar ... •332 •205 •537 •460 •401 •436 7

Yellow miuiature rudimentary... •343 •179 •522 •471 •410 •429 7
White miniature rudimentary . •332 •170 •511 •452 •392 •424 7

,, reduplicated bar •289 •206 •405 •435 •375 •436 P
„ furrowed forked... •303 •10 1 •494 •436 •378 •457 /3?

Bifid miniature rudimentary ... •306 •170 •485 •430 •375 •427 7?
White furrowed bar •303 •170 •482 •428 •374 •436 /3?
Yellow vermilion sable... •345 •101 •446 •411 •376 •420 P
Facet vermilion sable ... •321) •101 •427 •394 •361 •430 a ?
Depressed vermilion bar •170 •230 •409 •368 •328 •380 /s?
White vermilion sable ... *305 •101 •406 •375 •344 •412 a
Shifted vermilion bar... *155 •230 •304 •357 •320 •314 5?
White depressed vermilion •203 •170 •373 •338 •304 •305 7 ?
Yellow club vermilion ... •177 •188 •36)5 •332 •298 •345 P
White lethal s b aniniature •156 •199 •355 •325 •205 •332 P
White club vermilion ... •143 •188 •331 •304 •277 •305 P

,, lemon vermilion •145 •120 •265 •248 •230 •305 a?
Vermilion sable forked •101 . •160 •261 •245 •220 •245 Py

,, „  rudimentary... •101 •143 •244 •230 •215 •241 p
*» »* bar ........... •101 •138 •239 •225 •2 11 •239 a p

and third factors. In the eighth column these observed values are 
classified as follows:

Greater than m  -t- n 

Between m + n and m  +  n — mn

„ m  +  n — mn and m +  n — 2 mn 

Less than m  + n — 2 inn . . . .

Those exactly equal to m  +  n are classified as aft, and so on. The 
data are placed in the order of the magnitudes of m +  n. Where any

a

f t

7
5.
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of the three observed values is based on a count of less than 500 in­
dividuals (in which case the probable error of the cross-over value 
may exceed 1*5 0/o» as pointed out by the author(G) elsewhere) a query 
is placed in the last column.

It will be seen that the observed values, when m  +  n exceeds *5, 
lie almost whollv between m  + n — m n and m  +  n — 2 m n , as demanded 
bv the theorv above. The three discordant values out of 10  are no

V V

more than would be expected in view of the probable errors of the 
observations due both to small numbers and differential mortality. 
When m +  n is less than *5 the results arc somewhat more irregular, 
as the calculated values from the three formulae are not very different, 
but the majority of observations lie between m +  n and m +  n — m n, as 
demanded bv the theorv.%/ m

This table also enables us to test the formulae given by Trow(2 ), 
based on the reduplication theory. If reduplication takes place so that 
A and B when coupled give the gametic series

qA B  : l Ab: l a B : qab ^cross-over value m =  ^ ^ ,

whilst B  and C  give the series

r B G : 1 B e : l b C : rb c  ( cross-over value n
1

r  +  1

then A  and C should give the series

(qr + 1 ) BC :(q +  r) Be : (q 4- r )  bC : (qr +  1 ) be

cross-over value = q +  r

This latter value = +

q r  +  q +  r  +  1,

= m +  -  2 mn. Henceq + 1 r + 1  (fl + l ) ( r  + l)
on this hypothesis the observed cross-over values for A  and C  should 
cluster round m +  n — 2 mn, and approximately equal numbers should be 
greater or less than it. In other words, as many values should fall in 
class S as in classes a, /3, and y  together.

The expectation is therefore 18(8), 18 (a, 8 ,  and 7 ) ; the actual 
numbers are 3*5 (8), 32*5 (a, /3, and 7 ), reckoning the single value 78 

as half in each class. Hence the above form of Trow’s theory is 
untenable.

On a more complicated form of the same theory, which Sturtevant(7) 
has shown to be impossible on other grounds, A  and G when coupled

3 8 8
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alone give a primary series s A C : l A c :  1 aC :sac, and in zygotes of com­
position A B C  . abc, a series

(qrs + s ) A C  :(q +  r ) A c : ( q  + r ) a C  : (qrs +  s) ac

( cross-over value =  ----- ----------- ;— )•V qrs + q +  r  +  sj
As this value is less than that of m +  n — 2mn, it is still more clearly 
impossible.

The supporters of the reduplication theory must therefore explain 
the deficiency of the double cross-over classes of gamete (which from 
a zygote of composition A B C  .abc are AbC  and aBc). On the chromo­
some theory this is due to the rigidity of the chromosomes, and until 
an equally plausible explanation on the reduplication theory is given, 
the chromosome theory must be considered the more probable of the 
two, so far as the class of evidence dealt with in this paper is concerned.

I t  has been shown above that if A, B. and C are three factors whose 
loci lie in that order in the same chromosome, and if m and n are the 
cross-over values for A, B, and B, C respectively, then the value for A  
and C is m + n — pmn,  where p  is a number between 0 and 2, increasing 
on the whole with m +  n, and having the value 1 when m +  n =  about -5. 
The distances between loci may now be calculated as follows:

Let x  be the distance between the loci of two factors, y their cross­
over value, and let the unit of distance be chosen so that when y is 
sufficiently small x  becomes equal to y. This assumption is legitimate 
if we suppose that crossing over is as likely to occur (other things 
being equal) at one point in the chromosome as another, i.e. that the 
chromosome is equally flexible and breakable at all points. The unit 
of distance is thus 100 times Morgan’s unit.

If now we write y = f ( x ) ,  the form of this function being indeter­
minate,

f ( x  + h ) = f ( x )  + f ( h )  —p f  (x) f (h) ,  where h is any increment of x.

. / ( S +  /Q -/Q r )  f ( h ) - p f ( x ) f ( h )  
h h

Now as h is decreased towards 0, tends to the limit 1.

. dy,= Lfc f(x + h) - /< »
dx h

=  L t f ( h ) - p f ( x ) f ( h ) 
o h

=  1 —p f{ x ) ,  where p  has the value assumed when m = y , n  =  0, 
=  l - p y .
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Therefore
I'j (fa

a.; = -------- -, since x  and y vanish together, and p y  <  1 .
J o 1 -  pt J  °
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. (1).

Hence if p  were constant we should have
— 1 1 — e~px

x  =  - -- lug, (1  -  p y ), or y =  - ---...... .................

Since however/) varies be*tween 0 and 2 , the values of x  must lie
—  1 1 —

between y and -^ -log ,.(l — 2y), those of y  between x  and — = ; the

equation
y = x ...................................................................... ( 2 )

being nearly accurate for small values of x  and y> the equation

!/ =  l - 4 — >0l' x =  ~ 2y ) ......................(3)

for large values of x  and y, ns is obvious, since for large values of x, 
y  approaches the value ‘5 asymptotically. The equation ( 2 ) corresponds 
to Morgan’s summation formula m 4- a, the equation (3) to Trow’s 
formula m  -fa  — 2 mn.

The equation (3) may be deduced more directly ns follows for a 
perfectly flexible chromosome:

Let a length x  of the chromosome be considered as divided into 
a very large number X  of small equal portions. Then the chance of a

x
cross-over in each of these is approximately Hence the chance

of a cross-over in t of these segments and no more is

N\ ( x \ ( \ x \N~f
t T ( N ~ t )  \ [ x )  {  x )  •

When X  becomes infinite the limiting value of this expression, i.e. 
the probability of exactly t and no more cross-overs in a length x, is

ct =
x l e~x .(4).

Hence the value of y for a given value of x  is the sum of the 
probabilities of all odd numbers of cross-overs.

y = Cj + c3 -f o*5 + c7 - f ........
„ ( x  a? x* x 7 \

= e ( f !  + 3! + 5! + 7 ]+ ....... )
= e~x sinh x

1 -  e -2*
2 (3>
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In practice, however, owing to the rigidity of the chromosome, the 
value of thus calculated is too small, and those of c0, c.,, etc. too large. 
They are however more accurate for great lengths, where the rigidity 
of the chromosomes affects the results to a less extent.

It is suggested that the unit of distance in a chromosome as defined 
above be termed a “ morgan,” on the analogy of the ohm, volt, etc. 
Morgan’s unit of distance is therefore a centimorgan.

To obtain a more accurate relation between x  and y we may plot 
the curves representing equations (2 ) and (3 ), and then obtain em­
pirically a curve lying between the two which fits the observed results 
as closely as possible. This has been done in the figure, where line (a )  
represents equation (2 ), curve (b) equation (3 ), and curve (c)

x = ‘7y — ^  l°g«j (1 — 2y) ...............................(5).

Equation (o) is merely chosen to give as good a fit as possible 
and has probably no theoretical significance. The points representing 
observations are plotted as follows:

The values of y in columns 2 and 3 of Table I are taken, and the 
corresponding distances in morgans (values of a-) read off from curve (c)  
or Table II. which is calculated from equation (5); These latter are 
added together, and a point plotted with their sum as abscissa and the 
observed cross-over value from column 7 of Table I as ordinate. For 
example the first row of Table I gives the following result:

The cross-over values *412 and ‘230 correspond, according to the 
curve (c), or better, by interpolation from Table II, to distances of ‘549 
and *2(31 morgans respectively. The sum of these distances is ’810, and 
the observed cross-over value from column 7 is -460. The point farthest 
to the right is accordingly plotted with abscissa '810 and ordinate '4G0. 
Curve (c) gives the value ‘479 for y, and the error of y  is accordingly 
•019, or 1‘9 %.

It will be seen that 18 of the observations lie above the curve (c), 
18 below, and that in only 4 cases, 3 of which are among the results 
queried in Table I, does the error of y exceed 04 or 4 °/0: The probable 
error of the cross-over values, as calculated from the curve, is 1*8 °/0, or, 
omitting the queried results, 1*6 °/0. This result is not large considering 
the probable errors of the values of y  for the points plotted, which range 
from 3*1 °/0 downwards.

The curve gives satisfactory results for smaller cross-over values, but 
these are not plotted, as they do not allow of much discrimination be-

Jo u rn . of Gen. v m  21
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tween the three equations. If the points had been plotted from either 
line (a) or curve (b ), 35 would have lain on one side, 32.1 on the other, 
as mav be seen from Table I.

Hence the curve (c) may be taken as a fairly accurate? guide to the 
combination of linkage value's, anel this remains equally true whether 
the chromosome? theory is adopted or not. For this reusem a series of 
value's of lOO.c and 100// (i.e. distances in ccntimorgans and crossover 
values as percentages') calculateel from eepiation (o) are; given in Table II. 
As more results accumulate it should be possible t<> correct these values,

30G Com bination o f  L in k a g e  Values

which are rather uncertain for 1large values of X and y .

TABLE II.
100 i/ (Cross-over value as percentage) 0*0 5-0 80 100 110 120 13-0
100 .r (Distance inccntimorgans) ... o-o 5-1 8-2 10-3 11-4 12-5 130
ioo y ... no 150 160 170 18-0 19-0 200 21-0 22-0 23 0 24-0
100 x ... 14-7 15-0 170 18-1 19-3 20-5 21-7 22-ii 24 1 25-3 2G-G
100// ... 250 20-0 27-0 28-0 29 0 30-0 31-0 32-0 330 34-0 350100 x ... 27 0 20-2 30-5 31-9 33-3 34-7 36-2 37-7 39-3 40*9 42-G
100// ... 30 0 370 380 390 40-0 410 42-0 43-0 44 0 450 4G0
100 x ... 44-3 40-1 48-0 50-0 52-2 54-4 50-9 59-0 G2-0 06-0 70-1
100 >j ... 17 0 480 49*0 49*5 49-7 49-8 49-9 500
100 x ... 75-1 81*1* 93-0 99-2 109-4 117-7 128-1 00

As an example of the use of this table the following problem may be 
taken:

“ The factors A  and B  give a cross-over value of 38”5 c/0, the factors 
B  and C  a value of 22‘7 °/0. What is the value for A  and C l ”

From the table we find by interpolation that the distance A B  is 
49‘0 ccntimorgans, the distance B C  24 9. Hence the distance

A C  = A B  ±  B C  =  73 9 or 24T ccntimorgans.
The cross-over value is therefore 46*8 °/0 or 22*0 °/0, according as C  lies 
outside A B  or between A  and B . Morgan’s formula would have given 
61'2 % (an impossible value), or 15'8 °/Q ; Trow’s formula 43*7 %, or 
28'9 °/0 (by solving the equation m  -|- *227 — 27n  x *227 = '385). On the 
reduplication theory the result from A B  + B C  corresponds to the view 
that the reduplication between A  and C  is “ secondary ” to those between 
A , B  and B , C ; the result from A B  — B C  to the view that the redupli­
cation between A  and B  is secondary to those between A ,  C  and C , B .

It should be remarked that the existence of a quantity x  which has 
the property demonstrated above is not a conclusive proof of the chromo­
some theory, and indeed such a quantity may occur in certain forms 
{e .y . Trow’s) of the reduplication theory. However the fact that the
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values of" x  correspond to those demanded for the distance on the hypo­
thesis that the factors are located in a semi-rigid chromosome is a strong 
point in favour of that hypothesis.

We have now the data for a fairly accurate estimate of the total
«/

length of the known portion of a chromosome, e.g. the sex chromosome 
in Drosophila. Taking some of the best authenticated measurements 
we have:

Fa c to rs

100 >i
(Cross-over value 

in i>er cent.)
100.r (from 
Table 11)

Yellow-White 
White-Vermilion ... 
Vermilion-Bar 
Bar-Lethal sc

1-1 IT
30 ' 5 35 4
231) 26-5
8*3 8-5

Totals ... ... 63-8 7 1 ’5

This gives a total length of 71*5 eentimorgans against Morgan and 
Bridges’ cstimate(8) of (j(j*2. The discrepancy is due to the fact that in 
some comparatively long segments of the chromosome (e.g. between the 
loci of Sable and Rudimentary, a distance of about 15 eentimorgans) no 
factors have been located, and such distances tend to be underestimated. 
It may also be due in part to the large probable error involved in using 
a large number of small distances.

From equation (4) we may calculate the proportion of chromosomes 
giving t cross-overs in the known region. These values are incorrect, 
owing to the rigidity of the chromosome, being too low, the remainder 
too high. The theoretical values are :

No cross-•over in c0 = e-™, or 49-1 7„ of the chromosomes
One „ in Ci = *715<r“'r15, or 34-4 7 . )} 9 9

Two cross-overs in
-7l5=e--i5 

c-~  2 ' ’ or 12-6 7 . > 9 9 9

Three „ in •7153 e-*715 
C'J =  6 ’ or 3 0  7„ 9 9 9 9

Four „ in
•7154 e-™  

C ,~  ^ “24 ’ or •3G 7„ 9 9 9 9

and so on. .

The value of cv is too low, the others too high. The real value of 
Ci + c3 + c5 4- . . .  is the cross-over value of 46*3 °/0, and Morgan(S) gives 
c2 + c4 -f c« + . . . ,  the number of double cross-overs (including quad­
ruples, etc.), as about 10  °/0, so that c0 should be about 43 "70. When 
the relation between x  and g  is accurately known it will be possible to 
calculate the values of ct with accuracy by integration.

3 9 3
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It is believed that the above method of estimating distances will 
prove of considerable value when applied to comparatively long chromo­
somes in which factors are sparsely located, such as the second and third 
in D rosophila, since there is no reason to suppose that the relation 
arrived at between distance and cross-over value is peculiar to the sex 
chromosome in Drosophila. The results of investigations on these chro­
mosomes should go far to confirm or refute the theory.

Outside Drosophila the best series of results on which to test it are 
those of Altenburg(O) with the three factors M , S , and G in Primula 
sinensis, quoted by Punnett(lO) in a recent paper. Here the cross-over 
value for M  and £  is 11 Mi °/0, for M  and G 34 0 °/0> f°r $  And G 40*0 7 0, 
each result being based on 3GS4 individuals. By Table II the distance 
S M  is 12‘1 centimorgans, M G  4(H), and hence S G  is 55 0 centimorgans 
(assuming the loci to lie in the order S M G ). Hence the cross-over value 
for S  and G should be 40 4° / o> the observed value being 40(j °/0» a very 
nearly perfect fit. The addition formula gives 45'6 °/0, Trow’s formtda 
377  7 0- The probable error of the calculated result is ’64 7 &> of the 
observed *55 "f0. Hence the probable value of their difference is *34°/0> 
and though the close agreement is accidental, both the alternative for­
mulae are impossible.

In the case of Punnett’s(IO) results for sweet peas the agreement is 
also good, but owing to the closeness of the linkage, the three formulae 
give nearly equal values. There is, however, no reason to suppose that 
Table II does not represent with fair accuracy the relation between dis­
tance and cross-over value in all organisms, though the absolute value 
in fifu, of the unit of distance, or morgan, is presumably different in 
different cases.

S u m m a r y .

Bjr a consideration of the observed gametic ratios of the sex-linked 
factors in Drosophila, the following results, among others, are arrived 
a t :

1. If A , B , and G are three factors lying in a chromosome in that 
order, and if m is the cros3-over value for A and B, n that for B  and C, 
then the value for A  and C lies between m 4- n and m + n — 2m n, being 
nearer to the former when m +  n is small, to the latter when it is large.

2. A relation is arrived at, on the hypothesis that the chromosomes 
are partially rigid, between cross-over value and distance, which permits 
of the calculation of one of the cross-over values for three factors from 
the other two, with a probable error of less than 2 °/0.
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3. This relation may also be used to calculate the total length of a 
chromosome, and the number of double and triple cross-overs to be 
expected in a large distance.

4. The results from Drosophila are incompatible with Trows form 
of the reduplication theory, but perhaps not with other possible forms 
of it.

5. The theory developed above fits all the observed data in plants.
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W h en  a h eterozygou s population is self-fertilized or inbred th e  u ltim ate  
result (a p a rt  from  effects of m u ta tio n ) is com p lete  hom ozygosis. T h e  final 
p rop o rtion s of the various genotypes are usually independent of the sy stem  
of inbreeding ad op ted , a lthough, as J e n n i n g s  (1 9 1 6 )  and o th ers  h ave  
shown, the speed at which equilibrium is ap p roach ed  is g re a te r  in the case  
of self-fertilization than  of b roth er-sister m atin g , and so on.

If how ever the population be heterozygous for linked genes, the final 
p rop ortion s depend on the system  of m atin g , for crossing o v er can only o c ­
cur in double h eterozygotes, and the proportion of double h e te ro z y g o te s  
falls off at a different ra te  in different m atin g  system s. J e n n i n g s  (1917") 
s ta ted  th a t  he “ would find it a relief if som eone else would deal th orou gh ly  
with the laborious problem  of the effects of inbreeding on tw o pairs of 
linked factors.'"  T h is  is the object of the present paper. R o b b i n s  (1 9 1 8 )  
solved the problem  in the case of self-fertilization.

In w hat follows we em ploy a direct m ethod to obtain  the final p ro p o r­
tions of the pop ulation . T h e  ra te  of ap proach  can be c a lcu la te d , but this  
is a v e ry  laborious process, and alw ays involves the irra tion al roots of 
q u a d ra tic ,  som etim es those of q u artic  or higher equations. In each case we 
shall suppose th a t  th e  num ber of d om inant and recessive genes of each  
ty p e  in the p opulation  is equal throughout the progress of the inbreeding. 
This en orm ou sly  simplifies the m a th e m a tics . T h u s a sy stem  of 55 eq ua-

* P a r t  of th e  co st  of the m a th e m a tic a l  co m p o sition  in this a r tic le  is paid b y  th e  G ai.ton and 
M end el  M emorial  F und .

Genetics 16: 357 J1 1931
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tions described by J e n n i n g s  (1917) is at once reduced to 2 2 . This restric­
tion is later removed.

SELF-FERTILIZATION
T h is  problem  has been solved b y R o b b i n s , b ut th e  sh o rte r  solution here  

given serves to  illu stra te  ou r m e th o d . C o n sid er th e  resu lts  of crossing  
A  A B B  and a a b b ,  w here A  and B  are  linked. T h e  c ro sso v er  valu es  on the  
tw o sides of a h e rm a p h ro d ite  are  tak en  as 100/3 p ercen t an d  100 6  p e rc e n t ,  
so th a t  th e  tw o g a m e tic  series given b y  A B . a b  a re :

(1 -  f i ) A B : f i A b : f i a B :  (1 -  fi)ab.

(1 -  o ) A B : d A b : 5 a B : ( \  -  h)ab.

F o r  th e  sake of s y m m e try  we suppose th e original p op ulation  to be en ­
tire ly  A B . a b .  T h en  in the n th  g en eratio n  w hich is self-fertilized, let the 10 

zy g o tic  typ es  o c c u r  in th e  p ro p o rtio n s :

C n A A B B  and a a b b .

D n A  A b b  and a a B B .

E n A  A  B b ,  A a B B , A a b b , and a a B b .

F n A B . a b .

Gn A  b . a B .

W e  assum e 2 C n +  2 D n- F 4 E n +  F n +  Gn =  2, so t h a t  Ci =  Dj =  E i  =  Gi =  0, 
and F i =  2. C learly  E *  =  F *  =  G * =  0 , and  D a is th e  final p rop o rtion  of 
crosso ver zygotes . T hen  considering th e  results  of selling each  g en eratio n ,  
we h a v e :

C n̂ i =  C n T  i E n - T | ( l — /3 — 6 +  (36) F n -r  -JdoGi, ’

Dn+i = Dn 4- ^E„ T idoFn 4-^(1 — f i  — 5 -j- f i d ) G,. •

E n ^ i  =  l  E „  4 ~  -4 (8  - j -  6  —  2 f 3 6 j ( h n  +  G , . )  • •  ( 1 - 1 )
F n-i  =  5 ( 1  — /3 — 0 +  /35)Fn T  b 3 o G n

G „ * i  =  I d o F n  4 ~  ■’ ( ,  1 — fi — d fi- f id)  G n  j

T h ese  eq uations are  derived as follows. T h e  h o m o zy g o u s  ty p es  when  
selfed rep rodu ce th em selves on ly , so C n an d  D n c o n trib u te  only to  C n+i and  
D n+i. A A B b  selfed gives \ A A B B ,  \ A A b b y \ A A B b .  H e n ce  the c o n tr ib u ­
tion of E n to En-j-i is | E n. Since th ere  are  tw ice as m a n y  classes in the p ro ­
p ortion  E n as C n̂ i, the coefficient of its co n trib u tio n  to C n_i m u st be 
doubled, and sim ilarly for its co n trib u tio n  to  D n~i. T h e  co n trib u tio n s  of 
F n and G n are sim ilarly ca lcu la ted .

N ow  put C n — D n =  c n. F n— G n =  d n, and  th e  a v e ra g e  crosso ver v a lu e .
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2 ( 0 +  5) =  x. Then s u b tra c tin g  the eq uations for C n+i. r>n- i .  and F n- i .  On- i. 
we h a v e :

Cn+1 = Cn +  i ( l  ~  2x)dn ) ^

d„+i =  4(1 -  2 x )d n J

N o w  choose X so th a t  c n+i +  Xdn+i =  c n-f  Xdn for all values of n.

T h en  c n +  Xdn =  c n +  \(\ -  2 x ) d n +  i X ( l  -  2x>dn

1 -  2x
X = -------------

2 -f  4x

T h en  since d w =  0 , and ci =  0 , di =  2,

1 — 2x
cx =  cx +  Xdx =  Cl +  Xdi =  -----------  •

1 +  2x

P u t  y =  D .  (the  final p roportion  of crossover zyg otes)

C x +  D x =  1, C x — D x =  Coe /. y =  i ( l  -  c x ).

2x
v =  ----------- • ( 1 .3 )

1 +  2x

H en ce  the p rop ortion  of crossover zyg otes  is ap p ro x im a te ly  equal to  
tw ice the m ean g am etic  crossover value when the la t te r  is sm all, rising to  
50  p ercen t with 50  p ercen t crossing o v er (see figure 1). T h e  a c tu a l  p ro p o r­
tions of the different zyg otic  typ es  in each generation can be ca lcu la te d  
from eq uations (1 .1 ) .  E q u a tio n s  (1 .2 )  are not sufficient. T h e  m eth od  of 
solution is given by R o b b in s , and the principal result in our term in o lo g y ,  
p u ttin g  p =  /35, the p ro d u ct of the crossover values, is:

1 -  (£ -  x ) n
C n =  — \ ~  X +  p ) - 1 -  ( * ) " - !

D n =

1 +  2x

2x +  (£ -  x ) n 

1 -j- 2x

( 1 .4 )

+  ^(^ -  x 4  p) n_1 -  G ) n_1

T h u s  the final p rop o rtion  of crosso ver zygotes , D x , depends on x o n ly ;  
th e ra te  of ap p ro ach  to this valu e depends on p. Indeed if crossing ov er  
were restric ted  to  one side of a h erm ap h ro d ite , as it is to one sex in the  
higher insects , we should h av e  p =  0 , and  no crossover zygotes would a p ­
p ear before F 3. D n is 0 in F i ,  ^p in F ; , rising sharply to £ (x  +  p — 2 p x - f  p c) 
in F 3, and o v er half w ay  to its final v alu e  in F 4. E x c e p t  in F 2 the figures

Genetics 16: J1 1931
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depend almost entirely on the mean crossover value. Thus with a mean 
value of 10 percent we have in successive generations the percentages of 
crossover homozygotes given in table 1.

T a b l e  1

CROSSOVER VALUES PERCENT
1

F j

t
Fl Ti Ti f  f

10, 10 0 . 5 0 5 . 4 0 5 9 . 7 4 6 1 2 .6 8 3 1 4 .4 6 2 16 6
20, 0 0 5 . 0 9 . 5 12 .5 5

i
1 4 .8 9 5 1 6 .6

Hence in a plant propagated by self-fertilization, where new combina­
tions are required after a cross, there is a very great advantage in growing 
on a large progeny as far as F3, and rather little advantage in growing it 
beyond F4. As will appear later, this is also true when double crossing over 
is taken into account.

BR O TH ER -SISTER  M ATING. SE X -L IN K E D  G EN ES

Two sex-linked genes provide four types of zygotes in the heterogametic 
sex, and ten in the homogametic. There are thus forty different types of 
mating. If we consider the results of an original mating A A B B X a b ,  or 
a a b b x A B , the numbers of A  and a genes are unequal, and there is a lack 
of symmetry in the equations, just as there would be in the case last con­
sidered if we did not begin with equal numbers of the allelomorphs. We 
therefore suppose that at the beginning both reciprocal crosses were made 
in equal numbers. The crossover percentage is taken as 1003, and a = 1 — j3. 

The fourteen variables of equations (2.1) refer to the proportions of mat­
ings of each type. Under the circumstances considered all matings fall into 
one of fourteen classes having the same frequency in each generation, 
which is calculable when we know the frequencies in the preceding genera­
tion.

MATINGS

A A B B  X  A B  } 
a a b b  X a b  j

Cr
a ‘

Cn +  5 I d H--- --Mi.
4

PROPORTION

A A b b X A b  \ 
a a B B  X o B  j

A A B B  X Ab ’ 

A A B B  X a B  
a a b b  X c B  |

i

a a b b  X  A b  J

1 fl2 
IU t-: =  D n +  — Jr A- —  Bo ”1— — K ;

2 4 4

or 3
E c„  = \ l u -f t (M„ -f O J  

4

4 0 0
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A  A b b  X A B  
A  A b b  X a b  
a a B B  X  A B  
a a B B  X a b

A  A  B B  X a b  
a a b b  X A  B

A  A  bb  X a B  
a a B B  X Ab

A a B B X A B  

A A B b  X  A B  
A a b b  X  a b  
a a B b  X  a b

A a B B  X a B  
A A B b  X  A b  

A a b b  X  A b  
a a B b  X  a B

A a B B  X  A b  
A  A B b  X  a B  

A a b b  X  a B  
a a B b  X  A b

A  a B B  X  a b  
A  A B b  X  a b  

A  a b b  X  A B  
a a B b  X  A B

A B  ■ a b  X  A B  
A B  a b  X  a b
A  b a B  X  A  b 
A b  a B  X  a B
A b  a B  X  A B  
A b  a B  X  a b
A  B  a b  X  A b  
A B  a b  X  a B

' Fa-1 = \)u +
I 4
!

i

1 32
; Gu,.i = — M,, +  — Qu
1 4 4

] a 2 32l Hn+I => —  P„ +  —  R„
i 4 4

I a/3 ri2 a J
U i  = E„ +  i(I* +  J„ +  K l ) +  — (M„ +  Q„) +  ^  Pu +  — K,.

4 4 4

)
I T otb 3 2 a 2
f Ju-rl =  Ft +  j ( I D +  J u +  L n) +  — (Pd +  R d) A--- — +  —Ql
1 4 4 4
2

j
i
i t- . „  d2 a 2
: = A n  “b “ (Pu “b H---H------------
i 4 4 4iI
i

i , T <*3 S2 a 2
f L , _ ,  =  j L „  +  —  ( M „  +  y „ )  +  —  P d +  -  R d
I 4 4 4
I
J

) C t“ d2
M„,.i = Gd +  1 Li- i—-Mi, +  —(Ju

j 2 2
'  ̂ rJ’2

Pd- j =  Hu -f- ^Ku 3— — Pu +  — Ri,j 2 2
) a 3
' Qu-. = Ku +  — (IX. X  R d)

t *-

a3
J R..-1 — L u +  — (Mu “I- Qi.)-i 2
(T h ese  equations are referred to as 2.1 A

As an illustration of how these equations are derived we may take the 
distribution of K„ in the following generation. The mating A a R B x A b  

gives A  A B b ,  A b . a B . A B .  and a B  offspring in equal numbers. Hence in the 
next generation the matings A A B b X . A B ,  A A B b X a B .  A b . a B  X  A B .  and 
A b . a B  X a B  occur in equal numbers among its progeny. Hence K„ con­
tributes to In_i. Kri.,. Qn_i. P,,_i as shown. To reduce the equations (2.1) 
we put:
Genetics 16: J1 1931
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Cn Cn ~ Dtl, dn 1wii En, Cn Gn Hn, fD In Jn> gn

hn = Mn - Pn, in ii p I Rn-
a 2 I3\

c„+i =  c„ 4~ ^f„ +  — h„ +  — i„

a/3
dn + l = 4 f n 4" ---(hn 4“ in)

o noor p\
en-n = — h„ 4----- i„

4 4

fn-i-1
a/3 — /32 a 2 — a/3#

dn 4" ign 4--------------hn --------------- in

Sn-rl

a/3 — /32 a 2 — a/3
4 gn hn 4” In

° O 2a - p"
>d + 1 = en — 2gn 4----- hn 4” ---in

2 2

a/3
in-rl 2o(1  ̂ (hn 4- in)

K n — L n>

(2.2)

When n = 0, Gn and therefore en = 1, the other variables are zero. When 
n = oc , all but Cn, D n, and consequently cn vanish. It is required to find the 
value of Coc. To do so we have to find values of e, t, y, 0, <t>, ip, such that

Cn-t-i 4- td, î 4- s’en-ri 4- f̂n-ri 4~ 0gn-ri 4- 0 hIlTi 4- 0in~i
= Cn 4~ «d„ 4- fe,. 4" yU, 4~ #gn 4“ 0h„ 4“ 0in-

Substituting in the above identity the values of c„t J , etc. and equating 
coefficients of dr;, etc. we have:

e = y 

S' =  0

y = i 4- Je
e = \(y +  0 -  20 + 20)

a 2 a/3 24 -  /32
0 = —(1 4- s' 4- 20) 4-----(« — 20; 4-------------(y — 6)

0  = F ,  <*&
— (1 +  s' 4- 2 0 ) +  —  (€ -  2 0 ; +  
4 4

6)

( 2 .3 )

Eliminating e = y = §, and 0 = f ,  we have
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90 = 2 -  6f +  6*

12(f -  *) = ( a  -  /3)(5 +  9f -  30).

1 2 ( r  +  * )  =  1  +  3 ( a 2 +  / 3 2) ( 3 r  +  0 )  -  6 a ^ .
H en ce , p u ttin g  /3 =  x,

3 -  4x 2 (4x  -  1)
« =  r  =  ! ,  f  =  <t> = 0 = 2+ =

3(1 +  4x) 3(1 +  4/3)

H en ce , for all values of n,

, 2 , ,  , , N , (3 -  4 x ) (e n +  h„) , (4x -  l ) ( 2 g n +  in) ^  ^
Coo =  Cn +  !(dn +  fn) +  -------  ---------- ~ ---------- h ------- _ --- -------  ( 2 - 4 )

3(1 +  4x)

and since C n +  D n =  l ,  C n- D n =  c

/ .  y =  D n =  |(1 — cn). 

In  th e  case  here considered e 0 =  1

3(1 +  4x)

3 — 4x  

3(1 +  J o

8x

3(1 +  4x)

(2.5)

T h is  is p lo tted  in figure 1. I t  will be seen th a t  if tw o sex-linked genes give  
50  p ercen t crossing ov er in th e h o m o g am etic  sex, the final p ro p o rtio n  of 
crosso ver zyg otes  will be 4 / 9 .  In order to s tu d y  the ra te  at which th e  final 
values are ap p ro ach ed  it is n ecessary  to solve the eq uations ( 2 .2 b  and also  
a corresponding set of seven eq uations for C n +  D n, etc. This is quite  p o s­
sible. T h u s  it can easily be shown th at

(hn*2 ln-i-c) ®(biTl lrwl) (  ̂ /3)(hn In) 0

^ a T“ 4 ? - y . -
h n 1 n

\ 5a2 -  432

a  4- \ 5q2 — 4J-\n a

As, how ever, a n y  v ariab le , such as C n, m a y  be the sum of a large n u m b er  
of te rm s from  geo m etrica l series, n um erical calculation  is easier th an  a l ­
geb raic . T h e  expressions given by J e n n i n g s  and R o b b i n s  for the p ro p o r ­
tion of h etero zy g o tes  in the nth  gen eratio n  are wholly independent of link­
age. H en ce  it is c lear th a t  by ab o u t F i 0 the population  co n ta in s  only 10  
p ercen t of A a and as m a n y  B b  in the h o m o g a m e tic  sex. so th at eq uilib rium  
is n early  reach ed .

Genetics 16: J1 1931

403



364 J. R. S. HALDANE AND C. H. WAPPIXGTOX

B R O T H E R - S IS T E R  MATING. AUTOSOMAL GENES

W e  con sid er th e  resu lts  of an initial m atin g  A A B B X a a b b  or re c ip ro ­
cally . T h e  g a m e tic  scries from  an A B . a b  9 is assu m ed  to be <xAB: QAb:  
f iaB ' .a ab ,  from  A B . a b  c ? , 7 - 4 B : 5.4 b : b aB r^ ab ,  so th a t  100/3 and 1 0 0 5  are  the  
cro sso v er  valu es . In general these are  different, but in m a m m a ls  /3 and 5 are  
n early  e q u a l ;  in th e  higher in sects  one of them  is zero. T h e re  are  100  dif­
ferent ty p e s  of m a tin g , and ow ing to  th e  different c ro sso v er  v a lu es  in th e  

tw o sexes, recip ro cal crosses do not a lw ays yield the sam e p ro g en y , and  
th erefo re  th e  sam e n u m b ers  of m a tin g s  in the n ext g e n e ra tio n . H o w e v e r ,  
recip ro cal crosses o c c u r  in th e  sam e n u m b ers, and can be grou p ed  to g e th e r .  
In th e  following sch em e on ly  one exam p le  is given of each  ty p e  of m a tin g .  
T h e  to ta l  n u m b e r  of ty p e s  is given in colum n 2. T h u s  th e  follow ing 7 ty p e s  
of m a tin g  o c c u r  in equal n u m b ers  w ith A A B B x A A b b :

A Abb  X A A B B ,  a a B B  X A A B B ,  A A B B  X a a B B ,  aabb X a a B B ,  

a a B B  X  aabb, aabb X A Abb,  A Abb X aabb.

In  th e  th ird  colum n the n u m b ers  of each  kind of m a tin g  in th e (n +  1 ) th  
gen eratio n  are  given in te rm s  of sim ilar n u m b ers  in th e  n th . T o  sav e  space  
the suffixes of th e la t te r  are  o m itte d ,  for exam p le , H  is w ritten  for H n. T h e  
m eth o d  of ca lcu la tio n  is sim ilar to  th a t  in th e  sex-linked case . W e  th us  
h av e  eq u atio n s  ( 3 .1 ) :

T y p i c a l  S u m b e r

m a t i n g  p / t y p r >

A A B B X A A B B  2

A A b b X A A b b  2

A A B B X a a b b  2
A A b b X a a B B  2

A A B B X A A b b  8
A A B B X A A B b  8

A AbbXA A Bb  8

A A B B  X A abb 8

A A b b X A a B B  8

A A B B X  AB. ab  4

A A bb XA b. aB  4

CD, 1 = C!;+ H  +  ; ( a 24 - ^ ) L + I ( 3 -  +  6qX-f- /Q +^R  +  i (a : + 7 l)

DD. 1 = D ^ I 4 - ’ ( a = - f v ) M T ! ( o 2+ 6 - ) I > + i Q + i S + i ( p ; + n  
U - r X a 2+ X ) Y  +  A 3 262\Y-DA(«2o2 +  ̂ V ) X + A « V Y .

F ^ ,  = + A ( “ : o; -t^ V ) X - l A a - r V .
G„t i = AtW-H") S)(U-f\ )-|- A a *̂i 6(\\ + 2 X - f   ̂ ).
HnTl = -JH -f 1 (a 3 + y  6)(L +  X ) +  ’ R 4- A (a2 +  2atf+y'2 +  27 0)

U +  A (2ap-f FA-  2-) 6 +  6: ) \ >  Way («o-f rfy )\Y +  A  (<n +  £*) 
(ao +  3 '  )X-(-y-b35(a6-i-3y .

I , . ,1 = U  +  X « 3-r76 )G M ^ R )4-iS  +  W (2a^ + o: + 2 y 6 -f5 - )
U +  W(aI +  2a^-fyI-f2yo)V +  W^o(a6Tf3y)W +  W ( ^ + 5 6 )  
(a 6 + )  X  -j- A ay (a 6 -1- ) Y .

Jn.> =  A ( « 2 +  72)V +  A(P2 +  52)Y +  Aco (aS-r/3y)\Y +  A (c »  +  
/36)(a5-(-^y)X-(- yi$b(ab4-S'- A  .

K L, ! = A (P2- ^ ) U  +  A ( a ; ^ v ) Y  +  A^6(a6-F^y)\Y +  A ^  +  
^6)(a6-j-3y ) X - r  A a 7(Q5_L^7)^'.

L 6T, =  i ( a 2 + 7 2)L +  J ( ^ - r 5 : )X  +  i (« 2+ 7 :t)I-’ + i ( ^ + « ! )Y +  i
a 27 ; \Y + 1 (a262+/T-y 2) X  -  J S? o2Y .

M nTl = l ( a I^ y 2) M ^ l ( a 2- r 6 7 P ^ U 3 2-r62) r - r U « 2 +  -;2)Y -F {  
P  5-W +  i (a2 d- - p"  *) X  -J- ia 2y 2Y .
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Ty i>ical Numbc-
mating of tyym

A A B B X A b . a B 4 N„.i = £R +  j-( « 3 + 7 S ) ( L + Y )  + Ja37 5(\Y+2X +  \ ).
A A b b X A B . a b 4 Pufi = i S + J ( o 3 + 7 5 ) ( L ’ + V )  +  i a ^ 5 ( W + 2 X + Y ) .

A A B b X A A B b 4 QnTl = 2G +  l(H +  I +  J ^ K )  +  l(a I+ 7 2)(L + M ) +  l(S : + 6 I) 
(X +  P) +  J Q + i ( R  +  S + T )  +  i(a J+ a 3 + 3 2+ 7 ?+ 7<5 +  62) 
(U +  V) +  2 c (a 5 + ^ ) 2(W +  Y) +  I (a > + ^ 6 )2X .

A A B b X A a B B 4 R ^ i  = U ^ + 62)L-b-J(a2+ T 2)N +  iR  +  i ( ^ + 6 ) U + i ( a  +  -))Y-f 
1*5 (a S + f o ) * ( \ Y + Y )  +  i ( c n + 0 8 ) * X .

A A B b X A a b b 4 Sofi = iGSa +  «5)M +  J(a*4-'y2)P +  iS  +  i (a  +  7 ) U + i 0 i + 6 ) V + i ,« 
(a S + 3 7 )2(W +  Y) +  i (a 7 + 3 5 )"X .

A  A B b X a a B b 4 TnTl = i ( a f3 +  ̂ ) (U -h Y )  +  I16( a 5 + ^ ) 2OY +  Y) +  i (a ^ + ^ 6 )2X .
A A B b X A B . a b 8 Eufi = y  +  K < *3+7S)(L+ N ) +  i ( S + T )  +  £ (a + 7 )U  +  U 3 + S )  

Y +  la~t  (37 PaS)\Y +  { ( a y + f i 8 ) ( a 6 + 0 y ) X  +  > 0 8 0 3 ;  + a 5)Y .
A A B b X A b . a B 8 Y „,, = *K +  > 0*3+7 « )(M + P )-b i(R  +  T) +  iG3+«)U +  i ( a + 7 )  

\ - \ - { i38( i3;  +aS)\\ +  £ (a7 + 3 5 ) ( a 5 + 3 7 ) X  +  { a ;  (37 + a 5 )\  .
A B . a b X A B . a b 1 \YD. l = 2 ( E + J )  +  K « 2+ 7 2)L +  i(p- +  52) N + l ( S + T )  +  i ( a 2+ 7 2) 

U +  U32+ S 2) Y + i a V W + K * 2«5+ 3 V ) X  +  J/3!!8!Y.
A B . a b X A  b . a B 2 X n+1 = | T + i ( a 3 + 7  6 )(U + Y ) +  *a37 5(\Y +  2 X + Y ) .
A b . a B  X-l b j B 1 Y „ .1 = 2(F +  K; +  K a; + 7 2)M +  2(32+ * 2.'P +  l (R  +  T) +  J(PM-

52)U -h K « 2 +  7 : )Y +  l3-52\Y +  l (a I62+ 3 27 b X + J a 272Y.

N o w  le t  Cn =  Cn - D n, d n E n  F n. Cn =  H n In* hi Jn  R n  * g  n L j,  Y J n,
=  N  — P  i =i  ̂n 1 nj R n  — S.,, 3n b n  b ri* k n =  W n \ n•

H e n c e  w e  h a v e  t h e  e q u a t io n s  ( 3 . 2 ) :

C n + l =  C n ~b e n +  4 ( a '2 "b 7\>gi. ~b 1 (3 2 "b o2 )hn +  |in +  | ( a  — 3 “b 7  — 6 ) jri

~b ^ ( a 27 2 -  132o2) k j,.

d n fi =  r g ( a 27 - ~  3 252)k„.

e n _ i  =  ^ e n +  \ ( a $  +  7 o ) ( g n +  h tl ) +  i i n - b  —  3  +  7 —  6 ) j „

+  M q 7  —  3 6 )  ( a o  +  /3-> , ) k „ .

f H f  1 =  t’ c ( &  ^  " f  7  o i j , ,  +  - h y a ;  —  0 b ) ( a b  +  3 7 ) k i , .

g « i * i  =  4 t < * 2 +  7 23 g « .  +  \  (3- +  0- ) h , .  +  l  ( a  -  j  - j -  7 -  0 )  j , .  +  { (  q 27  ■  —  3 - o - , ' k : i .

_  1hn- l̂ 

in+1

jn f l

kn —1

8 1!!'

i ( 3 ‘  ~ b  6 2) g „  +  ^ i a 2 - b  7 23 h n - b  | i „  —  i v Q  —  3  ~ b  7  —  6 ) j ri .

H n  “ b  l  (a3 ~ b  7  5 j 1 g n  - b  h , J  —  | i „  +  £ ( a  —  3 “ b  7  —  5  j j XJ 

“ b  £ ( « 7  —  f i d ) { a o  +  3 7 ; k n .

2 ( d n +  f rJ  +  ^ ( a 2 +  7 ' b g n  ~ b  ^ ' . 3 2 - b  o 2 ! g :. _  l b ,  “b  i ( «  —  3 +  7  

+ '1 (a '72 -  326\,'kn.
OJi,.

\\ hen n = 0, E 0 = 1 d0 = 1. the other terms being zero.
\\ hen n = x  , C x + D x = 1. and cx is Unite, the other terms being zero.

G e n e t i c ? 16:  J 1 1 9 3 1
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We now have to find £, 77, 6, k, X, m> *', </> so th a t:

Cn-rl +  Tdn-hl 4" 7?en, i 4" 0f„-j.i 4" Kg„-i.l +  Xh„ l̂ 4" în-rl +  T'jn-rl +  <f>kIl+i

=  Cn ~h fdn “1“ T̂e,, +  0fn +  Kgn 4" Xh„ 4* 4“ v]n 4" 0kn.

The conditions for this to be the case are equations (3.3) 

f = 20 
v = 1 4- hv
6 =  %v 4" 20

k- =  i ( « 2 +  7 2)(1  4- k +  2 0 )  +  i ( 0 2 4- 62)m +  i(« /3  +  7«)(i? +  0 -

X =  K/32 +  52)(1  4- k 4- 20 ) +  } ( a 2 +  7 2)m +  i(o/3 +  y 6 ) ( V +  0 -

m =  £ 0  +  7? +  X +  /i —  ̂ — 2 0 ) .
V =  * ( «  -  0  +  7  -  5 )(2  4- v +  e 4- 2x -  2/i 4- 2* 4- 4 0 ) .

0  =  * ( a 27 2 -  /3252)(1  4- f  4- 2k +  4 0 )  +  & ( a y  -  0 6)(aS  +  0 y ) (v  4- 6 +  2v).

We eliminate 77 = 2, and 0 = hi- We also subtract and add together the 
fourth and fifth of these equations. We put x = 5), the average cross­
over value,, and also y = ^(a/d-f-yS), z = a y 4-/35, q = \ — x. Hence:

26 = v 4- 2j\

k — X =  q (l  +  f  +  k — m)- 

2k +  2X =  1 4- y +  (1 -  y ) ( r  4- 0  4- y*.

7m = 3 — $ * 4 -X  — v.

&v = q(3 +  2s* +  0 4" 2k — 2m +  2v).

4^ =  q(3 - ( - 0  4" 2v) — qz(2 +  3^ — 6 +  2k — 2y).

Omitting some rather tedious algebra, the solution of these equations is:

cr

- 2 -  3q  

_  1 -  2q

1
< —

2

1\ —

-  3q

-  2q

K —
2 -  3q  

2q
A -—

2 -  3q’ cr 
<*01

1

2 -  3q

as may easily be verified.
1

cK =  c ri 4" 2en H--------------[(1 — 2x)(dn +  2fn T  2 jn 4* £k n)
1 +  6x

( 3 . 4 )
+  2gri 4" 4x(hn 4- in)]

and y = \ (1 — cx).
In the case considered, dc. = 1, cK = Cd0 = 1 — 2x 1 +  6x. Hence the pro­

portion of crossover zygotes, y = 4x l + 6x (3 .5 ) .
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INBREEDING AXI> LINKAGE
T h i s  i s  p l o t t e d  i n  f i g u r e  1 .  I f  t h e r e  i s  5 0  p e r c e n t  c r o s s i n g  o v e r  i n  b o t h  

s e x e s ,  x  =  \ ,  y  =  I f  t h e r e  i s  5 0  p e r c e n t  i n  o n e  s e x ,  a n d  n o n e  i n  t h e  o t h e r ,  
x  =  J ,  > "  =  5 ,  1 2 ,  t h a t  i s  5 / 1 2  o n l y  o f  t h e  z y g o t e s  a r e  c r o s s o v e r s .

T o  s o l v e  t h e  e q u a t i o n s  ( 3 . 1 )  c o m p l e t e l y ,  w e  r e q u i r e ,  b e s i d e s  t h e  e q u a ­
t i o n s  ( 3 . 2 ) ,  a  g r o u p  o f  1 3  e q u a t i o n s  f o r  C n - f  D n ,  e t c .  a n d  a l s o  f o r  t h e  s y m m e t ­
r i c a l  t e r m s  G n ,  Q n ,  T n ,  a n d  X n .  T h e  f u l l  e x p r e s s i o n  f o r  D „  i s  t h e  s u m  o f  a  
c o n s t a n t  t e r m  w i t h  t h e  n t h  t e r m s  o f  1 9  g e o m e t r i c a l  s e r i e s .  T h e i r  r a t i o s  a r e  
\  a n d  t h e  i r r a t i o n a l  r o o t s  o f  t w o  a l g e b r a i c  e q u a t i o n s  o f  t h e  7 t h  a n d  1 1  t h  d e ­
g r e e s .  T h e s e  e q u a t i o n s  c a n ,  i n  p a r t  a t  l e a s t ,  b e  r e d u c e d  t o  q u a r t i c s ,  b u t  a t  
l e a s t  o n e  q u a r t i c  i s  i r r e d u c i b l e .  H e n c e  o n l y  n u m e r i c a l  c a l c u l a t i o n  i s  p r a c ­
t i c a b l e .

PARENTS AND OFFSPRING MATING. SE X -LIN K ED  GENES

I n  t h i s  s y s t e m  o f  m a t i n g  a  f a t h e r  i s  m a t e d  t o  h i s  o w n  d a u g h t e r ,  a  s o n  o f  
t h i s  u n i o n  t o  h i s  m o t h e r  a n d  s u b s e q u e n t l y  t o  h i s  d a u g h t e r ,  a n d  s o  o n  i n d e f i ­
n i t e l y .  J ennings ( 1 9 1 7 )  h a s  d e a l t  w i t h  i t  i n  t h e  c a s e  o f  u n l i n k e d  g e n e s .  W e  
c o n s i d e r  t h e  r e s u l t s  o f  i n b r e e d i n g  w h e r e  t h e  m a t i n g s  A A B B X a b  a n d  
a a b b x A B  a r e  m a d e  i n  e q u a l  n u m b e r s  a n d  t h e  d a u g h t e r s  ( a s s u m i n g  t h e  
f e m a l e  s e x  t o  b e  h o m o g a m e t i c )  b a c k c r o s s e d  t o  t h e  f a t h e r s .  I f  t h e  s o n s  w e r e  
b a c k c r o s s e d  t o  t h e i r  m o t h e r s  t h e y  w o u l d  o f  c o u r s e  g i v e  1 0 0  p e r c e n t  n o n ­
c r o s s o v e r  h o m o z y g o t e s  a t  o n c e .  T h e  r e s u l t  o f  t h e  c r o s s  c o n s i d e r e d ,  b e ­
t w e e n  f a t h e r s  a n d  F i  d a u g h t e r s ,  i s  t h e  s a m e  a s  i f  t h e  F i  w e r e  c r o s s e d  w i t h  
o n e  a n o t h e r ,  a n d  t h e i r  c h i l d r e n  ( F 2 )  b a c k c r o s s e d  t o  p a r e n t s .  I t  w i l l  b e  
s h o w n  l a t e r  t h a t  t h i s  l a t t e r  p r o c e d u r e  g i v e s  t h e  m a x i m u m  o f  c r o s s i n g  o v e r  
o f  a u t o s o m a l  g e n e s .  T h e  c a s e  i s  f a i r l y  s i m p l e ,  s i n c e  m a n y  t y p e s  o f  m a t i n g  
a r e  i m p o s s i b l e  a f t e r  t h e  f i r s t  g e n e r a t i o n .  F o r  e x a m p l e  a a b b  m o t h e r s  h a v e  
o n l y  ab  s o n s .  0  i s  t h e  c r o s s o v e r  p r o p o r t i o n ,  a n d  a  =  1  —  j3.

T  y p i c a l  

mating
Number 
o f  types

A A B B X A B  
A  A  b b X A b  
A A B b X A B  
A  A  B b X A b  
A B . a b X A B  
A b . a B X A b  
A B . a b X A b  
A  b . a B  X A B

(4.1)

2 Hd̂ i = jjaHfc-l- t^Iu-r 23ju.
2 I&-1= 5^(Gi.-rIL).
2 J 0ti = M H u-KJi.).

P u t t i n g  c n  =  C D  — D n ,  d n  =  E n  —  F n ,  e n  =  G n  — H r j ,  f n  =  I n - J „
Cn-i-l — Cn +  ^dn +  5 « e n —

d n - i  =  i d „  +  i / 3 e u  -  s a f „  
e n - r i  =  f a e r ,  - f  f ( 2 a  -  / 3 j f u
fn-rl =  ^f3(,e r; +  fn.)

U . 2 )

Genxtics 16: J1 1931
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308 J. B. S. HALDANE AND C. H. WADDINGTON

P u t  Cn̂ -1 -f* i'dn-i- 1 +  1 =  Cn +  jrdn +  0ftl.

••• S =  -2 +  Is*

V — \ c x  1/3C +  \ o r q  +  j1

0 =  -  I t  -  -W  +  i { 2 a  -  0 )v +

P u tt in g  0 =  x,

6  — l x  2 — Ox
---------------------, e  = ----------------------
3(2  +  3x) 3 (2  +  3x)

(6
Cl, +  sd„  H-------

7 x )e n +  (2 — 9x)f„  

3(2  +  3x)

In  the case considered  ei =  Gi =  1

.’. cac

y

6 — 7x 

6 9x

8x

6 +  9x

( 4 .3 )

( 4 .4 )

( 4 .5 )

H en ce  w ith 5 0  p e rce n t crossin g o v e r  in th e  h o m o g a m e tic  sex th e  final p r o ­
p ortion  of cro sso v er z y g o te s  is 8, 21 . If b oth  sexes of F i are  crossed  b ack  to  

the p a re n ts ,

4x

}  6 +  9x

In this case  it is q u ite  possible to solve the eq u ation s (,4.1) co m p le te ly .  
C n differs from  C «  b y th e  sum  of six te rm s  of g e o m e tr ic  series, whose  
ra tio s  a re

1 3 2x ±  \ V ~ ! ( ) x ~ + T 9 x‘ 2x ±  \ ^ ~ l h > x ~ + T w

4 ’ 4 ’ 4 ? 4

E v e n  here h ow ever th e  expression is ra th e r  co m p lica ted .

PARENT AND OFFSPRIN G  MATING. AUTOSOMAL GENES

T h e  m atin g  sy stem  is th e  sam e as in the last case, excep t th a t  b o th  sons  
and d au g h ters  in F i  are  crossed b ack  to  the p aren ts . T h is  case  has been  
considered, for unlinked genes, b y  b oth  J e n n i n g s  ( 1 9 1 7 )  and  W r i g h t  

(1 9 2 1 b ) .  If 100/3 and 10 0 5  are  th e  cro sso v er p ercen tag es , and a  +  /i =  7  +  5 

=  1, we arriv e  at eq u atio n s  ( 5 .1 ) .
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IXRREEDIXG AND LINKAGE 369
T y p i c a l

mating
A A B B X A A B B  

A A bbXAAbb  
A A B b X A ABb  

A A B B X A  ABb

AAbbXA ABb

A A B b X A  a BB  
A A B b X A a b b  

A A B B X A B . a b  
AAb bXAb .a B

A A B B X A b . a B
A Ab bX A B . ab

A A B b X A B . a b

A A B b X A b . a B

A B . abXA B.ab  
A B. a bX Ab . aB  
A b .a BX Ab . aB

N u m b e r  

o f  t y p r f

2 Cn-i = C-+- F +  \ (a +  -) )J 4- J (3+ 5)L.
2 P,,., i = 1>4-G4-1 (a +  *; )K -f- l (34- fl)M.
4 E„., = i (E  +  F +  G) +  i(H + H -X  +  r ) .
8 Fn„  = iE + jF + JH + i(^ + «)J + i(a-f->)L-u1»6(a + ->)N +  ̂

(3 +  6)P.
8 G„., = JE +  KJ +  JI +  i (3 + 6 )K  +  i ( a + T ) M - r 1,0^ + 5 ) N  +  A

(a +  7)F.
4 H 1(+I =  JH + J ( 3 + 5 ) X  + J ( a  +  ->)r.
4 l„+i = iI +  l (a + ‘>)X +  .l(3+6)I>.
4 Jn-i = 1 (« +  ">)J +  s (3 +  o)L +  )X -r  iof>0-{-yb (a5-r8y )R.
4 K n+i = J (a +  */ )K +  5)M +  l (a +  *> ) P 4 “ io'i 8 +  4s (a 5 +

£h)R.
4 Ld- i = i(3+5)(L  +  P)4" ^(aS+^'OR +  b̂ Ŝ.
4 M d- i = i(/3-J- 5)(M +  X ) +  i i  (<*5+3'} )R +  J35Q.
8 Xn-rl = U +  h (3+ 5)J  +  j* (a +  ->)M +  A (4 +  « +  ■> )X  +  y0 (p +  5)

P + i(a5-|-3'))Q + r6(a'> +P<$)R-
8 P,.Ti = JH +  J (3 +  6)K +  £(<* +  -> )L +  4s ( 4 +  <* +  •> )P +  yb ( 3 +  5)

X  +  J(a6+ 3 ->)S +  ye ( a y  +/3 6) R .
1 Qn-ri = 2 (a "I"">)(J +  X) +  ja") Q-j- ] (<*6+3'> )R.
2 Ri:_! = l (3"}" b )  (L +  M -(- X +  P) +  ’ 35(0-*- S) 4* 4 ( a  o +  3") ) R.
1 8„̂ i = i<,a-f'/)(K + Pj-r2a')S+J(a6-r3‘))R*

L e t  Cn C* n D m d n F n fn H n I n > f n J  n n< pn Ln I n . Li
N„ — P n, in =  Q n — S„. L e t  /3 + 5  =  2 x. $<5 =  p.

Cn-rl =  Cn +  dn T  5 ( 1  — x)fr, -f- 2Xgn-

dn + 1 =  2 <dn +  i e n +  \ xfn +  \ (1 — X)gn 4“ *(1 — 2 x )h n.

en̂ i =  j e n — i ( l  — 2 x )h n.

fn-l =  5 O — x )fn 4~ iXg„ +  |(1 — X.'h, +  £ M — 2.\ 4~ p ) 1 r< . ‘ (5 .2 .)

gn-1 =  4 X (g n ~  hn) — £})in.

hn-1 = — i e R +  *xfr. -  |(1 — x)gr. 4- -£(3 -  2xih„ -i- Ji.x -  p>ir . |
+ =  (1 — x ) f f n 4“ hr.) +  *(1 — 2x +

In order to h ave  c „ 4 -i 'd n4-f7en4-0fn4-Kgr.4-Xhn4-Adi. independent of n. it 
is necessary  t h a t :

r = 1 4- i t .  I
I

7̂ =  is- 4- 1 7̂ — |X. i

0 =  5 (1 — -x) 4~ 4 x<C 4* 5 (1 — x)d 4- \ xX 4- (1 — x )p . j

k =  -2 X 4- i l l  — x j t  4~ i x (0 4~ *) — 4 (1  — x )X .

X = i u  -  2x)t — \ (\ 2x)r7 4- i( 1 — x)9 |x/v 4- i ) 3 — 2x)X 4- (1 -  x)M.
P =  |(1 — 2x 4- p)0 — ip x  4- i(.v — p)X 4~ '̂,1 — 2x 4- p,'P. j

Genetics 16: J  3 1931
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2x

H ence j =  2, *? = -----------• 0 = ------------
1 +  4x 1 +  4x

1 -  2x
V =

1 4~ 4x

as may readily be verified.

4x 2(1 -  2x)------- . x = ------------
1 -f* 4x 1 4“ 4x

-  c n +  2dn 4~
1 4~ 4x

[2fn 4~ 2 x (e n 4- 2g„) 4~ (1 — 2 x )(2  hn 4- in) ] (3 • 4)

In the case considered Jo = fo= 5 .*• c* = 1/1 4-4 x

2x

1 4~ 4x
( 5 .5 )

H ence with 50 percent crossing over in both sexes, y = j, with 50 percent 
crossing over in one only, y = In order to obtain the maximum propor­
tion of crossovers, we should mate Fi inter sc, and then mate F2 back to Fi 
of the opposite sex. In this case

Qi =  ii =  2, so c*
1 -  2x 

1 4" 4x

3x
and v =  -----------

1 4- 4x

Hence when x = ,̂ v = §, and with 50 percent crossing over in one sex only, 
y = §. The approach to equilibrium involves the solution of equations (5 .2) 
and a set of nine similar equations for C n4-F)n, etc. along with En and R n. 
C n differs from C* by the sum of terms from 14 geometric series.

INBREEDING WITH ANY IN ITIAL POPULATION

The five systems of equations (1.1), (2.1), (3 .1 ), (4.1) and (5 .1 ) are true 
whatever be the initial composition of the population, provided that it 
contains the genes A , a, B , and b in equal numbers. This is not in general 
so. But we can render any population symmetrical by adding to it three 
other suitably chosen populations, these latter being added after one gen­
eration of inbreeding, so as not to mate with the group first considered. 
This addition does not affect the proportion of crossover zygotes, and the 
proportion of the genes is of course unaltered by inbreeding.

An example will make the method clear. We desire to know the final 
fate of a population consisting of zygotes in the proportion X A A B B ' A a a B b ,  
when mating is at random for one generation, and afterwards brothers and 
sisters only are mated. After one generation we add to it equal numbers of 
the children of three populations consisting of (L4.4 B B  :4.4 abb), (\aabb:
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4 A A B b )  and (\ a a b b :A A aB B ) .  H en ce , out of 100 typ ical m a tin g s  of th e  
m ixed F j ,  2 are A A B B X A A B B ,  2 a a b b X a a b b ,  4 of each  of th e  8 ty p es  e x ­
emplified by A A B B X a a B b ,  16 of each of the 4 typ es  exemplified by .4.4 B b  
X A A B b .  D ividing by 50 , to give a to ta l  of 2 :

1 2 8
Ci =  Ci =  — ; f] =  J i  =  — ; Qi =  •

25 25 25

F i g u r e  1.— The curves show the percentage of crossover homozygotes at equilibrium (100y), 
plotted as ordinates against the average crossover value ( 100.x) as abscissa, for the following five 
systems of mating:

1. Self-fertilization.
2. Brother-sister mating. Sex-linked genes.
3. Brother-sister mating. Autosomal genes.
4. Parent-offspring mating, Fi daughters backcrossed to father, sex-linked genes.
5. Parent-offspring mating, both Fi sons and daughters backcrossed to parents, autosomal 

genes.

G enetics 16: J1 1931
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H e n ce  by eq u atio n  ( 3 .4 ) ,  c*  = 1 '25 +  2 725 2(1 — 2x) '1 -fifix.

10 -fi 7fix 
25(1 +  6.x)

T h is  is the p ro p o rtio n  of cro sso v er zyg o tes . In the p op u latio n  first c o n ­
sidered th e  ra tio  A :a  is 1 : 4 ,  th a t  of B : b  is 5 : 2 .  H en ce  if [.1.1 BB\  is the  
p ro p o rtio n  of th a t  ty p e  in the final p op u lation ,

1 3
[ A A B B ]  -fi [ ,1 .1M ] =  [.-L I/>’ /*] -f  [ a a BB]  =  [.-I.1M] Hfi [ a a B B ]  =  v5 5

[ A A B B ]
5 -fi 22x 

25(1 -fi 6x) [ ,1 ,1W ]
8.\

25(1 -fi 6x)
r , 10 +  fiSx
[ a a B B ]  = -------------------25(1 -fi 6x) [j i jM ] =

10 -h 52x  

25(1 -fi fix)
Sim ilarly  th e  final com p osition  of a n y  o th er p op ulation  m a y  be found.  

I t  is often  m o re  con ven ien t to split it up into grou p s, and  con sid er each  
sep a ra te ly . T h u s  in th e  ab o v e  case 1 25 of the final p op u latio n  is derived  
from  A A B B X A A B B ,  th a t  is. is all A A B B ' ,  lfi 25 is derived  from  th e m a t ­
ing a a B b X a a B b , th a t  is, con sists  of equal n um bers of a a B B  and aabb]  
8 / 2 5  is derived  from  A A B b X a a B b .  and th e  reciprocal cross. T h is  gives all 
four z y g o tic  ty p e s  in p ro p o rtio n s  depending on the valu e of x . I t  is q u ite  
possible to form  eq u atio n s  for th e  results  of breeding from  a p op u latio n  
co n tain in g  a r b i t r a r y  n u m b ers  of each  of the 20 z y g o tic  ty p e s , but th e  e x ­
pressions ob ta in ed  are  n e ith er  short nor elegant.

DOUBLE CROSSING OVER

C on sid er the inbreeding of zy g o te s  A B C  abc.  w here the 5 genes .1 ,  B ,  C 
are  linked and in th a t  ord er . L e t  p be the p rop ortion  of crossin g o v er b e ­
tw een A B  ( th a t  is, 100p  the cro sso v er valu e fi and let q. r be th e  sam e p r o ­
p o rtio n s  for B C , A C .  T h en  th e  p rop o rtion  of double cro sso v ers  is o b ­
viously o(p +  q — r). S im ilarly  if. a fte r  inbreeding, th e  p ro p o rtio n s  of c ro s s ­
o v e r z y g o te s  are  f tp ) ,  f (q ) ,  f i r ) ,  th e p rop ortion  of double cro sso v e r  z y g o te s ,  
th a t  is, a a B B c c  and . 4 . 4 bbCC.  is ?,[f(p) +  f(q ) — f(r)j .  N o w  ftp* is a lw a y s  of 
th e  form  kp  1-filp. H e n ce  we h av e , for the p rop o rtion  Z of double c ro s s ­
overs ,

kn kq kr2Z = ----- -------f i ----- —  + ---------1 -fi lp 1 -fi lq 1 -fi lr
k(p -fi q — r -r 21pq -fi l*pqr)

2(1 -fi lp)(l -fi 1 q)fi 1 +  lr)
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N ow  ^(p +  q — r) is the p roportion  of g a m e tic  double cro sso v ers , and th e re ­
fore sm aller than pq, owing to interference, unless p and q are  q u ite  large.  
H en ce since 1> 1 the last tw o term s in the n om in ator are  th e  m ost im p o r­
ta n t .  \\ hen p and q arc  sm all, r is p rac tica lly  equal to th eir sum . and Z =  

klpq. ap p ro x im a te ly .
T h a t  is to say w hereas the proportion of single k i n e t i c  cro sso v ers  is k 

tim es the corresponding g am etic  value when the la t te r  is sm all, th e p r o ­
p ortion  of z y g o tic  double crossovers  is kl tim es the p ro p o rtio n  of g a m e tic  
double crossovers  calcu lated  if there were no in terference, and m a n y  m o re  
tim es the real value. T h e  values of k and kl, collected from e q u atio n s  ( 1 . 3) ,  
(2 .5 ) ,  (3 .5 ) ,  ( 4 .5 ) ,  (5 .5 )  and their m odifications, are given in tab le  2.

T aui.i 2

TYPE OF 1XBKLEPING
i
; TYPE OF LINKAGE
» i

i
I

k kl

Self-fertilization 1 Autosomal1
2 4

Brother-sister mating
1
j Autosomal 4 24

Brother-sister mating i  Sex-linked s 32/3
Parent-offspring mating I Autosomal 2 S
Parent-offspring mating after P| 1 Autosomal 1 2

Parent-offspring mating both ways 
Parent-offspring mating father-

! Sex-iinked

i

2 1

daughter, or after Fi i Sex-linked 4 ■» 2

DISCUSSION

T h e m eth od  of calcu lation  here em ployed cannot be applied to m ost o th e r  
typ es  of inbreeding. I t  is w holly inapplicable to the im p o r ta n t  case  w here  
a m ale is bred to a large group of his half-sisters in each g en era tio n . T h e  
case of double first cousin m atin gs with au tosom al linkage in volves the con ­
sideration of 1 0 .0 0 0  different pairs of m ating typ es , and o th e r  sy s te m s  are  
still m ore com p lex . It m ay  prove possible to solve such p rob lem s by an e x ­
tension of W r i g h t ’s  ( 1 0 2 1 a '  correlation m ethod, but we h av e  been u nab le  
to do so.

In b reed ing m a y  be u n d ertak en  for several purposes. I t  m a y  be desired  
to obtain  and fix as m a n y  typ es as possible after  crossing tw o different  
varieties , to o b ta in  a pure line of a desired typ e , or m erely  a p ure  line of 
an y sort. In each  case it is desirable to encourage crossing o v e r . If th e  
gen etics  of the organ ism  con cerned  are known alread y , this can d ou b tless  
be done b y ad hoc  m atin g s . In general this is not possible. T h e  reason w hy  
crossing ov er, th a t  is, reco m b in atio n , is desirable in all ty p es  of in breedin g  
is as follows. H y b rid  v ig o r m a y  be due p a rtly  to h eterozy go sis  as su ch , but  
it is p ro b ab ly  also in p a rt  due to the presence in the h yb rid  of d o m in a n t

Ge NTTICS 16: J1 1931
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genes contributed by the two parents. If so the vigor of an extracted pure 
line will depend on the numbers of such dominants which are combined in 
it. In so far as they are linked, the probability of such a combination will 
depend on the type of mating practised.

It is clear from table 2 that the differences are very considerable. For 
example a recombination involving three fairly closely linked genes is 
about 3 times as likely with brother-sister mating as with parent-offspring 
mating, and six times as likely as with self-fertilization. In the case of sex- 
linked genes the probability is over 10 times as great with brother-sister 
mating as with parent-offspring mating. However the disadvantages of 
the latter are considerably diminished if instead of beginning it by crossing 
the Fi to the parents, the first parent-offspring mating is between Fi and F 2. 
If the ideal genotype requires the occurrence of a number of crossings over 
the differences between different mating systems are greatly increased.

For example if two pure lines of Drosophila whose males are of compo­
sition A b(C dE;C dE)(FgH /FgH ), and aB(cD c/cD c)(fG hJG Ji), respective­
ly, are crossed, the proportion of pure lines finally containing all the dom­
inants is 0.98 percent with brother-sister mating, 0.0372 percent with un­
restricted parent-offspring mating, even when all crossover values are 50 
percent.

It is clear then that the proportion of homozygosis reached is not the 
sole possible criterion of intensity of inbreeding. But the difference be­
tween different systems due to the considerations here outlined will be far 
more intense in an organism with high linkage,such as Apotettix, Lebistes, 
Drosophila, or Funaria, than in one with little linkage, such as a mammal 
or Triticum vulgarc.

SUMMARY

Formulae are given for the amount of crossing over which is found in the 
final population when organisms heterozygous for linked genes are inbred 
according to various systems.
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I n t r o d u c t i o n .

L i n k a g e  has so far been almost exclusively studied in diploids am i  
allopolyploids such as wheat. In  the la tter the phenomenon is not  
essentially different from th a t  in diploids, as each chromosome, save for 
rare exceptions, has a definite m ate . The only case of tru e polyploid  
linkage so far studied is th a t  in the trip lo-X  Drosophila melanogaster of 
Bridges and Anderson (1925). No linked factors were known in auto-  
tetraploid plants other th an  Primula sinensis until 1930, b u t our col­
league D r Sansome is now studying linkage in tetrapioid tom atoes.

The present work was begun in 1909 by the late R . P.. Gregory. 
Sverdrup Somm e (1930) has analysed the d ata  up to 1927 . W e incorporate  
counts of 2867 more plants, but reject some of her d ata  on various  
grounds.

The factors here considered are S , B  and G. S  converts a pin plant, 
with long style and short stamens, into a thrum  with short style and long 
stam ens. B  converts red flower pigment into m agenta, G  inhibits the  
form ation of anthocyanin  pigment in the centre of the flower, producing  
a green stigm a and o v ary  in place of a red. In  the diploid they are com ­
pletely dom inant. In the tetrapioid S  is com pletely so, b ut B b b b  and 
G g g g , though generally easily distinguished from bbbb a n d g g g g ,  are on 
the whole n ot so different from them  as are B B B B  and G G G G . There is
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no possibility of a m istake in scoring S . In  some families B b b b  and bbbb  
m ay have been confused. I t  is possible, though n ot very  likely, th a t  
errors m ay  have been made regarding G. No a t te m p t  has been made to  
separate different grades of dom inant, e.g. B B b b  and B b b b , though in 
some cases this was p artly  possible.

The linkage values of these factors in the diploid are based on a mass 
of m aterial, p artly  given by Gregory, de W in ton  and B ateson  (1923). 
Table I is based entirely on back-cross d ata  as regards the diploid; the  
F 2 data  are con cord ant, but do not enable a distinction to be made be­
tween the male and female sides of the plant. The d a ta  on which the  
tetranloid figures are based will be given l a t e r .

T A B L E  I.

122 Linkage in the Tetraploid  Prim ula sinensis

Cross-over values per cent., with standard errors.
Factors Diploid $ Diploid o Tetraploid $ Tetraploid q

S B 7-35 ± 0 40 12-91 ±0-50 8-01 ±0-69 8-41 ±0-99
S G 33-29-0-74 40-47 -0-78 37-58 +  1-92 38-91 i2-23
B G 31-15+0-53 36-24 ±0-68 35-18-1-85 34-38 ±2-17

In order to understand the linkage d ata  we m ust first consider the  
genetical behaviour of the factors one a t  a tim e. A p a rt  from  aneuploids, 
e.g. plants with 4 «  -f- 1 (49) chromosomes, the following typ es of zygote  
are to be exp ected  with regard to a single pair of allelomorphs X  and x : 
X X X X .  quad ru plex ; X X X x ,  trip lex ; X X x x ,  d u p lex ; X x x x ,  sim plex; 
x x x x ,  nulliplex.

Quadruplex and trip lex plants give no recessive offspring, duplex by  
nulliplex give 5 d o m in a n t : 1 recessive, simplex b y  nulliplex 1 d o m in a n t : 
1 recessive. In Table I I  actu al figures are given for the factors concerned. 
These figures do not represent all the m aterial available, but only those 
in which the com position of the dom inant p aren t was known from its 
ancestry. All the duplex plants included in them  were from the cross 
X X X X  < x x x x  or reciprocal. The only element of doubt here is the  
possibility of an  alleged X X X X  grand-parent having been X X X x .  such  
triplex plants being indistinguishable from quadruplex by a single genera­
tion of breeding, and being eliminated rather slowlv on self-fertilisation. 
Plants known by their genetic behaviour, but not their an cestry , to have  
been X X x x  are excluded. Such plants occurred, for exam ple, am ong the 
progeny when X X x x  was selfed.

Similarly the only X x x x  plants whose progeny is included are those 
from X x x x  x x x x  or the reciprocal cross. the constitution of the simplex  
grand-parent beinu assumed, if necessary, from its genetical behaviour. 
D om inant progeny of 73 crosses of simplex x nulliplex have been tested,

4 1 6



D. D E  W l N T O X  A X D  J .  B . S. H A L D A X E 123

and all have proved simplex. On the hypothesis of random assortm ent  
of chromatids (Haldane, 1930) one in thirteen would have been duplex.

TA B LE II.

Single factor ratios.
Xo. of

Parents families Dominant Recessive D D + a

S s 3 x  S s 3 40 12S2 395 -  24-25 1-20
B b 3 x  B b 3 17 358 124 + 3-5 0-37
G &3 X G g 3 10 265 91 o 0-24

S s 3 x s , 75 1001 1009 T 4 018
B b 3 x  bj 3 8 559 542 -  S-5 0-51
G &3 X g t ■ 25 368 371 4 -  1-5 0 -11
s4 x  S s 3 4 5 456 534 -3 9 2-48
b 4 x  B b 3 ■ 28 291 380 -44-5 3 43
& 4  x  G g 3 24 293 315 + 11 0-89

S 2S2 X S 2S2 1 44 2 + 0-7 0-65
G 2&2 X Gvjgj 23 1204 44 + 10 1-74

G 2&2 X g 4 34 643 125 -  3 0-29
S i  X G o g * 9 87 22 ~r 3*8 0-98

Table I I  shows the genetical behaviour of simplex and duplex plants. 
The results are not independent, owing to linkage. I t  will be seen th a t  
the only really serious deviations from expectation  occur in the cross of 
x 4 x  X x 3 , the heterozygotes giving an excess of recessive gam etes on the  
male side. The fact th a t  the same families are included in the B  and S  
totals  accounts for the similar discrepancy in both cases, since B  and S  
were coupled in m any of the plants. F ive  B b 3 plants as males gave 66 B ,  
106 b, which accounts for nearly half the discrepancy. Used as females 
th ey  gave 90 B .  85 b. We have clearly to deal with a case of aDisogeny, 
the B  pollen grains being handicapped while the B  ovules are not. 
A possible explanation is that these plants were B bbbb. i.e. 49 ch rom o­
some plants, and th at as in Datura 2n — 1 ovules are functional, '2n — 1 
pollen not so in competition with 2// pollen. In this case the ovules would 
give a ratio of 1 B  : 1 b. the pollen grains 2 B  : 3 b. which agrees with  
observation. If the divergence from expectation were due to random  
pairing of chromatids we should expect similar gam etic ratios on both  
sides, for the equality of linkage values suggests th at meiosis is similar 
on the two sides of the plant. If non-disjunction of the S B G  chromosome  
is a t  all com m on we should expect to find Bbbbb plants am ong the  
parents of Table I I :  on the other hand B b b b  . bbbb or the reciprocal 
cross could not give B B b b b  apart from double reduction.

Exceptions due to double reduction m ay occur, but they are too rare  
to be considered in an adm ittedlv preliminarv theorv of linkage.

^ 1  ft/ V ^
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Hence in w hat follows we assume th a t  two chrom atids from the same  
chromosome always go into different gam etes. This is borne out by the  
behaviour of linked factors. The further question w hether two chrom atids  
which have paired and exchanged factors by crossing-over m ay  enter the  
same gam ete is considered later. B o th  these anomalies would involve 
non-disjunction.

124 Linkage in the Tetmploid  Prim ula sinensis

T h e o r y  o f  l i n k a g e  i n  t e t r a p l o i d s .

In a diploid organism heterozygous for two factors we can  only study  
two types of gam etic series, those characteristic  of coupling and re­
pulsion. which are closely related, and their relation could be deduced on 
m any different theories of segregation. F o r  exam ple, it was consistent 
with the reduplication theory, or with several different theories as to the 
relation between factors and chromosomes.

In the tetraploid, however, there should be seven distinct types of 
gam etic series: (1) single coupling, (2) single repulsion, (3) asym m etrical  
coupling, (4) asym m etrical repulsion, (5) double coupling, (6) double re­
pulsion, (7) coupling and  repulsion. I t  will be difficult to construct  
zygotes giving combined coupling and repulsion, or to  identify them  with
certa in tv  if th ev  have been constructed.

*/ •/

W e consider only the ratios to be expected  in the case of com pletely  
dom inant factors. In order to obtain visible segregation the number of 
these factors in a zygote m ust be one or two. Suppose two factors X  and  
Y  to be linked, crossing-over occurring in the form ation of a proportion  
p  of the gam etes; and a plant known from its genetical perform ance to  
be of the composition

X Y
x y
x y
X V

T h e n  i f ,  a f t e r  c r o s s i n g - o v e r  h a s  o c c u r r e d ,  t w o  c h r o m o s o m e s  c a n  e n t e r  t h e  
s a m e  g a m e t e ,  s o m e  o f  i t s  X Y  o f f s p r i n g  w h e n  i t  i s  c r o s s e d  w i t h  ( x y ) ,  w i l l  
e x h i b i t  r e p u l s i o n  o f  X  a n d  Y .  A s  w i l l  b e  s e e n  l a t e r ,  s u c h  a n  e v e n t  i s  r a r e ,  
i f  i t  o c c u r s  a t  a l l .  I n  w h a t  f o l l o w s  w e  w i l l  a s s u m e  t h a t  i t  d o e s  n o t  o c c u r ,  
i.e .  t h a t  a f t e r  t w o  c h r o m o s o m e s  h a v e  p a i r e d ,  t h e y  m u s t  p r o c e e d  t o  d i f ­

f e r e n t  p o l e s .  T h e  a b s e n c e  o f  s u c h  a  c o n v e r s i o n  o f  c o u p l i n g  i n t o  r e p u l s i o n  
a l s o  r e n d e r s  p a i r i n g  o f  m r e * *  m i r o m o s o m e s  l e a d i n g  t o  " p r o g r e s s i v e  '  
c r o s s i n g - o v e r  u n l i k e l v .  a n d  f u r t h e r  r e a s o n s  . i r e  g i v e n  l a t e r  t o  s h o w  t h a t

— *■ V .

i t  i s  a  r a r e  o r  n o n - e x i s t e n t  p h e n o m e n o n .
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Case  1. Single coupling.

125

X Y  
x y  
x y  
x y

The chromosome containing X  and Y  must pair with one of the others.
Crossing-over occurs in p  of the total cases, the gametic series is therefore:

(1 -  p)  X Y  : p  X y  : p  x Y  : (1 — p)  x y  
x y  x y  x y  x y

a series similar to th a t  of the diploid.

Case  2. Single repulsion.
X v
x Y
x y
x y

Calling the four chromosomes A, B, C and D, in two-thirds of all cases A
does not pair with B.  so the gametes are:

1 X y  : 1 X y : 1 x Y : 1 x y  
x Y  x y  x y  x y

In  the remaining one-third A and B  pair, so there is a chance of crossing-
over, the gam etes being:

p  X Y  : (1 -  p)  X y  : (1 — p)  x Y  : p  x y  
x y  x y  x y  x y

H ence the total gam etic series is:

1 X y  : p  X Y  : (2 — p)  X y  : (2 — p)  x Y  : (1 4- p)  x y
x Y x y x yx y  x y

Case  3. A sym m etrical coupling.

X Y
X y
x y
x y

Here in one-third of all cases A B , CD  pair and the gam etes are :

1 X Y : 1 X y  
x y  x y

In the other cases erossins-over m av occur between A and C or Z), and
— i/

the resulting chromosome has an equal chance of entering an X y  or an  
x y  gam ete. The total gametic series is Therefore:

(1 -  p)  X Y  : (2 -  p)  X Y  : p  X y  : p  X y  : 2 X y  : p  x Y  : (1 -  p) x y
X y  x y  x Y  X y  x y  x y  x y
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Case 4. A sym m etrical repulsion.

Xy
Xy
xY
xy

In one-third of all cases AB, CD pair and the gam etes a r e :

1 X y :1 Xy  
xY xy

In the other tw o-thirds pairing of C with A or B renders crossing-over  
possible, the resulting chromosomes as above entering a gam ete with Xy  
or xy in equal num bers. The to ta l gam etic series is th u s :

p  XY : p X Y  : (2 -  p)  Xy : (1 — p)  Xy : 2 Xy : (1 -  p)  xY : p  xy  
Xy xy xY  Xy xy xy xy

Case 5. Double coupling.
XY
XY
xy
xy

In  one-third of all cases AB, CD pair and th e  gam etes are XY. In two-
xy

thirds of the cases crossing-over m ay  occur. The following question now 
arises. Does the fac t  th a t  crossing-over has occurred between chrom o­
somes A and C alter the probability of crossing-over between B  and D l 
This probability would be increased if certain  variable conditions in the 
nucleus as a whole favoured crossing-over in both cases. I t  would be 
diminished if, for cxam ole . onk' a 'mire am ount of energv was available  
for twisting or breaking the chromosomes, and this m ight be con cen trated  
on one pair or the other. In  w hat follows we shall assume th a t  the proba­
bilities are independent, an hypothesis which agrees fairly well with e x ­
perience. The gam etic  ou tp ut where crossing-over is possible is therefore  
symbolised bv

[(1 -  p) X Y  : p  X y  : p  x Y  : (1 — p)  x y ] 2 

and the to tal gam etic series is:

(1 -  Up / - )  X Y  : (2p -  2 p ~ )  X Y  : [ 2 p  -  2p-) X Y  :
XY Xv

2 (2i _ p - )  XY : 2 p -  Xy : p -  Xy 
xy xY Xy

p2 xY  : (2p -  p-) xY  : (1 -  p )2 xy  
xY xy xy

xY
2 p  -  2 p-) Xy : 

xy
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In the event of a positive or negative correlation between the two  
cross-overs the term s whose coefficients are divisible by p  would be in­
creased or diminished respectively.

Case  6. Double repulsion.
Xy
Xy
xY
xY

In one-third of all cases AB. CD pair and the gam etes are all Xy. In  the
xY

remaining two-thirds crossing-over m ay occur. If it is independent the  
output is symbolised by

[p  XY : (1 -  p) Xy : (1 — p) xY  : p  xy]2

and the to tal gam etic series is:

p2 XY : (2p -  2p2) XY : (2p -  2p2) XY : 2p2 XY : (4 — Ap 4- 2p2) Xy : 
XY Xy xY xy xY

(1 -  p ) 2 Xy : (2p  -  2p 2 ) Xy : (1 -  p ) 2 xY : (2p  -  2p 2 ) xY  : p 2 xy  
Xy xy xY xy xy

subject to  the above reservation.

Case  7. Coupling and repulsion.

XY
Xy
xY
x y

In one-third of all cases AB , CD pair and the gam etes a re :

1 XY : 1 XY : 1 Xy : 1 Xy 
xY xy xY xy

In one-tliird of all cases AC. BD pair and the gam etes are :

1 XY : 1 XY : 1 Xy : 1 xY  
Xy xy xY xy

In  one-third of all cases AD. CB pair and in the absence of correlation  
the gam etic series is represented by

[p  XY : (1 -  p) Xy : (1 -  p) xY : p  xy]
[(1 — p)  XY : p  Xy : p  xY : (1 -  p)  xy]

4 2 1



Hence the total gametic series is:
(p -  p 2) X Y  : (2 — 2p +  2p 2) X Y  : (2 -  2p  +  2p 2) X Y  :

X Y  X y  x Y

(2 +  2p -  2p 2) X Y  : (2 +  2p -  2p 2) X y  : ( p -  p 2) X y  : 
x y  x Y  X y

( 2 - 2 p  +  2p 2) X y  : ( p - p 2) x Y  : ( 2 -  2p  +  2p 2) x Y  : ( p - p 2) x y  
x y  x Y  x y  x y

provided that, in the third case, crossing-over is not correlated.
Since in the case of complete dominance, the various classes of gamete 

containing at least one X  and Y  produce indistinguishable zygotes, the 
above results may be summarised in Table III. p  and q are the cross-over 
ratios on the two sexual sides of the plant.
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TABLE III.

Type of
Types

of
Gametes

in Gametes, Gametes,
Gametes in Zygotic 
absence of ratio on

zygote gametes general p=0 P  =  i linkage: selfing
1. XY.(xy)3 X Y 1 ~ P 1 1 1 2 + ( l - p ) ( l - g )

X y P 0 1 1 1 - ( 1  -p)  (1 - q )
x Y P 0 1 1 1 — (1 - p ) (1 - q )
x y 1 ~ P 1 1 1 ( l - p ) ( l - q )

2. X y .x Y .( x y ) 2 X Y 1 +p 1 1 1 1 8 + ( l + p ) ( l + q )
X y 2 - p 2 1 1 9 -(1 + P ) (1 + ?)
x Y 2 - P o 1 1 9 - ( l ^ p ) ( l + ? )
x y 1 +p 1 1 1 ( l+ p ) ( l+ ? )

3. X Y .X y .( x y ) 2 X Y 3 - P 3 5 5 26 -h(l -p)  (1 - q )
X y 2 - p •> 5 5 9 -  (1 -p) (1 -?)
x Y P 0 1 1 l - ( l - p ) ( l - g )
x y 1 - p 1 1 1 (1 -p) (1 - q )

4. (Xy)2. x Y . x y X Y 2 -fp 2 5 5 I-CDDl

X y 3 - P 3 5 5 9 - p q
x Y 1 - p 1 1 1 1 - p q
x y P 0 1 1 p q

5. (XY\.(xy). X Y 5 -  2 :) — : r 5 17 23 34 — (1 -pi2 (1 - q )-
X y - P  ~ P 2 0 3 5 l - ( l - p ) 2( l -? )2
x Y 2p - p - 0 3 5 l - ( l - p ) = ( l - g ) =
x y 1 -  2p —p3 1 1 1 ( l - py- ( l - q f

6. (Xy)2.(xY), X Y 4-p= 4 17 2o 34-p-r
X y 1-p- 1 3 5 1 - p -q -
x Y 1 -P a 1 3 5 1 - p -q-
x y P 1 0 1 1 p ~q ~

7. X Y . X y . x Y . x y X Y S -p -p - 4 33 25 136 — pq (1 -  pi (1 - q )
X y 2 -p-p* 1 7 5 4 -  M  (1 -  p ) (1 -  q )
x Y 2 - P - P z 1 7 5 4 - p q  U - p ) (1 - q )
x y p - p - 0 i 1 i»l (1 - p ) (l - q )

For purposes of calculation it is convenient to pur 1 -  p  =  P ,  1 - q  =  Q.
The gametic series in double coupling may then be written 1  -  P- : 1 -  P- : 1 -  P- : P 1, 

and the expressions for the followin'-' zyirotie series may be simplined:
Single coupling, 2 -  P Q  : 1 -  P Q  : 1 -  P Q  : P Q .
Asymmetrical coupling. 26 — P Q  : -  P Q  : 1 -  P Q  : P Q .
Double coupling, 34 -  P' - Q1 : 1 -  P-Q'-  : 1 -  P - Q -  : P - Q - .
Coupling and repulsion, 136 -rp q P Q  : 4 - p q P Q  : 4 - p q P Q  : p q P Q .
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The second column gives the gam etic series in general, the third  
the expected  ratios when linkage is so strong th a t  crossing-over m ay­
be neglected, the fourth when linkage is so weak th a t  crossing-over  
am ounts to 50 per cent. In  the fifth column the ratios are given which 
are found when the factors are in different chromosomes. In  the last  
column are given the zvgotic ratios to be expected on selfing. In  the case  
of single coupling the ratios are the same as in a diploid. B u t  in the case  
of single repulsion this is not so, since two factors in different chrom o­
somes can still enter the same gamete. The asym m etrical cases call for 
no special comm ent.

W hereas in the first four cases no difference is to be expected  when 
the factors, though in the same chromosome, are far ap art, from the  
ratios obtained when they are in different chromosomes, this is not so in 
the last three. If the factors are in different chromosomes each te trad  of 
homologous chromosomes can pair in three ways giving two pairs each, 
so the to ta l number of distinct cases to be considered is 36. B u t  if the  
factors are far ap art in the same chromosome each of the six possible pairs 
of chromosomes can produce one, two or four different types of gam etes;  
the to tal number of cases is therefore 21 or 18. I t  is thus theoretically  
possible, in a tetraploid plant, to distinguish between 50 per cent, crossing- 
over and the absence of linkage.

Similar calculations have been made to m eet the possibility th a t ,  
after pairing, the chromosomes can enter gam etes a t  random , so th a t  in 
one-third of all cases, two chromosomes which have paired so as to perm it  
of crossing-over m ay enter the same gam ete. The expected ratios are som e­
what different. As, however, it will be shown th a t  this event occurs rarely  
if ever in Primula sinensis,  the possibility need not be further considered  
here. I t  is however possible th at it m ay occur in other tetraploid organisms, 
or th a t  a sta te  of affairs m ay  be found in them  interm ediate between the  
above condition and th at here described. If after pairing, chrom osom es  
always went to the same pole, only X Y  and x y  gam etes would be found  
in the case of single or double coupling. This, of course, is not the case.

W hen three factors are concerned, m atters are much more com pli­
cated  : I-i possible zygotic types m ust be considered. Moreover two dif­
ferent types of double crossing-over are theoretically possible. Consider 
four homologous chromosomes A. B, C, D, in a zygote

X Y Z
x y z
x y z
x y z

Joum. of Genetics x x iv  9

423



Chromosome A m ay  pair with B,  crossing-over twice, and giving X y Z  
and x Y z  gam etes. Or it m ay  pair with both B  and C, giving X y z ,  x Y z  
and x y Z .  B o th  these types of crossing-over were found b y Bridges and  
Anderson (1925) in the triploid Drosophila melanogaster,  th e first being 
term ed recurrent, the second progressive. In  the case of progressive  
crossing-over in a tetraploid  we should exp ect th a t ,  as the result of a 
situation such as th a t  shown in Fig . 1, the two gam etes formed would be

130 Linkage in the Tetraploid  Prim ula sinensis

Fig. 1. Configuration in the diplotene stage which might yield X y z  gametes.
x y Z

The chromosome containing the three dominants is dotted.

x Y z  and X y z .  The fact th a t  in such a case X  and Z  would exhibit ro- 
x y z  x y Z
pulsion in the progeny shows th a t  such cases, if th ey  occur, are rare. 
If they are a t  all frequent, however. X y Z  and x Y z  gam etes should be 
more com m only produced by the zygote

X Y Z
x v z
x y z
x y z

than  by X Y Z .  provided th a t  the cross-over values are the same in both, 
x y z

Double cross-overs are not more com m on in the tetraploid . not a t  least to  
any significant ex ten t. Hence it is considered th a t ,  for the present, a theorv
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based on crossing-over involving two chromosomes only, which is not 
presented as final, will cover all the facts found, to  a first approxim ation. 

In  view of the somewhat com plicated nature of the theory, it is p er­
haps worth pointing out simpler, if less rigorous, methods of calculating  
some of the above gam etic and zygotic series. Consider the case of double 
repulsion. The y y  gametes form one-sixth of the whole, from the single 
factor theory. B u t  in order th a t  a y y  gam ete should also be x x ,  crossing- 
over m ust have occurred twice. The chance of this is p 2: hence the ratio  
°f  X y y  to x x y y  gametes is 1 — p 2 : p 2. The relative proportion of x x Y  
gam etes is also 1 — p-.  B u t  since the total proportion of X  gam etes is 
five for every one x x ,  there m ust be 4 -f p 2 X Y  gametes. Similarly  
the proportion of x x y y  gametes in double coupling is P 2, this being the
chance th a t  no crossing-over has occurred on two distinct occasions. 

In  the corresponding zvgotic series the proportions of bottom  re-
P*Q*cessives are

p 2q 2

"36"
and

36
In the first case crossing-over m ust have

occurred twice on the male and twice on the female side (a m ost im ­
probable occurrence), in the second it m ust have failed to occur on four 
independent occasions. So th a t  even in a doubly coupled zygote, double 
recessives rarely occur as a result of selfing. Thus if the cross-over value  
in each sex is 33^ per cent., p  =  \, P  =  §, therefore the proportion of

1 /’>\4
double recessives 30  \ ^ ) » or  ̂*n ^29. This is g rea terth an  the proportion

of 1 in 1296 expected in the absence of linkage, but is still small.

E x p e r i m e n t a l  r e s u l t s .

In  the interpretation of the experim ental results there is a certain  
danger of circularity  in the argum ent. Thus a number of plants, from  
their genetical behaviour, agree with the expectation  on the assumption  
th a t  they arc of the composition

SBG
sbg
sbg
sbg

Some of these plants are derived from a cross between a triple recessive  
plant and a triple dominant of uncertain composition. Others arise from  
selfing, and so on. Only their irenetical behaviour makes their com posi­
tion more or less certain. < >n the other hand, m any such plants are 
derived from the cross of a plant known from its ancestry , genetical be­
haviour. or both, to be of the above composition, crossed with a triple

0 - 2
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recessive. On the th eory  here developed, all plants in such families, pro­
vided th a t  th ev  carrv  the three dominants, should be of the above com- 
position, unless some exceptional event such as progressive crossing-over 
has occurred. Such plants, and no others, m ay  legitim ately be used to  
test  the theory.

W e m ay however legitim ately include with them  other plants of 
similar genetical behaviour, provided their offspring occur in the theo­
retical proportions, and use the total of such families for the purpose of 
calculating linkage intensities. In the tables three distinct classes of 
parents are considered.

(а) P aren ts  whose genetic composition can be predicted from those 
of their ancestors on the assumption th a t  neither double reduction, non- 
disjunction, nor progressive crossing-over has occurred.

(б) P aren ts  in which the ancestry  does not suffice to determine the 
number of factors, b ut where the linkages are certain  once the numbers 
of factors are known. Now the number of factors (i.e. whether the plant  
is simplex or duplex) can  be determined from the ratios in which the 
single factors segregate in their progeny. In families of ten  or more plants 
there is verv  little chance of confusing a 1 : 1 with a 5 : 1 ratio , and little 
chance of confusing a 3 : 1 with a 35 : 1. H ence the progeny of such  
plants furnish reliable d ata  on linkage. F o r  exam ple 1611/ 24  was derived  
from a cross between SSSsBBbb and ssssbbbb, and being a th ru m  
m agenta, was either duplex or simplex in S and B. Crossed with an  
ssssbbbb plant it gave 18 S, 2 s and 7 B, 13 b. H ence its composition  
wasSSssBbbb. B u t  since one of the gametes which formed it was ssbb. 
its own composition was necessarily

SB
Sb
sb
sb

Most of our d ata  on asym m etrical linkage are derived from such plants, 
though it would be theoretically possible to make them  from a cross 
between SSSSBbbb (derived from a cross of SSSSBbbb and SSSSbbbb) 
and ssssbbbb. Such a parent would be of class (u).

(c) P aren ts  whose composition is only deducible from their offspring. 
As an exam ple

SBG
sb g 
sbg 
sbg

132 Linkage in the Tetmploid  Prim ula sinensis
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selfecl lias given several plants which behaved as

SBG
S B G
sb g
sb g

B u t even after the single-factor ratios were determined they might as well 
have been of composition

S B G  or of S B g  
S B g  S B g
sb G  sbG
sb g sbG

to nam e only two possibilities.
M e are quite aware th at the inclusion of class (b ) leads to a certain  

distortion of the single factor ratios, and class (c) m ay also distort the  
linkage ratios, owing to the omission, in each case, of parents of uncertain  
composition. Nevertheless we think their inclusion justifiable, with the  
above caution. I t  will be seen th a t  even if attention  is confined to the  
class (a) plants, the general features of the linkage are quite clear. W e  
have allowed ourselves the inclusion of a few famines of 1930 which are 
not quite complete, certain plants not yet having flowered. These are not  
included in the totals of Table II , but we consider th a t  on the whole more  
is gained th an  lost by including them  in Tables I V - X I .

Origin o f  the plants considered.

Tetraploids of the following origins have been used:
(a) G regory’s (191-1) G X  race which originated in a plant from Messrs 

Sutton  in 1909. This plant lacked S  and was a t  least duplex for B .  G, D 
(white), and Y  (palm ate as opposed to fern leaf).

(b) Gregory's (1914)  G T  race which originated in 1911 from a cross 
m ade by him between two diploids. I t  was a t  least duplex for S , B  and  
G, and also carried D.

(e) Sutton's “ Sym m etry.*’ introduced into the experiments in 1920, 
and Sutton 's  “ M osscurl’’ in 1922. B oth  lack ed S  a n d B  and were a t  least 
triplex for G. Most of our numbers fo rS . G asym m etrical repulsion come  
from these races crossed to others lacking G and simplex for S .

Linkage  between two factors.

The single coupling figures (Table IV) require little com m ent. Only 
two of the families considered are in anv way abnormal. Among the 
class (a) families from S B  . (sb)3 (sb)4 occurs one (149/22)  consisting of
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19 S B ,  2 0 S b , 11 s B ,  19 sb . I t  seems probable th a t  its p arent I 3 l, 21 was 
of the composition mentioned, and it behaved more norm ally in another  
similar cross, giving 5 S B ,  I S b ,  1 s B ,  2 s b .  I t  is clear, however, th a t

T A B L E  IV.
Single coupling X Y

x y
x y
x y

Xo. of

134 Linkage in the Tetraploid Prim ula sinensis

Parents* families S B S b sB sb
S B .( s b )3 x (sb )4 (a) 35 475 59 45 453

99 99 (b) 19 191 21 12 148
99 99 (c) O 101 6 1 1 83
>» 99 (Total) 56 767 86 68 684
99 9 9 (Calc.) — 738-2 64-3 64-3 738-2

(sb )4 x S B .( s b )3 (a) 24 229 25 23 303
99 99 (b) .15 88 9 8 72
99 99 (c) ow 13 1 0 14
99 99 (Total) 41 330 35 31 389
99 99 (Calc.) — 359-5 33 33 359-5

S B . (sb), x S B . (sb)., (a) 14 304 18 17 96
99 99 (b) 8 145 7 8 53
99 99 ( c ) 4 137 4 9 40
99 99 (Total) 29 586 29 34 189
99 99 (Calc.) — 595-5 33-0 33-0 176-5

S G S g sG s g
S G .(s g ) 3 x ( s g )4 (a) 15 178 114 10 1 169

99 99 (b ) 2 26 12 12 24
99 99 (Total) 17 204 126 113 193
99 99 (Calc.) — 198-5 119-5 119-5 198-5

(sg)4 x S G .( s  g )3 (a) 16 124 80 95 155
99 99 (b) 4 8 9 o 5
9 9 99 (Total) 20 132 89 97 160
9 9 9 9 (Calc.) — 146 93 93 i 4 0

S G .,S g ,!3 . S G .(S g ) 3 ( ' 0 1 179 47 4t>
9 9 9 9 (Calc.) — 174-4 45-3 45-3 27-9

B G B g b G b°-■‘■ 'o
B G .!b g %  x (bg), , ( )̂ 16 190 105 93 160

9 9  9 9 (b) 4 33 16 21 3<>
9 9 9  9 (Total) 20 223 12 1 114 2 1 n
9 9 9  9 (Calc.) — 216-5 117-5 117-5 216-5

(bg), <B G . ( b g >3 (a) 16 135 69 84 165
9 9 9 9 (b) 4 S 9 . ) 5
9 9 9 9 (Total) 20 143 78 S6 170
9 9 M (Calc.) — 156-5 S2 82 156-5

B G .^ b gC  \ B G .( b g )3 (<n 4 177 48 42 26
9 9 9 9 (b) O 14 1 4 •>

9 9  9 9 (Total) ii'i 49 46 2S
• 9  9 9 (Calc.) — UK i-4 45-1 45-1 33-4

* Throughout these tables the parent used as a female is put tirst. The irroups in which 
the parents are of the same composition almost all arise from self-fertilisation.
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some anom aly is occurring here (possibly a m istake was made in crossing). 
The chance of obtaining such a fam ily by random  sam pling is m uch less 
th an  one in a billion. I t  has therefore been om itted  from  the to ta l figures 
used in calculating the S B  cross-over value of 8*01 per cent. I ts  in-

T A B LE  V.

Single repulsion X y  
x Y  
x y  
x y

No. of
Parents families S B S b s B s b

S b .s B . ( s b ) o  x (sb )4 (a) 3 36 43 39 28
” >> (c) 1 8 12 6 6
” 9 9 (Total) 4 44 55 45 34
” 9 9 (Calc.) — 32 57 57 32

(sb )4 x S b . s B . (sb)2 (a) 3 11 25 15 15
» 9 9 (Calc.) — 11*9 21-1 21-1 11*9

S b . s B . ( s b ) 2 x S b . s B . (sb )2 (b) 2 40 17 11 0
>> 9 9 (Calc.) — 36-2 14-8 14-8 2-2

S G s& sG
S g . s G . ( s g ) 2 x ( s g ) 4 (a) 11 72 76 77 61

9 9  y  y (b) 12 34 60 69 41
9 9  y y (Total) 23 126 136 146 102
9 9  y y (Calc.) — 116-9 138-1 138-1 116-9

( s g )4 x S g . s G . ( s g ) 2 (a) 9 31 43 46 40
9 9  y y (b) 5 7 14 14 12
9 9  9 9 (Total) 14 38 57 60 52
9 9  9 9 (Calc.) — 47-9 55-6 55-6 47-9

B G B g b G k g
B g . b G . ( b g ) ,  < (b g )4 (a) 7 32 32 38 31

9 9 9 9 (b) 10 47 4S 62 37
9 9 9 9 (Total) 17 79 80 100 68
9 9 9 9 (Calc.) — 73-7 89-8 89-8 73-7

(b g ) ,  :< B g .b G . ( b g ) , («) 4 10 oo 30 24
9 9 9 9 (b) 5 6 14 15 12
9 9  9 9 (Total) 9 16 36 45 36
9 9 9 9 (Calc.) — 29-8 36-7 36-7 29-8

B g . b G . ( b g ) ,  : . B g . b G . ( b g j , ! 1 8 5 4 1
9 9 9 9 ^Caic.) — 9-9 3-6 3-6 0-9

elusion would bring this value up to 9-53 per cent. A nother plant 1803/ *28, 
believed from its an cestry  to be S B G .(s b g )3 , when used as a female with  
(sb g)4 gave norm al coupling of S  and B . but 7 S G , 1 0 S g , 9 sG . 6 sg  and  
6 3 G , 10 B g , 10 b G . G bg.as if G were being repelled from S  a n d B . As male 
and when selied the num bers were too small to be decisive. H ow ever, three  
S B G  plants from the anom alous fam ily 7 0 -7 3 /2 9  whose num bers are given
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136 Linkage in  the Tetraploid Primula sinensis
above were selfed, and all behaved as if S B G  were coupled, the to tals  
being 29 S G , 10 S g , 17 sG , 7 sg . The fam ily 7 0 -7 3 /2 9  is therefore in­
cluded, although the proportion  of cross-overs betw een B  a n d G  deviates  
by m ore th an  six  tim es the stan d ard  error of sam pling. I t  m ust be 
realised, how ever, th a t  cross-over values p rob ab ly  do v a ry  in reality , and  
n ot only as a resu lt of sam pling.

The calcu lated  figures are obtained d irectly  from  the b ack-cross d ata , 
so th a t the agreem en t in the case of back-crosses is no proof of the co r­
rectness of the th eo ry . The agreem ent is, how ever, quite satisfacto ry  in 
the case of the families due to selfing. The inclusion of class (<?) plants  
only alters the S B  cross-over values from  7-93 to  8-01 , and from  8-59 to  
8-11 per cent.

The d ata  for single repulsion are given in Table V. The f i g u r e s  are 
decidedly irregular, but this is m ainly due to  the single facto r ratios. 
If there is an y  sy stem atic  difference betw een observed and calcu lated  
linkage, it should show up in a difference betw een observed and calcu lated  
num bers of X Y  -f x y  zygotes (i .e . S B  -f sb , e tc .)  in the crosses giving  
1 : 1 single facto r ratios. The observed num bers are 621 ( X Y  q- x y ) ,  
800 ( X y  q- x Y ) ,  th e calcu lated  621*4 and 796*6 . The agreem ent is 
thus verv good, and the th eorv  as a whole is confirm ed. I t  is a t  
once clear th a t  the phenom enon is quite different from  repulsion in a 
diploid.

In the case of asym m etrical coupling and repulsion a num ber of families 
have not been included which illustrate linkage of G w ith S  and B . These
are class (c) fam ilies. T h a t is to say, the typ e of linkage is deduced from  
the fam ily concerned, and is not certain  from  the an cestry . In  the case 
of linkage betw een S  and B , how ever, such fam ilies are included. The 
linkage being strong, there is little  chance of m istaking coupling for 
repulsion, especially when the plant whose <'*mnposir;*:-;] is d ou btim  lias 
been both crossed and selfed. E x ce p t in the case of the asym m etrical 
repulsion of S  and G , which arose from frequent crosses b e t w e e n  h orti­
cultural varieties hom ozygous for S  and G , and Ss.>g4 plants, the d ata  arc  
scrappy, and it is difficult to  be sure how far the disagreem ents of theory
and observation are fortuitous.

Sum m ing the asym m etrical coupling figures from

X Y  . X y  . (x y '\

and the reciprocal we h av e :
(xy).«

X Y X y x Y x y
Found 5MS 4o 1 M •> \>\t 15$
Calculated r>n-n 4 S '.o 55-e 144-1
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TA B LE VI.

Asymmetrical coupling X Y
Y v

x y
x y

Xo. of
Parents families S B S b s B s b

S B . S b . (sb)2 x (sb). (l>) 1 6 12 1 1
9 9 9 9 ( c ) 7 49 32 0 11

9 9 9 9 (Total) 8 55 44 1 12
9 9 9 9 (Calc.) — 54-5 38-8 1-3 17-2

S B . s B . ( s b ) 2 x (sb ), (b) 8 100 1 51 18
9 9 9 9 (c) 1 18 0 13 11

99 9 9 (Total) 9 118 1 64 29
9 9 9 9 (Calc.) — 103-2 2-8 73 5 32-5

(sb) 4 x S B . S b . (sb). (c) 6 9*> 11 0 6
9 9 9 9 (Calc.) — 18-9 13-6 0-55 5-9

(Sb) 4 x S B . s B . (sb)2 (c) 1 2 0 9 0
9 9 9 9 (Calc.) — 2 1 0 0 5 1-4 0-6

S B . S b .(sb ) . ,  x S B . S b . i (sb)2 (b) 3 33 14 1 1
9 9 9 9 (c) 1 o 1 0 0
9 9 9 9 (Total) 4 35 15 1 1
9 9 9 9 (Calc.) — 38-8 11-8 0-2 1 2

S B . s B . ( s b ) 2 x S B . s B . ( s b ) .  (b) 3 71 1 32 0
9 9 9 9 (Calc.) — 77-5 0-5 23-6 2-4

S G S g sG s g
S G . S g . ( s g ) 2 x (Sg)i (b) 3 26 15 3 5

9 9 9 9 (Calc.) — 21-4 19-4 3 1 5-1

S G . s G . ( s g ) 2 x (sg)4 (a) 1 3 0 4 o

9 9 9 9 (b) 13 153 9 104 33

9 9 9 9 (Total) 14 156 9 108 35
9 9 9 9 (Calc.) — 134 7 19 3 122 32

(sg),l .< S G . s G . (sg); (") 1 12 5 20 t

9 9 9 9 ( b ) 4 36 o 30 6
9 9 9 9 (Total) 3 48 7 50 13
9 9 9 9 (Calc.) — 51-4 7-7 47 12

S G . sG.(sg) ,  x S G .s G .i sg ). (*) n.) 101 1 30 ->
* 9 » ♦ ( b ) t

oy O 6 88 S
9 9 9 9 (Total) 10 373 7 118 10
9 9 9 9 (Calc.) — 371-2 9-S 121-6 5-4

B G B g b G b g
B G . b G .( b g ) ,  :•- (b g ) . ( b ) 10 122 4 SS 23

9 9 9 9 (Cal o.) — 105-9 14-1 94-1 25-9

(b g ) 4 x B G . b G •(bg). (n) 1 12 3 20 9
9 9 9 9 (b ) 4 O  i

O 29 6
* 9 9 9 (Total) 49 5 49 15

• ♦ (Calc.) — 32-2 6-S 16-1 12 9

B G . b G .( b g ) ,  >; B G . b G . (bg)., l b ) s 175 5 7<i 4
9 9 9 (Calc.) — 1&6-4 4-1 Gu-5 3
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138 Linkage, in the Tetraploid Primula sinensis
The disagreem ent in the case of the sm all cross-over class xY is serious. 
B u t it is p artly  due to the very bad single facto r ratio  for X, the num ber 
of recessives being only 171 instead of 200. M aking allow ance for this th e  
num ber of xY  would be increased to  39-3. The divergence is now only  
ju st over tw ice th e  stan d ard  error, and not certain ly  significant. Only 
fu rth er work can  decide w hether the th eory  holds in this case. On the  
other hand in the case of selfed plants we h a v e :

X Y X y x Y x y
Found 654 235 14 15
Calculated 675-9 218-6 13-5 12-0

The agreem ent is m uch b etter. and the cross-overs ;are in excess of ex
p ectation , which suggests th a t  the disagreem ent in the form er case is due 
to  bad luck.

In th e case of asym m etrical repulsion, th eo ry  agrees very  well w ith  
observation. The figures could be used to calcu late  linkage intensity . 
Thus if, the exp ecta tio n  being 3 — p : 2  +  -p: l  — p  : p , th e num bers 
found are a , 6, c and  d, the m ethod of m axim u m  likelihood (cf. F ish er  
and B alm ukand (1928)) shows th a t  p  is a ro o t of

a b
p — 3 +  p  -r 2 ' p

c d— v  H —  =  9 ,  
-  1 V

or (a b 4- c +  d) p 3 — (— a  -f -16 -f c -f 2d) p~
— (2a  — 36 -f 6c -f 5d) p  +  6d  = 0 .

A pplying this equation to the d ata  of S g .( s G )2 .s g  x  (sg )4, where 
a  =  139 , 6 =  422 , c =  98, d =  70, we h av e :

1029p 3 — 1187/1- -  5o0n -  4 2 0  =  0,

whence p  =  12-2 per cent, as com pared wi:h 37-0 per cen t, from  the single 
coupling d ata . W e have not how ever used such figures to co rrect the  
linkage values used, since the agreem ent of ob servation  and calculation  
is m ore logically d em on strated  when the la tte r  is based on single coupling  
only.

The m ajo rity  of figures for double coupling of S  and B  com e from a 
few plants which are placed in class (c) but whose com position is not 
reallv in the least doubt. Thev were derived from  the self-fertilisation of 
known S B . (sb )3 p lants, and have given large families which m ake it clear 
th a t th ey are of the com position (S B h .f s b b . A ctu allv  of the S.sJE.^bo 
plants from sucii an cestry  81 per cent, should be of the above com position, 
and the rem ainder should give m any more Sb  and s B  than sb plants  
when crossed to a recessive. The progenv of tw o of these plants is also 
included in the tables for double coupling of G with S  and B , but the
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T A B LE  VII.
Asymmetrical repulsion X y

X y
x Y
x y

No. of
Parents families S G S g sG s g

S g . ( s G ) 2. s g x ( s g ) 4 («) 25 260 64 297 45
9 9  9 9 (ft) 19 162 34 142 25

9 9  9 9 (Total) 44 422 98 439 70
9 9  9 9 (Calc.) — 407-5 107 450 64*5

(s g)i x S g . ( s G ) 2. s g ( a ) 8 24 6 31 4
9 9  9 9 (ft) 2 9 1 7 0

9 9  9 9 (Total) 10 33 J 38 4
9 9  9 9 (Calc.) — 32-7 S-3 35-7 5-3

S g . (sG)2 . s g  x S g . ( s G ) , . s g ( a ) 12 520 25 152 5
9 9  9 9 (b) 13 327 6 115 9

9 9  9 9 (Total) 25 847 31 267 7
9 9  9 9 (Calc.) — 836-8 27-2 283-2 4-8

B G B g b G b g
B g . ( b G ) 2. b g  x ( b g ) 4 (b) 3 39 8 39 10

9 9  9 9 (Calc.) — 37-5 10-4 42-5 5-6

( b g )4 x B g . ( b G ) a. b g (b) 4 13 o 8 0
99 99 (Calc.) — 9 2-5 10-2 1-3

( B g ) 2. b G . b g  x ( B g ) z. b G . b g (b) o
w 69 32 3 1

9 9  9 9 (Calc.) — 76-6 25-9 2-1 0-35

B g . (b G )2. b g  x B g . (b G ) , . b g (a) 1 15 3 9 1
9 9  9 9 (6) 3 24 1 9 0

9 9  9 9 (Total) 4 39 4 18 1
9 9  9 9 (Calc.) — 45 1-5 15-3 0-21

p rop riety  of this step is less certain . The to ta l num ber of cross-overs, 118, 
is less th an  the exp ectation , 13-4-2, but not sufficiently so to w arrant the  
deduction th at crossing-over between one pair of chrom osom es hinders 
sim ultaneous crossing-over between the other pair. Certainly, however, 
there is no suggestion of a positive correlation between the two processes.

The double repulsion figures are less satisfactory . Nevertheless the  
class (b) families dem onstrate the existence of the phenomenon in the  
case of B  and G. Some of the class (c) families here included m ay really  
be exam ples of the seventh type of linkage, viz. coupling with repulsion. 
H ow ever, in each case considerations favour the assignm ent here given. 
There is possibly, as in the last case, a deficiency of the zygotic type (here 
the double recessive) which is due to sim ultaneous crossing-over. Besides 
the families of Tables V III and IX  a iarne num ber of other families are 
on record which are derived from parents duplex for two factors. B u t 
the evidence regarding their linkage is quite inconclusive. Thev m av in 
m ost cases be exam ples either of double coupling, of double repulsion or
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of coupling and repulsion. U n fortu n ately  we have as y e t no clear case of 
the la tte r typ e of linkage.

W e are aw are th a t  the d ata  on double coupling and repulsion are un­
satisfacto ry . In  order to  rem edy this defect it is proposed to establish  
pure (i .e . quadruplex) lines of dom inants. Since, how ever, tw o genera­
tions are required to  te s t the hom ozygosity of such lines, satisfactory  
d ata  will n ot be available for some years, and it has been thought best 
to  publish the present evidence, which clearly d em onstrates the existence  
of double coupling and repulsion, although the precise laws which th ey  
obev are still in some doubt.

140 Linkage in the T  etraploid Primula sinensis

T A B LE  V III.

Double coupling X Y  
X Y  
xy  
xyXo. of

Parents families S B S b s B s b
( S B ) 2. (s b )2 x (s b )4 (b) 1 14 1 0 0

9 9  9 9 (c) 4 274 "ji 4 54

9 9 9 9 ( T o t a l ) 8 28S 8 4 54
9 9 9 9 (Calc.) — 285-9 9-1 9-1 49-9

(sb )4 < ( S B ) 2. ( s b ) 2 (<■•) •> 84 5 3 16
9 9 9 9 (Calc.) — 87-1 2-9 2-9 15-1

( S B ) 2. (s b )2 x ( S B ) 2. ( s b ) 2 (c) 5 146 1 0 3
9 9 9 9 (Calc.) — 144-6 1-2 1-2 3-0

S G S g s G s g
( S G ) , . ( s g ) 2 x ( s g ) 4 (b) nO 16 0 oO 1

9 9  9 9 ('■)
oO 150 IS 10 17

9 9 9 9 V ^
•% 146 18 13 18

» »  M (C'alr.l — M2-7 19-8 19-8 12 7

(sg,\i >- i S G M ( s g ) , (b) i 45 6 oO 11
9 9 9 9 (n 1 36 7 6 6

9 9  9 9 (Total; .'l SI 13 9 17
• 9  9 9 (Calc.) — S7 5 12-5 12-5 7-5

^ S G u ts g K  x ( S G L . ( s g). ( b )
no SO O . > .->

9 9 9 9 (<•) 1 24 1 u

9 9  9 9 ( T o t a l ) 4 104 oO 4 . 1

9 9  9 9 ( C a l c j — 107-2 o . -
«  4

* > .  -  .  4 0-45

B G B g b G b g
(B G V ,.(b g )2 (b g ) , («*) 1 101 15 9 13

9 9  9 9 (Calc.) — 100-2 13 1 15-1 9-5

(bg>, x i B G y i b g V 1 /» \
\

! :*.i» 7 : l 6
9 9  9 * ( C a lc . ) — 40-6 5-2 5-2 3-9

;B G ) , . ( b g ) ,  x i B G ' j . \bg) 2 U-) i 24 n l
9 9  9 9 (C a lc . ) — 25-6 0-61 0-61 0-14
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T A B LE IX . 

Double repulsion X y
Xy
x Y
x Y

Parents
No. of 

families
( S g ) 2.(s G ),  x (s g )4

9 9

(C)
(Calc.)

12

(s g )4 x ( S g ) , . ( s G ' .2
9 9  9 9

(c)
(Calc.)

2

( B g ) 2.(b G )2 x ( b g ) 4
9 9  9 9

(b)
(>•)

5
3

9 9  9 9  

9 9  9 9

(Total)
(Calc.)

8

( b g )4 x ( B g ) 2.(b G ),
9 9  9 9

(b)
(Calc.)

1

( B g ) 2. ( b G ) , x ( B g ) 2.(b G )
9 9  9 9

2 (b) 
(Calc.)

5

S G S g sG s g
124 21 19 0
113-3 23-4 23-4 3-9

11 0 1 0
8-3 1-7 1-7 0 3 0

B G B g b G b g
n o 24 14 o

40 14 S n
150 38 90

M W 2
145-7 31-0 3 1 0 4-4

4 0 0 0
2-7 0-54 0-54 0-08

102 1 1 0
98-2 2-8 2-8 0 04

Linkages between three factors.

The to tals  of 30 families, all of class (a), in which all three factors were 
singly coupled, are collected in Table X . In 15 the cross was

SBG.(sbg)3 x (sbg)4, 
in the oth er 15 (sbg)4 x  SBG.(sbg*)3.
The ratios exp ected  are the same as in diploid linkage. The exp ectation s  
given in the table are calculated from the linkage values found for the
factors two a t  a time. The agreem ent found m erelv shows th a t  the families

*

considered are a fair sample.
The interest centres on the double cross-overs, which are fewer than  

exp ected . If there were no interference, i . e .  if crossing-over between S 
and B did not diminish the probability of crossing-over between B  and

•i 1 18 J
G, the exp ected  values in these families would be — _ ' — , or 13-3 on

043

the fem ale side, and
20 x  147 

420
, or 10-15 on the male side. The average

coincidence is thus 67 per cent., m ost m arked on the male side. On the 
basis of the cross-over values of Table I the coincidence is 99 per cent, 
on the female side, and 69 per cent, on the male side. B u t these estim ates  
are less reliable because the figures used are not all drawn from the same 
families. In the diploid the d ata of Gregory, de W inton and B ateson  -.rive 
a coincidence of 39 per cent, on the female side and 33 per cent, on the 
male side. The concordance is quite satisfactory  in view of the small
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num bers. There is no suggestion th a t double crossing-over is easier in the  
tetrap loid  owing to  exchan ges involving th ree chrom osom es.

142 Linkage in the Tetraploid Primula sinensis

T A B LE  X .

Progeny o f  SBG .(sbg)3 x (sbg)4 and reciprocally.
E x  H et. g E x  Het. 0

S B G
s b g I s ? }  330 (323-7)

1 1 2 )
137) 249 (248-6)

S b g
s B G { 3 }  30 (23-3) U \13f

24 (27 0 )

S B g
s b G

----------- 92) , - 0
80f ‘ 0 ''5)

66 )
76)

142 (136 0 )

S b G
s B g g} 11 (15 -2 )

^1
5 (8-4)

T A B LE  X I .

SB G . (sbg)3 selfed. S ix fam ilies.
S B G  S B g  S b G  S b g s B G s B g s b G s b g

Found 169 45 10 2 8 3 32 24
Calculated 169-2 39 5-2 6-3 8-4 3-1 36-9 24-8

T A B LE  X II .

S bg.sB G . (sbg), x (sbg)4 and reciprocally.
S B G
s b g
S B g
s b G
S b G
s B g
S b g
s B G

n j - 2 o  (23-5 =  1 + X - V - Z )

10
10
10
14
15 
12

20 (12-2=y + 2s)
24 (22-1 — 2y + r)

30 (41-2 =  2 -  r  - 2 y  - 2 z )

In  a diploid, sa tisfacto ry  d ata  regarding the linkage of three factors  
can  be obtained even when one is repelled from  the oth er tw o. This is not 
so in a tetrap loid . F o u r class (a) families are derived from  the m ating  
S b g .s B G .(s fc g b  ■' (sb g )j, and from the reciprocal cross. T hey are sum ­
m arised in Table X I I .  The exp ectation  is calcu lated  on the basis th a t x 
is the exp ected  proportion of cross-overs betw een the loci of S and B, 
y between those of B and G . and ~ the proportion of double cross-overs. 
The values tak en , w eighted to allow for the fact th a t  reciprocal crosses are  
added together, are x =  0 - 0 5 8 2 .  y =  0 - 3 2 2 0 ,  z =  0 - 0 2 1 3 .  I t  will be seen 
th a t the agreem ent of th eory  and exp ectation  is poor. B u t it is also clear 
th a t such d ata  would be useless for calcu latin g O ther families exist 
in which S . B and G were ail in diiierent chrom osom es. B u t th ey  are  
m ostlv in class (6), and cann ot Oe expected  to auree very  well with th eo ry ; 
nor do th ev  throw  an v liuht on double crossing-over.
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In  Table X I  are collected six families, all of class (a), from  the  
selfing of SBG.(sbg)3 plants. The agreem ent with th eory  is on the whole 
good. The only class which is necessarily due to double crossing-over of 
one chrom osom e is sBg. SbG can of course be form ed by one cross-over 
on the female side and another on the male side.

Discussion.

I t  is a t  once clear th a t the various results obtained agree fairly  
well with expectation  on the chrom osom e th eory . In  fact the agree­
m ent is ra th er surprising in view of the num erous irregularities in 
meiosis which D arlington (1930) has described in this plant. W e should  
have expected  to find single factor ratios nearer to those deduced from  a 
basis of random  segregation between chrom atids, and also evidence of 
crossing-over involving three chrom osom es, double reduction, and other  
anom alies. The regularity observed m ay be due to  several causes. The 
chrom osom e considered m ay have little tendency to  form quadrivalents  
a t  meiosis. This is rath er unlikely, as it contains 6 of the 27 known factors, 
and is therefore probably fairly long.

A  som ew hat more likely view, suggested to  me by D r D arlington, is 
th a t  the three factors in question are located ra th er near the a tta ch m e n t  
constriction  of the chromosome in which th ey are situated . In this case  
segregation would be little affected b y the fa ct th a t  pairing is between  
chrom atids, and not whole chrom osom es. The only com m on typ e of non­
disjunction to be expected  in such a case would be th a t  leading to  
2n -ff 1 or 2n — 1 gam etes, which are doubtless largely elim inated, though  
as pointed out earlier in the paper, it is probable th a t  some of our p aren t  
plants possessed an e x tra  chrom osom e in the set carrying the factors  
discussed.

Table I gives a com parison of linkage values. It is obvious th a t the  
difference in linkage intensity which exists in the diploid between the 
male and the female sides of the plant is here absent or very slight. In  
each case the tetraploid values found are interm ediate between those  
found on the two sides of the diploid. The differences, however, are not 
alw ays large com pared with their standard errors; but th at between the  
cross-over values for S and B on the male side is 1 - 5 0  per cen t., with a 
stan d ard  error of only T i l  per ce n t.; the difference being four tim es its 
standard  error, the odds in favour of its significance are nearly 10 ,000  
to 1. assum ing the errors to be due to sanm ling orilv. E v en  thom rh. as 
pointed out above, a few families are ab erran t, so th a t errors are not 
solely due to sam p lin ', the difference is probablv real.

The work is being continued. R ecen t observations, both on the
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diploid and tetrap loid , h ave m ade it  probable th a t  the facto r V, in 
whose absence the stem  is green, is linked with S, B  and G. W e  
hope to  com pare this linkage in the diploid and tetrap loid . The 
linked factors F  (for flat as opposed to crim ped leaves) and Ch (for 
sinensis  as opposed to  stellata  typ e) are also available in the tetrap loid . 
B u t the dom inance of both is so incom plete as to render th em  unsuitable  
for accu rate  work. Before the th eory  here given can be regarded as 
generally applicable to au totetrap loid s it is desirable th a t  it should be 
tested  on other p lants. D r Sansom e is a t  present engaged in a stu d y of 
linkage in the tetrap loid  to m ato  a t  this In stitu tion .

S u m m a r y .

1. An accou n t is given of six typ es of linkage observed between three  
pairs of factors in the tetrap loid  P rim u la  sinensis, and of a seventh  
th eoretically  possible typ e.

2. The in ten sity  of linkage is n early , b u t not quite, the sam e in the  
tetrap loid  as in the diploid. I t  is the sam e on the tw o sides in the  
tetrap loid .

3. As resard s the factors considered, there is no evidence of crossing- 
over involving m ore th an  tw o chrom osom es a t  a tim e, or of two ch rom o­
som es going to the sam e pole after crossing-over.

4. The six readilv available gam etic series contain  onlv one ad- 
justable co n stan t p , and since the exp erim en tal results in oth er cases  
agree reasonably well with prediction  when p  has been calcu lated  from  
the results of single coupling, this affords substantial support of the  
chrom osom e th eorv  of inheritance.

144 Linkage in  the Tetraploid Primula sinensis
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Biochemical Genetics and Immunogenetics
Starting in the 1920s, Haldane wrote a great deal about the biochemical basis of 

gene action. Although Sir Archibald E. Garrod pioneered this field in the early 1900s 
through his study of human metabolic errors, his work was largely ignored. It was 
Haldane, through his direction of research on plant pigments at the John Innes 
Institution (1925-35) and through his numerous publications, who continued to 
influence the biochemical viewpoint of gene action. By the time Beadle and 
collaborators published their experimental findings, first with Drosophila (1936) and 
later with Neurospora (1941), Haldane had already prepared the ground for the 
establishment of biochemical genetics. Indeed, the work of George W. Beadle was 
deeply influenced by the early publications of and personal contacts with Haldane 
(see Kay1).

The first of these papers appeared in a journal that is not readily accessible. 
Among its speculative ideas are the nucleoprotein nature of the gene and the gene- 
enzyme concept. The second paper refers to the “one gene-one antigen” theory, 
which Haldane pioneered.

1. Kay, L.E., Selling pure science in wartime: The Biochemical Genetics of G.W.
Beadle. Jour. Hist. Biol, 22: 73 -101 , 1989.
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SOME RECENT WORK ON 
HEREDITY.

Uy J. U. S. H a l d a n e , M.A. (New College).

NK of tlie most striking features in the physics of this
century has l>cen the extension of the atomic Mteory to 

two quantities which were formerly supposed to vary con­
tinuously, namely, electric charge and moment of momentum. 
In biology a similar development is occurring, and has 
already proved as fruitful as either of the physical theories 
mentioned, although from the nature of the material under 
investigation progress must be slow, especially in the study 
of comparatively large animals and plants. I refer to the 
discovery that inheritance, to a large extent at least, obeys 
the laws discovered by Mendel in 1855, and since applied to 
hundreds of different plants and animals, and greatly 
broadened in their scope. I will give brief examples illus­
trating the two ordinary types of Mendelian heredity before 
I turn to the work which, as I believe, has discovered their 
physical basis.

If we mate pure-bred coloured and white mice the first 
generation are all coloured. On mating these to white we 
get lialf white and half coloured. The latter behave like 
their coloured parents. Coloured mice which if mated to 
white give 50 per cent, whites, when mated together produce 
25 per cent, of coloured mice which give no whites on mating 
to whites, 50 per cent, of coloured mice which give equal 
numbers of coloured and white on mating to whites, and 35 
per cent, of whites. These results, and those of all possible 
matings of such mice can be explained if, and only if, we 
adopt the following hypothesis. A factor C is necessary for 
the presence of colour; the absence of C  is denoted by c*. A 
mouse can get this from either or both parents. ( ' ( '  mic e are 
coloured and all their eggs and spermatozoa carry ( ’. Cc

*1 do not ni't i-'.siii il> inrnn thut there is a hole where C should bo. 
C might eonoelvablv hr replaced by something larger but less u&ivo, at 
an OH group Is 1 opiated by an O C aH j group.
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mice are coloured and half their eggs and spermutoaoa (we 
may use the term gametes to denote either) carry C, half c. 
cc  mice are white, and all their gametes carry c. Finally 
fertilisation is at random ; one sort of spermatozoon is no 
more likely to fuse with a given egg than another.

This type of inheritance was discovered by Mendel. In 
the second type, discovered by Horner, Doncaster and Dur­
ham, the sexes do not behave alike. One sex (the male in 
mammals, flies, and probably most other animals, the female 
in birds and lepidoptera) can only carry one factor instead of 
two. Thus vermilion eye colour is due to the absence of a 
factor V  required for the normal eye colour in the fly D r o s o - 
phila atnpelophila. The wild male is V , the female V V ,  the 
vermilion male#v, the female w .  The male produces two 
kinds of spermatozoa, one carrying V or v,  one carrying 
neither, whilst the eggs all carry one or other. The first 
kind of spermatozoa on fusion with an egg produce females, 
so that the father can influence the eye colour of his 
daughters; the second produce males, whose eye colour does 
not depend on their father’s.

Thus we have the following results :—

Parents N orm al?  x vermilion cf Vermiliou 2 x normal
V V V vv V

Gametes Egg* Spermatozoa Eggs Spermatozoa
i V V V V

V o V o

Children Normal* 5 Normal cf Normal* 2 Vermilion cf
V v V Vv v

Parents Normal cf x Normal* X Vermilion
V V v V

Gametes Spermatozoa Egg* Spermatozoa
V V V
o V o

Children - . - - -v- — -— - y --------- — --^
Normal and vermilion rf'a V, v. Noi mal and vermilion c fa V ,  v.

1
Normal $ s VV, Vv. Normal and vermilion j  * Vv, vv.

* These females, though normal In uppeurunce, transmit vermilion to 
half their sons.
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To these rules there are certain exceptions which, as we 
shall see, prove them. As they stand, however, they show 
clearly that there must be two classes of spermatozoa, male 
and female producing. This is also the case in man, where 
colour blindness is inherited in this way. Thus a colour 
blind mun and a normal woman have normal children, but 
his daughters transmit colour blindness to about hulf their 
sons.

Now in many groups of animals the number of chromo­
somes* »n the nucleus can be counted, and it is found that 
the female has un even number, often in pairs of similar 
appearance, half being derived from each parent, and the 
male has an odd number, or an unequal pair. The eggs 
contain half the parental number, and of the spermatozoa 
half get the same number as the eggs, while half get one 
less, or get that member of the unequal male pair which is 
only found in the male. The chromosome of this pair found 
in both sexes is generally denoted by A', that found in the 
male only, if at all, by Y. Thus in Drosophila  the female 
has three pairs and a pair of Ar,s, the male three pairs, an 
A' and a Y. It is clear that the A"-bearing spermatozoa 
produce males, the )'-bearing females, and it is an obvious 
conjecture that the factors like V are carried by the X  
chromosome.

This hypothesis was proved by Bridges to be correct. I 
can only give a very brief summary of what is perhaps the 
most important single piece of work on heredity since 
Mendel’s paper. Certain vermilion females, when mated to 
normal males, gave about 4 percent, of vermilion daughters, 
and as many normal sons, along with 96 per cent, of the 
expected classes as given above. Bridges came to the con­
clusion that these females, as the result of an exceptional 
cell division, such as has been observed in certain forms, 
must have come into the possession of a Y  chromosome, as 
we|l as of the two .Y’s. He tested this hypothesis by breeding

•A c h r u m o M i i n e  is a minute darkly s t a i n i n g  body to be s e e n  i n  t h e  
m i l i e u s ,  or ciulial  j H i i t i o n  of a cell when it i s  divided. The mnnbei i s  
usually constunt in a given species.
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experiments involving some hundreds of thousands of Mies, 
and many different factors, and by microscopical examination. 
Both confirmed his theory, and we are thus able at last to 
predict from an animal’s hereditary behaviour the appearance 
of the nuclei in its cells, a step comparable to the observation 
during the last fifteen years of the actual behaviour of in­
dividual chemical atoms, though here, too, it was the excep­
tional radioactive atoms which finally proved the reality of 
Dalton’s theory. The behaviour of the A'.Y)' female when 
mated to a normal male is as follows (.Y chromosomes carry­
ing ‘ vermilion ’ are denoted X ' ) :—

Parents Vermilion female 
X 'X 'Y

Normal male 
X Y

Gametes E g g s
4 %> 4°/0 46%  

X ' X '  Y  X '
46°/o
X 'Y

Spermatozoa
5°°/o 50%  

X  Y

Children Duds N o r m a l s
a %  a°/o

X X 'X '  X Y

Normal J  a
33%,
X X '

Normal 9 * 
33°/o 

X X 'Y

Vermilion $ s  Duds
3°/o 2°/o

X ' X 'Y  Y Y

Vermilion cfs 
33%
X 'Y

Vermilion a 
33%  
X ' Y Y

Those classes described as 4 duds ’ do not develop. Half 
the regular and all the exceptional daughters have abnormal 
families, as do half the daughters of half the regular males. 
The reason that most eggs are X 1 and .YM' is that, for certain 
reasons which cannot be dwelt upon in so short a paper, the 
two X  chromosomes generally separate when the chromo­
some number is being reduced. The Y  chromosome does not 
affect the sex of the animal, nor does it carry any hereditary 
factors. It is, in fact, a dummy, but males without it are 
sterile, so it must somehow balance the A' in the formation 
of spermatozoa.

It is an obvious step to attempt to locate the other factors 
in the other chromosomes, and this has been done in 
D rosophila  ampelophila.  A  male of this species, however 
many may be the differences in factors carried by the gametes 
which formed him, can only produce sixteen kinds of sperma-
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tozoa. We can divide the factors into four groups such that 
factors belonging to the same group, if they came in in the 
same gamete, go out in the same spermatozoon. One of 
these groups consists of the sex-linked factors, two others 
are large groups comprising scores of factors corresponding 
to two pairs of long chromosomes, the fourth corresponding 
to a very smull pair of chromosomes, contains only three 
factors so far known.

But we can go further than this and say how the factors 
are packed in the chromosome. When two factors carried 
by the same chromosome come into the female from the same 
parent they have a tendency, but no more, to stick together. 
Thus if we mate a female with white eyes and miniature 
wings (wm.wm) to a normal male ( IV M )  the daughters will 
be of normal uppcarancc ( W M .w m ) ,  but if we mate them to 
white-eyed miniatured-winged males (wm)  we get four classes 
of children :—

White-eyed, 
miniature-winged 
wm and wm.wni 

33 5 per cent.

Normal While-eyed, N onnalcyed
WM and WM.wm nonnul-winged miniature-

33*5 per cent. wM and wM.wnt winged
16*5 percent. Win and

Wm.wm 
16*5 per cent.

Thus in 33 per cent, of the eggs there has been a re­
arrangement of the .V chromosomes, so that the ‘ top * half 
of a paternal A", with IK, has fused with the ' bottom ’ half 
of a maternal chromosome, with m. Now supposing- another 
factor, c . g .  the factor T  in whose absence the body colour 
is tan, and the inserts do not move towards a light, lies 
between the loci of IK and M, then we find that if we bring 
this factor also into the experiment, it sometimes goes with 
the top, sometimes with the bottom part of the chromosome 
when the re-arrangement occurs, but only rarely is there a 
double brenk, so thut a W T M .w t m  female gives IKtA/ or 
w T m  eggs.

In this way we can make a map of the chromosomes, and 
calculate the distances of the loci of the factors with very 
fair accuracy. The longest chromosome in Drosophila  is 
only 3 /a (•003 mm.), and the shortest calculated distance be-

445



8

tween the loci of factors is about a /x/t, about ioo times the 
diameter of a hydrogen molecule, and about the diameter 
of a very large protein molecule. The cell anatomists will 
have to be careful if they are not to be accused of poaching 
on the preserves of the organic chemist 1

Partial linkage between factors, which on Morgan’s 
theory given above means that they lie in the same chromo­
some, was discovered by Bateson and Punnett in the sweet 
pea, and exists in many other plants, and at least eight 
animals. For example, in the mouse, the first case found in 
vertebrates, linkage was discovered between the factors 
whose absences turn a normal mouse into a white and a pink­
eyed grey respectively, by the late A. D. Sprunt (then Presi­
dent of this Club), my sister and myself. W e have already 
the beginning of a comparative anatomy of the nucleus, but 
the task of bringing it even to the degree of perfection which 
the comparative anatomy of the body has already reached 
would probably occupy the entire surplus energies of the 
human race for as long as it is likely to continue.

Another interesting relation between factors is what is 
called ’ multiple allelomorphism.’ In the case of colour 
v e rs u s  albinism in mice we have two factors, C  and c, of 
which only one can get into a gamete. In the rabbit there 
are three factors, C, ch, and ca, which have this relation. 
Any rabbit with C  in it is fully coloured, chch and chca are 
white with black feet and ears, whilst c»c« rabbits are pure 
white. Factors which have this relationship always affect the 
same character, and always give the same linkage values 
with other factors, thus proving that they lie at the same 
spot in the chromosome. They may thus be regarded as 
representing the same nuclear organ in different phases of 
activity, each phase being hereditary from one generation of 
cells to another.

It is only fair to say that I have so far been stating a case, 
and that some of the facts given above can be explained on 
a different hypothesis, whilst there are a few facts, mainly 
in plants, which have not yet been reconciled with the hypo­
thesis here given. It is certainly speculative, but it has the
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great merit of enabling one to predict on so large a scale that 
if it is false it will certainly be disproved within the next ten 
years. And even a false theory is valuable to science if it 
suggests new problems to be attacked.

I will now mention a few of the more bizarre factors which 
have been discovered within the last few years. Factors 
may be necessary to the life of an organism. For example, 
yellow mice never breed true. If mated to normals they give 
50 per cent, yellow, 50 per cent, normal, and are thus of 
composition Yy. If mated together they ought to give 25 
per cent. Y Y % 50 per cent. Yy,  and 25 per cent. yy. But the 
Y Y  mice are never found. The reason for this is that the Y Y  
embryos begin to degenerate at a very early stage, and are 
eaten by phagocytes from the mother. There is reason to 
suspect that without a y they cannot oxidise fats. The con­
verse case, where embryonic cells destroy the mother, occurs
in man, and is known as chorion-epithelioma. It is conceiv-

/
able that this may some day be explained on Mendelian lines.

Cancer in mice appears to be due to the absence of a 
factor found in the normal mouse. This is certainly so for a 
fatal tumour found in Drosophila  which appears in half the 
male children of some mothers. We can easily map these 
lethals, because unimals lacking the vital factor will also 
generally luck oilier factors which were absent from the same 
chromosome in the mother, and the nearer these factors lie 
to the deficient one, the fewer will appear in the offspring.

Other factors affect fertility. Thus a race of Drosophila  
lucking a factor A is fertile with itself or the normal form, 
and so is another race lacking the factor B ,  but crossed 
together they give no offspring, or only sterile females. The 
fact that mutually infertile races of the same animal can be 
obtained removes one of the classical objections to the Dar­
winian theory. Other factors govern the actual fertility of 
females. Two such factors are known in hens.

And from such fundamental factors as these we have 
every gradation down to factors which give a mouse a few 
white hairs on its nose, or which only come into play at all if 
other factors or external conditions are present. Many hun-
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dreds of such, with their effects, are described in M e n d e l 's  
Principles  o f  H e r e d i t y , or Genetics  ntnl lutgcn ics .

Very rarely— perhaps once in 10,000 individuals— a new 
factor appears or an old one ceases to function with visible 
effect. As to the cause of this we have no idea. The 
majority of variations are merely a re-shuffling of factors. 
How they got there we know no more than how the chemical 
elements did. W e can occasionally observe one changing 
to another, but we cannot influence the rate of change in 
either case.

To sum up, we are left with the idea that the nucleus 
of every animal or plant cell consists very largely of some 
tens or hundreds of thousands of factors or ' genes,’ each 
of which has a definite function and position. The chemist 
may regard them as large nucleoprotein molecules, but the 
biologist will perhaps remind him that they exhibit one of the 
most fundamental characteristics of a living organism : they 
reproduce themselves without any perceptible change in 
various different environments. The precise nature of their 
activity is uncertain, but in some cases we have very strong 
evidence that they produce definite quantities of enzymes, and 
that the members of a series of multiple allelomorphs produce 
the same enzyme in different quantities. They may for 
example produce the same change at varying rates, so that a 
caterpillar with one is black by its second moult, with an­
other by its fourth, and so on. Similarly one combination 
will produce normal females, others will give females with 
imperfectly developed structures or instincts, or even with 
male structures and instincts.

In conclusion, I can only say that animal breeding requires 
no special technique in many cases, and that hundreds of 
problems in mammals and birds are still untouched. For 
example, I might suggest as a subject foe research the ques­
tion whether bulldogs, pugs, and Pekinese contain the same 
structural factor; whether it is related to any colour factors, 
and whether one can make a synthetic bulldog from, say, 
pugs and bull terriers. For the chemist the action of fer-

I o
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ments in producing' plant anJ animal pigments offers a 
fascinating field for investigation.

The Secretary has asked me to mention a few books on 
the subject of (ienclics for the further information of anyone 
whorrf I may have interested in it. The best book for the 
beginner is :—

Mendelism.  R. C. Punnett. (Macmillan, 1919.)
More advanced tire : —

M e n d e l ’s Principles of Heredity .  W. Bateson. (Cam­
bridge University Press.)

This contains all the Mendelian results up to 1911.
Genetics and E u g e n ic s .  W . E. Castle.

This is more popular, less exhaustive,' and more up to date, 
but contains a view which the author has since abandoned.

For the chromosome theory, of which I have mentioned 
some of tile main features above :—

T h e  Material Basis of H eredity .  T. H. Morgan. 
(Lippincott.)

For practical applications of this work one may suggest :—  
Genetics in delation to Agriculture .  Babcock and 

Claisen. (McGraw-Hill Co., N.Y.)

11

449



N A T U R E 265A u g u s t  19 . 1 9 3 3

The Genetics of Cancer*
By P r o f . J .  B . S. H a l d a n e , f .r .s .

T H E statement is occasionally made, and as 
frequently denied, that cancer is hereditary. 

It is, of course, clear that environmental influences 
can play a leading part in determining the pro­
duction of cancer.

The question is whether nature, as well as 
nurture, is of importance. By far the most 
satisfactory evidence on this point comes from 
a study of genetically homogeneous populations 
of mice. By brother-sister mating for many 
generations (more than fifty in certain cases) pure 
lines can be built up in which the individuals are 
all homozygous for the same genes, apart from 
rare cases of mutation. By crossing two pure lines 
we obtain a population which is also genetically 
uniform, but not homozygous. Their progeny, 
however, is not genetically uniform.

In such a population, we can study three types 
of cancer :

(1) due to transplantation of a tumour from 
another animal.

(2) due to a carcinogenic agent. These include 
tar, the hydrocarbons shown to be carcinogenic by 
Kennaway and his colleagues, certain parasitic 
worms, and X-rays.

(3) spontaneous tumours ; that is, tumours 
arising for no, at present, assignable cause.

Now the order of ease of study is the above. An 
inoculated tumour can be judged as a ‘take’ or 
otherwise within a month. Tar painting may 
produce tumours within six m onths; but spon­
taneous tumours in many lines do not reach their 
maximum incidence until an age of eighteen or 
more months. Hence our knowledge of tumour 
etiology is in the above order, though the order of 
practical importance for medicine is clearly the 
reverse.

It may be said at once that there are enormous 
differences between different lines as regards all 
three types of cancer. The genetics of reaction to 
transplantable tumours have been very fully 
worked out by Little and his colleagues. The laws 
disclosed are precisely similar to those which 
govern the transplantation of normal tissue or the 
transfusion of blood or of leukaemic corpuscles. A 
tumour arising spontaneously in one member of a 
pure line can be transplanted into all other 
members of it (actually more than 99 per cent of 
successful ‘takes’ can be achieved). Further, it 
can be transplanted into every F x mouse one of 
whose parents belonged to the pure line, but if 
these are mated together or outcrossed, only a 
minority of their offspring are susceptible. This 
at once suggests that susceptibility is due to the 
possession of certain dominant genes. This theory 
is fully confirmed by experiment. Supposing that 
a line X  carries n pairs of genes A A BBCC . . . .

• Substance of lectures delivered at the Royal Institution on 
February 2 and 9, 1933.

which are needed for tumour growth, and are not 
found in a line Y, then the F x will be A aBbCc . . . . ,  
and 100 per cent susceptible. Of the back-cross 
from mating of the F x with F , only (£)n will carry  
all n genes, and of the F 2, (|)n will carry them, and 
thus be susceptible. In a number of cases, Cloud­
man1 found that the two values of n so calculated 
were in agreement. The number of genes ranged 
from 2 to about 12.

Similarly, a tumour arising spontaneously in a 
F x individual, between two pure lines, in general 
requires in its host m genes contributed by one 
parent, and n contributed by the other. In such 
cases the tumour will grow in all the F lt in (£)m 
of one back-cross, (|)n of the other, and 
(|)m+n of the F 2. Thus Bittner2 found in one 
casern= 4 , n =  1, while the observed value of m + n  
was 5.

Occasionally a tumour in the course of trans­
plantation changes its character, so that it becomes 
transplantable into a larger proportion of a mixed 
population (F 2 or back-cross). I t  is then found 
that one or more genes less are required for sus­
ceptibility in the host.

These facts can be explained if the host only 
reacts to a transplanted tumour so as to destroy 
it as the result of foreign antigens in that tumour, 
just as a recipient agglutinates the corpuscles of a  
donor if they carry foreign isoagglutinogens. On 
this hypothesis each gene is responsible for the 
manufacture of a particular antigen, as in the 
case of the red corpuscles. However, the 
genetical facts are quite independent of this 
hypothesis.

A thorough study of these phenomena is under 
way in Little’s laboratory. The genes required for 
susceptibility to different tumours are being com­
pared. Thus it was found that a number of tumours 
arising in the same line required the same basic 
gene for susceptibility, but each demanded a 
different assortment of extra genes. Some of these 
genes have been located, by means of linkage 
studies, in the same chromosomes as genes re­
sponsible for colour differences.

The tendency to develop cancer as the result of 
tarring varies greatly in different lines. Thus 
Lynch3 compared two lines A and B  which differed 
in their spontaneous tumour rates, A having a 
higher incidence of spontaneous lung cancer than 
B. These tumours, however, never appeared 
before the age of 15 months. By tarring a large 
area of skin between the ages of 2 and 6 months, she 
induced lung tumours before the age of 13 months 
in 85 per cent of line A, and 22 per cent of line B. 
The difference was 6-3 times its standard error. 
On crossing A and B  she found 79 per cent sus­
ceptibility. The back-cross to A gave 81 per cent 
susceptibility, while that to B  gave 39 per cent. 
These figures suggest that susceptibility is
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determined, among other things, by a number 
of dominant genes. Other workers have obtained 
essentially similar results. Their importance for 
non-genetical workers on cancer is considerable. 
I t  is clear th at in comparing the efficacy of two 
different carcinogenic agents, far fewer mice need 
be used in a pure line than in a mixed population, 
and it is worth noting that the variance in a 
mixed population is only about halved when litter 
mates instead of individuals taken at random are 
used as controls.

In the same way, Curtis, Dunning and Bullock4 
state th at in the rat they have found that sus­
ceptibility to cancer, on infection with the cestode 
Cysticercus, is strongly inherited.

The problem of spontaneous cancer presents 
much greater difficulties. In no line can one 
obtain 100 per cent of deaths from cancer, because 
over the long period necessary, deaths from other 
causes cannot be prevented. But some idea of 
the conditions in a highly cancerous line can be 
obtained from the work of M urray5. In a particular 
inbred line, 1,938 females lived to be more than  
7 months of age. Of these, 65 per cent died of 
mammary carcinoma, or were killed when severely 
affected with it. Above 80 per cent of deaths in 
females more than twelve months old were due 
to this cause. None survived for 23 months and 
probably none would have reached two years 
without cancer had all deaths from other causes 
been prevented.

In such a line we can observe the effects on 
spontaneous cancer of prophylactic measures. 
Thus of 198 females ovariotomised at 7 months, 
only 40 per cent died of mammary cancer, and one 
of these reached the age of 30 months. Still more 
striking is the fact that not a single operated female 
living beyond 22 months developed mammary 
cancer. I t  follows that in this stock the ovary 
plays an important part in the causation of 
mammary carcinoma. I t  is clear th at a pure line 
(or the -Fj hybrids of two pure lines) furnish ideal 
material for the determination of factors in the 
environment favourable or otherwise to the de­
velopment of cancer.

In contrast with such lines are others with an 
extremely low susceptibility to spontaneous 
tumours under ordinary laboratory conditions. A 
cross between such lines generally gives a hybrid 
generation with a cancer mortality nearly so high 
as that of the more susceptible line. Indications 
of linkage with colour genes have been obtained 
in one case.

I t  is important that the location of tumours 
is highly specific. One line has a high death- 
rate from mammary carcinoma in females 
only, and few tumours elsewhere. Another line 
has a heavy incidence of primary lung carcinomata 
in both sexes, and little mammary carcinoma. A 
third has few carcinomata of any kind, but 
sarcoma is not very rare. The genetics of spon­
taneous cancer will clearly be very complicated, 
and it is quite ludicrous to ascribe it to the activity  
of one gene, dominant or recessive.

Besides the work described above, a good deal 
has been done on stock which was not genetically 
homogeneous. From this work it is clear that, 
while a tendency to spontaneous cancer is hered­
itary, it is not due to a single gene, dominant or 
recessive, and also that a particular localisation of 
cancer may be hereditary. Thus Zavadskaia* 
found 13 out of 45 tumours in the occipital region 
in one particular line, and only 1 out of 212 in 
other lines. But all work with genetically hetero­
geneous material is unsatisfactory, because any 
individual may die before reaching the cancer age, 
and no other individual will be of just the same 
genetical make-up. Hence really exact work is 
impossible.

In the same way, human cancer tends to ‘run 
in families’ to some extent, but precise analysis is 
only possible where, as with retinoblastoma and 
some sarcomata, its victims are attacked early in 
life. Here there is reason to believe that a single 
dominant gene is mainly responsible for the 
cancerous diathesis, though environmental and 
possibly other genetic factors may be concerned 
as well.

A particularly clear case of the interaction of 
nature and nurture in cancer production is found 
in the case of human xeroderma pigmentosum, 
almost certainly a recessive character. Here the 
skin becomes inflamed, and ultimately cancerous, 
under the influence of light. We could speak with 
equal logical propriety of the recessive gene or the 
light as the ‘cause’ of the cancer, but as the 
former is rare, and the latter universal, it is 
more natural to regard the cancer as genetically 
determined.

Thus we have evidence of many different types 
of genetical predisposition to cancer, and although 
the data available on mice suggest that this pre­
disposition is generally due to multiple dominant 
genes, it would certainly be incorrect to apply 
this theory to all human types of malignant 
disease.

The theory has been held by Boveri, Strong, 
and others, that the difference between a cancer 
and a normal cell is of the same character as that 
between the cells of two different varieties, that 
is to say, due to chromosomal aberration or gene 
mutation. This theory cannot of course be proved 
or disproved by genetical methods, as cancer cells 
do not reproduce sexually, and it is only by sexual 
reproduction that the geneticist can distinguish 
nuclear changes from plasmatic changes or virus 
infections.

The geneticist is concerned with the differ­
ences of ‘nature’ (in Galton’s sense of the 
word) which play their part, along with environ­
mental differences, in determining whether a 
given animal will or will not develop cancer. He 
is not particularly qualified to determine whether 
the difference between a normal cell and a cancer 
cell is analogous to that between sister gametes 
produced at meiosis, or to the difference which 
comes about at other cell divisions in the course 
of differentiation. The recognition of the import­

4 5 2



/ i u t r U b i  i y ,  i y ^ N A T U R E 267

ance of genetics for the study of cancer need not 
lead to any decision on this point.

To sum up, we can devise conditions under 
which either nature or nurture will play a pre­
dominant part in determining the incidence of 
cancer. Neither factor can possibly be neglected 
in a comprehensive survey. E xcep t in a few cases, 
such as retinoblastoma, our knowledge is not 
sufficient- to warrant interference with human

breeding on eugenic grounds. Nevertheless, it  is 
probable th at in the ultim ate solution of the  
problem of human cancer, eugenical measures will 
play their p art.

1 Cloudman, A. M., Amer. J .  Cancer, 16, 568 ; 1932.
* Bittner, J . J., Amer. J .  Cancer, 15, 2202 ; 1931.
* Lynch, C. J ., J .  Exp . Med., 48, 917; 1927.
* Curtis, Dunning and Bullock, Amer. Nat., 67, 73 ;
* Murray, W. S., Science, 75, 646 ; 1932.
* Zavadskaia, J .  Genetics, 27, 181 ; 1933.
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G E N E T I C  D E T E R M I N A T I O N

Br J. B. A HALDANE
Department o f  B iom etry , University College, London

Since the pioneer work of L ittle , it is generally believed th a t  all m em bers of the F x 
between tw o pure lines of animals possess all the antigens of the p aren t lines, and no 
more. This, if true, is explicable on the one gene-one antigen th eory  of H aldane (1933)  
provided all the genes concerned are autosom al. This theory has been a useful guide to  
action, b u t it seems in danger of becom ing a dogm a, and I wish to suggest the need for 
a system atic search for exceptions to it. This search  will be easiest in mice. Such a search  
is m ade possible by the technique of skin grafts developed by M edawar and his colleagues.

I symbolize pure lines by letters A . B  and so on, the progeny of AQ x  B q  by A B , and  
so on. A Q —B A £  m eans a graft of skin from  an A female to a male whose m oth er was 
B  and whose fath er was M, and so on.

The failure or success of grafts to grow is m ost readilv detected  when the skin colour 
of donor and host is different. I therefore suggest th a t F ± hybrids be m ade betw een pure  
lines in such a w ay th a t, as far as possible, the colour of the F x differs from  th a t of both  
parents. I f  a graft between two stocks fails, there is a presum ption th a t the donor 
possesses an antigen which is absent in the host. I think th a t the prospects of success  
m ight be considerably increased if one or more of the pure lines tested were derived from  
a subspecies other th an  M us musculus musculus.

If  the graft A —B A q breaks down, this could be due to the fact th a t B A q lacks an  
antigen determ ined either by a gene in an X -chrom osom e from  A or a cytop lasm ic or 
milk facto r from A. In  the form er case the graft A —B A $  should take, in the la tte r  it 
should break down. The converse case, a breakdown of A<$ ->BAQ but not of A q -*BA<$, 
would suggest a Y -b orn e antigenic gene in the A line. This is m ost unlikely, as it would 
lead to the breakdown of A £  —AQ grafts, which has never been observed. Thus a stu d y  
of A.£ —B A q and A £  —BAQ  grafts would d etect any of these types of antigenic d eterm in a­
tion. In any p articu lar case it is easy to predict additional results. Thus if A carried  an  
X-linked antigen absent in B. not only would A —BA £ fail, but A B  —BA £  and BAQ -> B A q 
would fail.

Much more interesting is the possibility of the form ation of hybrid antigens, th a t is 
to say. the possibility th at A B  or BA  possesses an antigen found in neither A nor B.  
Biuhigham. B ren t x  M edawar (1953) have shown th at by injecting minced tissues of 
A into B em bryos, the graft .1 —B  is often made possible. If  we call these B individuals 
on which A grafts will take By A ). then if hybrid antigens are formed the graft A B  --B(A)  
or BA —BUi)  will probably break down, though M - ~B(A) does not.

Fly brill antigens have been found in species hybrids (Irw in, 1947) and in D rosophila  
mAanomister bv Fo x and his colleagues i'e.g. F o x  x  W hite. 1953). Filitti-W urinset*. 
Jaeu u ot-A rm an u . A ubei-Lesure x  W urm ser (1954) have found a hvbrid protein (so far 
not known to be antigenic) in Homo sapiens. The genes which co-operate to form  a hybrid  
antigen or protein have so far always proved to be ap proxim ately  allelom orphic, though.
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as in Chovnick & F o x ’s (19 5 3 ) case, th ey m ay prove to  be pseudo-alleles. Miller (1954)  
found th a t one of Irw in ’s hybrid antigens was produced by th e in teraction  of tw o  
ap p aren tly  allelom orphic genes. I t  is possible, how ever, th a t  the relation of the Lew is 
antigens and the sccre to r facto r in m an m ay show in teractio n  betw een different loci. 
I t  is certain ly  too early  to s ta te  as a general principle th a t the presence of an antigen  
in a tissue is never determ ined by the in teraction  of genes a t tw o different loci. None of 
the studies on m ouse tu m ou rs d em on strate the absence of hybrid antigens. T hey show  
th a t A B  m ice h ave all the antigens of .1 and all those of B . T h ey do not show th a t th ey  
have no others in addition.

If  n pure lines are available, it is not necessary to m ake all the n(n  — 1) possible m atings  
to d em on strate the presence or absence of sex-linked or m ilk-determ ined antigens. Such  
a schem e as A x  B. B  x  C. C x  D. D x E . or A x  B , A  x  C, A x  D, A  x  E  would be sufficient. 
F o r  if A and E  differ bv a sex-linked gene, then one of the crosses *1 x  B . B  x  C, C x  D or 
D x E  will differ by this gene, and so on. H ow ever, as m an v crosses as possible should be 
made in a search for hybrid antigens.

If  any exception s are found to the 'o n e-au tosom al gene, o n e-an tig en ’ th eory , it is of 
course entirely possible th a t th ey  m ay prove to  be due to som e oth er cause th an  those  
suggested. Thus a cvtop lasm ic factor and a milk facto r could onlv be distinguished bv  
fostering experim ents, a hybrid antigen could be due to  the in teraction  of a gene and  
a cytop lasm ic or milk facto r, and so on.

H ow ever, I suggest th a t  a sy stem atic  search  for exception s should be undertaken. 
A negative result would place the generally accep ted  th eory  on a m uch m ore secure  
foundation. A positive result would either add to  the sm all stock  of sex-linked genes and  
milk factors known in mice, disclose a new m ethod of d eterm in ation  of antigens, or 
conceivably a m echanism  of graft resistance which did not depend on antigens. M oreover, 
further work on the n atu re of a hybrid antigen, were one discovered, would probably be 
easier with mice th an  w ith pigeons.

W hen I w rote in 1933 , the existence of hybrid antigens w as doubtful, and some workers 
believed th a t the X -ch rom o so m e of the mouse carried  verv  few genes. M oreover, the onlv  
m ethod for the d em on stration  of a hybrid antigen in A B  was the exh austion  of the  
serum  of an  anim al im m unized against A B  cells by a m ixtu re  of cells from  A  and B , and  
a subsequent test of the exh austed  serum  on A B  cells. This m ethod is p racticable with 
..-rvcX-wcvtC', but ’uu'-h harder with oth er cells. New prospects of disproving the th eory  
enunciated in 1933 , or of giving it additional support, arc  therefore open.

U nfortunately, no facilities for such work exist here. I suggest th a t it be undertaken by 
wor Xers eisew here.
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Radiation Genetics
Haldane’s main contribution to experimental mammalian radiation genetics was 

in suggesting methods that would be more efficient than the specific locus method 
in detecting recessive lethals and sublethals. These suggestions arose out of his earlier 
interest in linkage. When he was invited by the official British group working on 
radiation genetics of mammals (first formed in 1947 at the Institute of Animal 
Genetics in Edinburgh but moved to the Medical Research Council’s Radiobiological 
Research Establishment at Harwell in 1954), Haldane declined, saying that he would 
be more useful as an external critic.

After the atomic bombing of Hiroshima and Nagasaki in 1945, Haldane (1947) 
examined the genetic consequences of exposure to ionizing radiation. As can be seen 
in that paper, his calculations were in substantial agreement with those of H .J. Muller 
at that time.1 In his paper on the detection of autosomal lethals in mice, Haldane 
(1956) applied the “swept radius” concept of Caner and Falconer.2 It is of interest 
that he suggested the study of other mutagenic agents, such as food preservatives, 
drugs, and caffeine. His paper (1957) on the detection of sublethal recessives was an 
extension of Carter's method for detecting autosomal recessive lethals in mice, using 
linked autosomal markers.3 Finally, Haldane’s (1960) interpretation of Carter’s 
results presents an interesting discussion of the differences between his and Carter’s 
analyses. Following Haldane’s suggestion, Auerbach et al.4 developed a method for 
detecting sex-linked mutations in the mouse, using sex-linked marker genes that 
were available by then.

1. Muller, H.J., The role played by radiative mutation in mankind. Science, 93:438, 
1941.

2. Carter, T.C., and Falconer, D.S., Stocks for detecting linkage in the mouse, and 
the theory of their design. ]. Genet., 50: 3 07 -323 , 1951.

3. Carter, T.C., The use oflinked marker genes for detecting recessive autosomal 
lethals in the mouse. J .Genet., 55: 585 -597 , 1957.

4. Auerbach, C., Falconer, D.S., and Isaacson, J.H ., Test for sex-linked lethals in 
irradiated mice. Genet. Res., 3: 4 4 4 -4 4 7 , 1962.



TH E D Y S G E N I C  E F F E C T  OF I N D U C E D
R E C E S S I V E  M U T A T I O N S

B y J .  B . S. H A L D A N E

The particles and radiations of high energy produced by radioactivity  and nuclear fission can  
doubtless produce m utations in m an, as in other organisms. Such m utations will generally be 
harmful, though very rarely desirable. Some will be genes or chromosomal rearrangem ents with 
wholly or p artly  dom inant effects. These effects will be apparent within a few generations, and  
independently of inbreeding. In so far as they lower fitness, such genes will disappear relatively  
rapidly, their frequencies in successive generations forming a geom etric series. Thus, the effects 
of an atom ic bomb explosion, in so far as they are due to dom inant genes, will appear at once. The  
delay will be only a little greater in the case of sex-linked recessive genes. O ther m utations will 
be recessive and produce visible effects only as the result of unions between twTo heterozygotes. 
It is the object of this paper to show' th a t the visible effects of such induced m utations will reach  
their m axim um  after about four or five generations and remain at about the sam e level for a very  
long tim e.

As a prelim inary we consider a gene which is com pletely neutral as regards selective value and  
which arises by m utation in a very large population. A ny fully recessive autosom al gene is neutral 
until two heterozygotes m ate. I f  one such gene arises by m utation, we have to  calculate the p rob ­
ability th a t it will occur in x loci after n generations. Since Fisher (1930) first posed this problem  
and solved it form ally the distribution of x m ay be called the Fisher distribution, though of course  
it is only one of a num ber described by Fisher.

M o m e n t s  a n d  c u m u l a n t s  o f  t h e  F i s h e r  d i s t r i b u t io n  

Let a r be the probability th at a gene carried by one zygote should be present in r zygotes of the  
nth generation of a large population, generations being supposed to be separate; and let

f(t) = cio + a ^  + a 2t2 +  . . . .

Th en / ( l )  =  l , / ( 0 )  =  a 0, and, since the gene is neutral, then in a stationary population

. / ' ( 1 )  =  a x + 2a 2 +  3a3 +  ...  =  1.

Fisher considered the, special case f(t)  =  el~x, which is particularly appropriate if zygotes are  
counted in each generation at sexual m atu rity ; however, some information can be obtained in 
a more general case (H aldane, 1939).  L e t p n x be the probability th at a m u tan t gene is present 
in one locus each of x zygotes in the nth generation. Then Fisher showed th a t, if

0 ( « » O  =  Pn.0+tPn.l + t2Pv,2+ •"> 

then 0(n + 1 ,0  =  0 [n , /(<)]•

If w'e are concerned with the progeny of a single m u tan t gene, $5(0,t) =  t, if we s ta r t  with g 
genes 0 (0 , t) =* tP.

The mean value of x is unity if g =  1, as we shall assume to be the case for the present. A fter 
* number of generations by far the com m onest value of x is zero, but the mean of the non-zero
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values is high. The distribution of the non-zero values will be called the tru n cated  Fish er dis­
trib ution . Two m ethods are available for the calculation of their m om ents. The first is applicable  

to  any admissible function f(t) . The nth  factorial m om ent of x ab ou t zero is

Thus x = (j)\n, 1), x 2 = <f)"{n, 1) +  1), x3 =  0"'(n , 1) -I- 30"(n , 1) +  ^ '(n , 1), e tc .

The coefficients are ‘ difference quotients of powers of z e ro ’ . Now

<*'(».<) -  j t ^ n ~ 1 •/(*)]

=  / W ( » - !./(<)]•

So ^ ' ( n , l ) = / ' ( I ) ^ ' ( » - l , l )

=  [ / ' ( ! ) ] "

=  1.

i f f'{\ )  =  1, as we have assum ed to  be the case, and shall assum e in w hat follows. Also

P (n ,t )  =  [ / W 0 > - 1 J ( O ] + / W [ ” ~ 1 , /(<)].

So 1) =  1> l ) + / w(l )

=  * / " (  1),

since ^ "(0 , 1) =  0.

Sim ilarly, 1) =  -  1 , 1)  +  3 / " ( l  ) f { n  -  1, \ ) + fm( \ ) P ( n -  1 , 1)

=  1 n ( n - l ) [ / " ( l ) ] 2 +  n / w(l) ,  e tc.

B y  such m ethods we find 

x  =  1,

X2 = 7 l/ " (  1) + I,

x 3 =  \n(n -  1) [ / ' ( 1  )]2 +  » [ / ' ( 1 )  +  3 /" (  I )] +  1,

S* = 3nin  -  1) (n -  2) [/"(1 )]2 + n(n -  1) /'(1 ) [5/"( 1) + §{/"( 1 )}2 + 9/"( 1)]
+ »[/'>■( 1) + 6/"'( 1) +  7 / ' (  ] )]  +  I , e tc .,

whence x , =  1,

Kt =  Mt =  n f" (  1),

«* = f<z=  | n ( n - l ) [ / ' ( l ) ] 2 +  » / " ( l ) ,

U, = 3 n ( n - l ) ( n - 2 ) [ / ' ( l ) ] 3 + n ( n - l ) / " ( l ) [ 5 / ' ( I ) + § { / ”( l ) } 2 + 3 / ' ( l ) ]  l  (1)

+ ” [ / lv( l ) + 2 /" '( l )  + / " ( 1 )],

k, =  3n (n -  1) (* -  2) [ / " (1) ]»  + n (n -  ])  / ' ( 1 )  [ 5 / ' (  1) + f { / ' ( 1  )}2]

+ » [ / lv( 1) +  2/"'( 1) + / ' ( 1 )  -  3 { / " (  1 )}*]. J

I f f ( l )  = e/-1, t h e n / ' ( l )  =  / " ( l )  =  /" '(1 ) ,  e tc . =  1. In general this is not the case. W here fertility  
is very variable, the higher d erivatives o f / ( 1 )  will exceed unity. On the other hand, in a com ­
m unity where there were efficient propaganda and incentives both against sterility  and against 
large fami l ies , / " ( l ) ,  e tc ., m ight be found to be less than unity.

460



J . B . S. H A L D A N E 37
W e now consider the case where f(t) = e*-1 . The m om ent-generating function of the Fish er  

distribution in the nth generation is

Mn(d) =  (f>{nsee)

= ( f> [n  -  1 , f { e 0 ) ]

=  0[O , f n(e6)]

= f n(ee),

where the index denotes n-fold iteration of the function / .  Thus i f  f(t)  =  €f~l ,

M „ ( d ) = fn+1( 1 +  0),

and K h(0) =  \ogM„{0) =  \ogf"+'(l + 6) = f ”( l + 0 ) - l  =

or Mn(6) =  exp [Mn_ x(0) -  1].

That is to say the cum ulants of the Fisher distribution for the nth generation are its m om ents  
about zero for the (n — l) th generation. They can be calculated from this peculiar property. The  
formulae for m om ents in term s of cum ulants (K endall, 1943, p. 62) give us the cum ulants or 
the m om ents of the nth generation in term s of those of the (n — 1 )th. I f  Akt is the difference between 
the rth cum ulants in successive generations, we have, since =  1 in each generation.

A k 2 =  1,

A k 2 — 3 k 2 1,

A k  ̂ =  4/Cg -f- 3/c| -f- 6a2 1, ►

A k 5 =  5/e4 +  10/c3 ac2 -h 10/f3 -(-15/c| -h 10/c2 -(-1,

Ak% =  6 a:6 +  1 5 a:4 ac2 h- 15*-4 -t- 10/c§-(-60/c3/c2 +  20 at3 +  15/c|+ 45k\+ 1 5 a: 2 +  1, etc.j

( 2 )

By summing the right-hand sides of these equations, we find, for the cum ulants of the nth gen era­
tion, or the m om ents about zero of the (n — l)th  generation, '

* i = l ,

k 2 = n,

/Co = in(3n — 1),
1 (3)

* 4 =  bn{2n — 1) (3n — 1),

Kb = £n(45n3 — 65n2 + 3 On — 4),

*6 =  2rn,(540n4 — 1155n3 + 890n2 — 273n + 22).

Of course equations (1) lead to the same results. Clearly kt tends to infinity with nr_1, and y T 
with n*r. The distribution is bimodal, and does not approxim ate to any of the Pearsonian types.

T h e  t r u n c a t e d  F is h e r  d i s t r i b u t io n

Let us consider the distribution of those values of x which are not zero, in other words of the  
numbers of zygotes which carry  a m u tan t gene. In the nth generation x — 0 with frequency

f n(0). W riting vn =   ̂ anc* using x' to denote non-zero values of x, we find x'r =  xrvn. Thus

from equations (3) which give the values of xT in the (n — l ) th generation, we find on substituting  
n + 1 for n: x = v

7l> x'2 =  (n +  1) vn, x'3 =  \{n + 1) (3n + 2) vn, etc.
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Fish er (1930)  investigated  the behaviour of vn when/( f )  =  e*_1 and found th a t

= l» + i  loge t>„ + 1-01464,8607 -  ^  + 0{v~*),
n

whence vn =  +  $ log n +  1*7982515) +  0{n~ l logn).

H ence we find for the cum ulants of the distribution of x ',

Ki =  v«,

or

(4)

k2 =  (n +  l ) t ’„ - v * ,

*3  =  l ( n +  1) (3n +  2) vn -  3(n +  1) v * +  2v*,

k4 = £(/* +  l)(2w + l)(3w + 2 ) i ’B- ( n  +  l ) (9w + 7 )v*  + 12(n + 1 ) v 3- 6t>4, etc. ,

* 1  =  1 logc n +  0-89913 +  0 ( n -1 logn), '

* 2 =  \n{n +  2) +  \n logc n +  0 (lo g  n )

*3  =  i n3 +  0 (n 2), 
k4 =  §n4 +  0 (n 3 logn),  

whence =  2 -  n _1 loge n +  0 (n -1 ), y 2 =  6 +  0(n~ l log n).

Thus as n tends to  infinity the mean and standard  deviation are closely represented by \n, 
while y 1 and y 2 ap proxim ate to 2 and 6 respectively. In  fact, the distribution approxim ates to  
a discontinuous Pearsonian distribution of type I I I ,  and as all the reduced cum ulants y r ap proxi­
m ate to  finite values, this com parison can be m ade w ithout reservations. F u rth er, the shape 
p aram eters y x and y 2 ap p roxim ate to  those of the x 2 distribution for tw o degrees of freedom, 
though of course the location and scale param eters are different.

A simple exam ple shows how rapidly the tru n cated  Fish er distribution approxim ates to the 
Pearsonian form . I f  n =  10, vn =  6-323.  Thus ten generations after a  group of recessive m u ta­
tions a t different loci, 84-2 %  of the m u tan t genes have disappeared by random  extinction . But 
the num ber of recessive genes in the population is unaltered ; and in the rem aining 15-8 %  of cases, 
the mean num ber of heterozygotes is 6-323,  and its standard  duration 5-44, while y x =  1-86, 
y 2 =  5-07. Thus the distribution is alreadj- fairly close to the form to  which it approxim ates when 
n tends to infinity, with y x =  2, y 2 =  6.

In  the m ore general case, H aldane (1939,  equation (3)) showed th a t if f i2 and //3 are the second 
and third m om ents about the mean of the fertility  distribution whose generating function is 

f(t), then
vn =  \kzn +  ^ ^ 2  — j  l°g ft +  c +  0 ( n -1 log n).

Thus if fi2 is som ew hat larger than unity, as seems to  be the case with m an, we should have, since

^  ^  ^  * 1  =  V n  =  ^ 2 n + ( ^ 2 - ^ f J 1O g ^  +  C ,

K2 =  vn{rtfi2 -f 1 - v J  =  i / 4 ^ 2 +  0 (n ) ,  e tc ., 

in place of equations (4).
In  an increasing p o p u la tio n /'( l)  exceeds unity. I f  successive generations increase by a factor  

1 + k, then 1 —/ " ( 0 )  does n ot tend to  zero, but to  2k  -  f k 2 +  ^ k 3 +  . . . .
The first cum ulants of the Fisher distribution are

=  (1 + k)n, k 2  =  k~l {\ + k )  [(1 +  /r)n -  1],

and so on, if f(t)  =  ew-1).
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In  all cases which are at all likely to occur the distribution of the probabilities of x  a fter n 

generations consists of a large value for x =  0, and a som ew hat positively skew distribution over 
a series of non-zero values. In view of the uncertainty of d ata  on m utation rates, equations (3) 
will be sufficiently accu rate  for our purpose.

T he a p p e a r a n c e  o f  r e c e s s i v e s

Suppose th a t there were xn heterozygotes A a in the nth generation, we have n ext to  calculate the  
expected  num ber of recessives. L e t a  be the mean coefficient of inbreeding, th a t is to  say if q be 
the frequency of a  gam etes, let the probability th at a given a  gam ete unites with another be 
a +  {1 — oc)q. Then Bernstein (1930) show ed th at a  is independent of q, and H aldane & Moshinsky 
(1939) showed th a t a  is of the order of 10-3 for several European  populations. L e t N  be the  
num ber of the population.

Then if there are x heterozygotes the expected num ber of recessives in the n ext generation of
f | _ Q£ \ ^2

a population of hermaphrodites would be \ c l x  +  v-------—— . How ever, the hum an species is bisexual.

Assuming a sex ratio of equality, the probability that  the x zygotes will consist of y  females and 

x — y males is ^ j 2 - x . The term  kouc m ust therefore be multiplied by a correction factor of

^iy(x-y)>x | Qr x-2
v-o * 2 \yj x

( 2 _ QL \ Ĵ 2
so the expected num ber is \x{x— 1) + — — , provided x exceeds zero. The correction to the

term  involving x 2 is negligible, since it only becomes relevant when x is of the order of AT*. Thus 
the expected num ber of recessives in the (n +  1 )th generation is

71 +

, * ( , ________ i ______t
2 \ n +   ̂ log n + c j

(l-a)(w+l) 
4 A

OC IX
= o + approxim ately . (5)

The second term  is negligible, provided N  is of the order of 106, for before n reaches a value of 
the order of 1000, wre shall have to correct for the effect of selection.

If  the homozygotes have a fitness 1 — k, the number of recessive genes will be reduced by a factor  
1 — a k  or approxim ately e~ka in each generation. Thus in n generations they would be reduced to  
e~kan' p or serious conditions k > so although the process w'ill be slightly speeded up when n 
reaches the order AT*, i.e. after some thousands of generations, the rate  of appearance of hom o­
zygotes per m utation will be a t first very nearly £a, later approxim ating to \xe~k3-n.

However, the process does not begin a t  once. A part from the correction for bisexuality, in- 
breeding does not begin im m ediately. Incest is negligible, first-cousin m arriages account for about 
72 %  of the total value of a  according to Haldane & Moshinsky, m arriages of first cousins once 
removed for another 8 % , and so on. Thus rn will not effectively equal \x for about ten generations, 
but will reach 0-2a after four" generations.

463



40 D Y S G E N I C  E F F E C T  O F  I N D U C E D  R E C E S S I V E  M U T A T I O N S
So far we have only considered single m utations a t  different loci. Tw o other cases m ust be con­

sidered. In the first place several m utations m ay occur sim ultaneously a t  the sam e locus. Secondly, 
one or m ore m utations m ay occur giving genes which are already present in the population. 

D oubtless both events occurred am ong the survivors of atom ic bomb explosions.

T he F isher distribution with several initial mutations 

Suppose th a t the sam e m u tation  has occurred in one generation in g different zygotes, so th a t  

<P(0,t) = t°. Then the m om ent-generating function for the nth  generation becom es

^ ( 0 )  =  0 [ O , / V ) ]
= U n(ee)]0,

K n{0) =  g \ o g [ fn{e0)]

= g[e\^{g~lK n_1{0 ) } -\ ] .
To calculate the cum ulants of one generation from those of the preceding one we have therefore  

to  m ultiply each prod u ct of r cum ulants by g l~T. Thus kx =  g and equations (2 ) becom e

A k 2 =  g ~ xK\,

A k 3 =  3g-lK2 + g~2Kz,
A k4 = ( r 1(4*3 * i + 3fcf) + 6g-2K\K2 + g -3K\,
Ak5 = 5g~1(KAK1 + 2*3*2) -f 5g~2(2K3K\ + Zk\kx) + lO0-3*2*J + 0 -4*f,
Zl ac6 = gr—1(6at5 -h 15*4*2+  10*§) + 15^~2(*4*f  + 4* 3* 2* j + *|) + 5<7~3(4*3* f  + 9*1*5)

+  1 5<7- 4 * 2 * f  +  <7_5* f .

H ence, in the nth generation,

*1 = 9,

= n9’ (b)
*3  =  ng + \ n {n -\ ) ,
*4 =  \ng{2n2 +  7n — 7) + 2n(n — 1) (n — 2).

The m om ents about zero are

x =  g,
x 2 = g2 + ng,

x 3 =  <jr3 +  3 ng2 + ng + |n(n +  1 ),

x 4 = g4 + 6ng3 +  n(3n + 4) g2 + \n(2n2 +  19n — 19) g +  2n(n — 1) (n — 2), e tc.

Now the probability th a t x  will be zero in the nth generation is [ f n(0)]° =  |l — . Thus the

/ 1 \o vo
m om ents of x' about zero are those of x divided by 1 — ( 1 ------I . I f  v\, =  —— —5— —  , then

nirn =  —  + O(logn).  and we have for the cum ulants of the distribution of x',

k j =  \{n +  <7) +  G(log n),

* 2 =  $n(jn + £) +  . . . ,

*3 =  ^ 3( ^ _ 2 ) +

^  =  n* ( s _  +
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The expressions are complicated, but a3 is clearly negative for large n:

1) , ( l - « )= otg- + ■ N g( n  +  g)

=  “  ~~ + <2(n_2)J + ^  approximately.N
Thus the frequency is, as before, equal to \cl multiplied by the number of mutant genes over 

a long period.

T h e  a d d i t i o n  o f  m u t a n t s  t o  p r e v i o u s l y  e x i s t i n g  r e c e s s i v e s  

Suppose that the gene frequency of a recessive in a population is q, then the number of recessives 
expected per generation is [ccq-\- (1 —x ) q 2] N .  If q is increased to q + Sq, this number is increased 
by [a + 2(1 — a ) q ] 8 q X , or approximately {<x + 2 q ) 8 q N .  Now a single mutant gene increases q to 
q + 1 /2iV so 8q = 1 /2A and rn+1 = \ol + q. It follows that if q is of the order of magnitude of a the 
dysgenic effect begins immediately, though it rises for a few generations. It is also appreciably 
larger, that is to say, it is over sooner. This argument depends on the assumption that q N  is of 
such magnitude that it does not fluctuate appreciably as the result of the sampling process by 
which one generation is derived from another.

D i s c u s s i o n

To sum up, the conclusion is that the rate at which recessive zygotes are to be expected will rise 
in 200 years or less to a level of \cl per generation for each mutation produced in a gamete which 
gives rise to a viable zygote. This will be somewhat exceeded if the recessive gene in question is 
already frequent in the population. In the long run each harmful recessive mutation will involve 
the elimination of half a zygote on the average. This elimination may occur in different ways. 
If the gene is lethal at a very early stage, like yellow in mice, the only effect will be an occasional 
missed period, and perhaps a lowering of fertility. If it is lethal at later stages it will cause abortions, 
stillbirths, and infantile or juvenile mortality. Or it may lower the fitness drastically without 
being complete!)’ lethal. Such genes are perhaps the most serious, as the elimination of a single 
pair involves the production of more than one person destined to chronic invalidism from a 
condition such as one of the recessive nervous diseases. Finally, it may slightly lower the fitness 
of a large number of individuals, for example reducing the mean fitness of ten people by 5 % on 
an average. If an expanding population is irradiated, more than half a life must be sacrificed per 
harmful mutation, if a diminishing population, less. It must be emphasized that this applies not 
merely to lethal and sublethal mutations, but to all mutations which appreciably lower the fitness 
of homozygotes, and are therefore ultimately eliminated.

The rate depends on the coefficient of inbreeding a. The value of this quantity increases with 
ever}’ generation of ancestors considered, and may approach unity if we reckon back to palaeo­
lithic times (Haldane & Moshinsky, 1939). How it will behave in the next ten thousand years 
depends on unpredictable features of social structure. It may be that 0-001 is a serious under­
estimate of its effective value. If so the rate of production of homozygotes may rise very gradually 
for some thousand years.

We have now to consider the probable rate of production of new mutations. Consider an atom 
bomb explosion in which some 50,000 persons are killed at once or die within a few weeks, while 
another million are exposed to appreciable doses of y-radiation. The lethal dose is probably of the
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order of 500 roentgens, so we may suppose that the million survivors have received a mean dose 
of between 10 and 50 r., say 20 . Those who receive just sublethal doses may be permanently steril­
ized. Mutations will occur in gametes and in spermatogonia and oogonia. On an average, in a 
stationary population each individual will produce two gametes which give rise to zygotes. So 
we have to consider 2 x 106 gametes derived from cells which have received a mean dose of 20 r.

Now the probability that a particular gene will mutate with a dose of 1 r. varies from about 
0-5 x 10 -8 to 16 x 10~8 in Drosophila, and (if the phenomenon is comparable) in bacteria and 
viruses (Lea, 1946, p. 144). The median value is about 2 x 10~8. Thus with a dose of 4 x 107 r. we 
should expect the same locus to be affected twice in a minority of cases. Human genes cannot be 
much more sensitive to radiation than those of Drosophila, otherwise the rate of spontaneous 
mutation in man would probably be higher than is the case.

A dose of lOOOr. of X - or y -rays produces recessive lethal mutations in about 3 % or rather less 
of the spermatozoa of irradiated D. melanogaster. And the number is roughly proportional to the 
dose (Lea, 1946, p. 151). However, about one-third of these are associated with gross structural 
changes in chromosomes, and these increase more than proportionally to the dose. So probably 
a dose of 20 r. would induce lethals in about 4 x 10-4 rather than 6 x 10-4 of the X-chromosomes. 
However, the total number of genes at risk is about five times the number of sex-linked genes. 
So about 2 x 10-3 of the irradiated gametes would carry a recessive lethal of some kind. Thus the 
number of recessive lethal mutations expected in 2 x 10® would be about 4000. This number may 
well have to be increased by a factor of 10 or 50 if man has more genes per nucleus than Drosophila, 
or if on account of their larger size or some other reason they are more sensitive to radiation. 
4000 mutations would involve 2000 deaths in all, spread over very many generations and occurring 
at a rate of the order of two per generation.

This may be a serious underestimate. No doubt an atomic bomb exploding over a crowded 
area of a large city might cause considerably more mutations than the number calculated above. 
But it would also cause more immediate deaths. The relevant quantity is twice the dose in roent­
gens summed over the number of individuals irradiated but surviving, and weighted downwards 
in so far as they are wholly or partially sterilized. This has been taken as 4 x 107. It might be ten 
times as great. But even this would only give about twenty deaths per generation; and many of 
these might be in early embryonic life, and therefore negligible either from a humanitarian point 
of view or from the point of view of mere population size.

The effect of dominant and semi-dominant mutations will certainly be more spectacular, as 
these will all appear and mostly be eliminated in a few generations. If it is possible to discover 
their approximate frequency from observations on Japanese populations this may lead to a 
revision of the estimates given above. It should, however, be remembered that many dominants 
and semi-dominants are due to structural changes, and that these increase approximately with 
the square of the dose, and are not likely to be very numerous with doses below 100 r.

Muller (1941) has made calculations similar to the above, and which are in substantial agree­
ment with them. However, his work has to the best of my knowledge only appeared in a summary, 
which is perhaps liable to misinterpretation. He writes of a ‘latent period’ of 5000 years for the 
inbreeding effect. If this denotes the mean time before a recessive zygote appears, it is in sub­
stantial agreement with my own calculation. However, the frequency of appearance of reoessives 
should approach its maximum in a century or two, so the term ‘latent period’ may be rather 
misleading.
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It is realized that the calculation of the expected mutation frequency may require drastic 
revision when, on the one hand, more facts are available concerning atomic bomb explosions and, 
on the other, the results of at present secret experiments conducted on mice in the U.S.A. are 
published. There is, however, a very simple reason for comparative optimism regarding the 
genetic effect of atomic bombs, namely, that the dose of X - or y-rays which is lethal when given 
instantaneously is probably not much more than tenfold, and almost certainly not more than a 
hundredfold, the dose of natural radiation received during a normal lifetime. The situation in 
Drosophila, is wholly different. Mitosis is not essential to the life of an imago. An insect imago can 
therefore survive about twenty times the dose of X - or y-rays which would kill a man if absorbed 
in a short period. On the other hand, the mean age of a man at reproduction is about 500 times that 
of D . melanogaster. Thus the ratio of the maximum tolerated dose of radiation to that normally 
received is about 10,000 times greater in Drosophila than in man. Any attempt to argue from one 
species to the other, which does not include an allowance for this very great difference, is therefore 
likely to be misleading.

S u m m a r y

Expressions are found for the moments and cumulants of the distribution of the probability that 
a neutral mutant gene originally present in one individual will have x  descendants after n genera­
tions. Assuming a Poisson distribution for the number of offspring of an individual, it is found 
that when n  is large the gene has disappeared in all but about 2jn cases, but in the remainder the 
numbers of genes give a type III distribution.

The number of recessive homozygotes expected per generation from a single induced recessive 
mutation is half the mean coefficient of inbreeding of the population concerned. The total number 
of deaths from recessive mutations to be expected as the result of an atomic bomb explosion is 
a small fraction of the number immediately killed, and is spread out over thousands of generations.
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I ntroduction

In view of the increase in the amount of high-frequency radiation to which some human 
begins are exposed, work has been undertaken to assess the mutagenic elTect of such 
radiation on mammals, of which mice are the most convenient. High doses ol such 
radiation, or of particles such as neutrons which provoke high-energy events in tissues, 
produce a fair number of more or less dominant mutations, such as translocations giving 
rise to semisterility, provided they are given within a short time. On the other hand, if 
the daily dose does not exceed one roentgen, the large majority of mutations should be 
more or less completely recessive lethals and sublethals. Such have been found by 
Hertwig (1941). But it appears from Russell’s (1954) review that up to .June 1952 no 
systematic search for them had been made which would give any estimate of the frequency 
with which they arise. I have no reason to believe that it has been made since.

It is probable that most of the undesired effects of high-energy events in human 
tissues on future generations will be due to recessive (or nearly recessive) lethal genes, 
including very small deletions and inversions, which may be produced by single events. 
The undesirability of a human lethal is a function of the time in the life cycle at which it 
acts. Lethals acting before foetal implantation will slightly reduce ferlility, which, 
according to many writers, is by no means undesirable. Those acting shortly afterwards 
will cause little more than a missed period. Those leading to death later in foetal life will 
cause abortions, which are distressing, and not without danger to the mother. Those 
acting still later will cause stillbirths and neonatal deaths. Even these arc less serious 
than genes causing premature death of children who have received affection mid on whose 
upbringing social effort has been expended. Perhaps the most undesirable of all arc 
lethals such as Duchenne’s type of muscular dystrophy which kill round the age. ol 20. 
Though it is arguable that a mutation such that a pair of mutant genes is extinguished 
by a death about this age is preferable to one which is only eliminated by I he dea ths of 
several partially fertile individuals who have been chronic invalids. When a hundred or 
so recessive lethals have been studied in mice it may be possible to extrapolate to man 
with some confidence. Thus, if it were found that most of these genes killed before 
implantation, like Av and Z1, rather than at or soon after birth, like ch and IK, or considerably 
later, like gl, the prognosis for man would be less serious than if they mostly acted in 
infancy. It is clear that a search on lines similar to those adopted by Hertwig (1941) will 
lead to the discovery of lethals acting late in development, and thus give a hissed pict ure.

Meanwhile we know nothing as to the mean number of roentgens needed to produce
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a lethal. In Drosophila melanogaster this is known to be very different at different stages 
of the life cycle, and the same is probably true in mice. Thus the effect of a given dose is 
nothing absolute. However, speculations as to its possible order of magnitude give some 
guidance in the planning of experiments. When Drosophila sperm is irradiated, about one 
sex-linked lethal is induced per 35,000 r. (roentgens). The rate for autosomes is four to 
five times as great. So a lethal is produced for every 0,000 r. or so. There is a mucli more 
sensitive stage just before the formation of mature sperm, but spermatogonia are only 
about half as sensitive (Midler, 1954). So the dose needed per lethal is perhaps on an 
average 10,000 r. Now a mammalian nucleus contains about thirty times as much DNA 
as a Drosophila nucleus (Vendrely, 1955). If it is equally sensitive we might expect one 
lethal per 300 r. On the other hand, Russell (1954) obtained fifty-four mutations, as 
compared with two in an almost equal number of controls, at seven loci in 48.007 mice 
whose fathers had received GOO r. Only about one-third of these were lethal. However, 
‘ point mutations’ at the loci in question are very probably noil-lethal. The mean mutation 
frequency per locus was 2-6 x 10~7 per r. This is about six* times t he mean rate in 
Drosophila melanogaster. So if mouse loci, on an average, contain no more DNA than 
Drosophila loci, mouse DNA must be about six times as sensitive as Drosophila DNA. 
If so, we should expect about one lethal mutation for every 50 r. Other calculations 
suggest a frequency of the order of one per 1000 r. I shall use the figure 300 r. as a 
reasonable guess.

Autosomal lethals are detected in Drosophila melanogaster by the use of inversions with 
marker genes. No such inversions are available in mammals; and were they available 
they would probably cause semisterility. It will therefore be necessary to search for 
recessive lethals by their effects on the segregation of genes carried by structurally normal 
chromosomes. It will be seen that this involves the production of such large families that, 
for the present, research must be restricted to mice. The question then arises, what is the 
most economical and accurate method of estimating the mean number of autosomal 
lethals per gamete of a mouse whose ancestors have received known amounts of radiation 
or particles of high energy.

O u t l i n e  o f  t h e  m e t h o d  s u g g e s t e d

I shall first describe the simplest method which seems to be practicable. I shall later 
discuss improvements on it.

Two stocks of mice are set up, one a multiple autosomal dominant, the other a multiple 
autosomal recessive. All the genes concerned must give clear segregation in steady ratios, 
and all the phenotypes occurring in F 2 should be distinguishable. Not more than one 
gene in the dominant stock might be lethal when homozygous. The complications induced 
if such a patent lethal is used are discussed later.

The following list of nine markers is tentatively suggested:
Dominant C, 8, A , B, Ln, Se, J e , Re, T.
Recessive <fh, s, a, h, In, se, je , re, t.

They are all located in different linkage groups. TT  is lethal. The mutant characters 
are chinchilla, piebald, non-agouti, brown, leaden, short-ear, jerker, Rex, Brachynrg. I think

* Russell (1965) gives the factor as fifteen. To avoid overestimating the efficiency of the proposed method, 
I have adopted a lower figure justified by other work.

Mutation rate estimation in mice
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that it would also be possible to use cr (crinkled) if it turns out to be unlinked with the 
genes mentioned, and a skilled worker might be able to score the simultaneous segregation 
of R e and wa— 1 . The latter is independent of the list suggested. Similarly Co might be 
substituted for Re or bt for s. Many other possibilities will occur to mouse geneticists, and 
it is certainly desirable that as many loci as possible should be used, even if only one set 
is used in a particular laboratory. I return later to the possibility of using linked markers, 
e.g. a and pa.

For the sake of simplicity I designate only one locus, at which the allels are C  and g. 
In the experiment suggested in Fig. 1 males of the multiple recessive stock are irradiated 
during three generations, and unrelated animals are bred together so as to accumulate

J .  B . S. H a l d a n e

recessive lethals. But of course females only, or both sexes, could be irradiated, only one 
parent in P 2 could be irradiated, and so on. Whatever has been done in earlier generations, 
a multiple recessive mouse (Px) with irradiated ancestry but not itself irradiated, is crossed 
to the multiple dominant stock. One pair of their progeny (Fj) both carrying any ‘ patent 
lethal’ such as T , which may be used, are bred together to produce a large F 2 .

P* 9 9 $ x g g 6 *  99 9 x gg d *  gg ? x gg <$* gg  $ x gg<$* 
1 1 1 1

P*
1 1 1 1

<7*7 9 x gg 6 *  99 9 x 99 S  1 1
P*

1 1
99 9 X gg <$*

P x

|
0 0  y gg  

|

F t d g x 6 g

r* ? l d O : 2 G g :  \gg

Fig. 1. A possible scheme for experiment. Asterisks denote irradiatod animals.

Let us suppose that a recessive lethal l has arisen near a particular recessive locus g, 
which may be any of the markers in the multiply recessive stock. Then the P x recessive 
parent is gLjgl. So half of the F l will be GLjgl, and one-quarter of the /'Vs will segregate 
for l. If, however, both recessive parents in P 2 have been irradiated or their ancestors 
have been irradiated, as in Fig. 1 , then one-quarter of the F 2 b test one of the /\ chromo­
somes carryingg. Another quarter test the other chromosome so marked. Thus, halt the 
F 2 s test for lethals in the neighbourhood of any particular locus. 1 shall later show how, 
in the case of one locus, this number can be increased.

The expected frequencies of surviving genotypes in an F 2 from (1 Ljgl'?. x (/L /g lJ  are 
given in Table 1 . Here c and c' are the frequencies of recombination bel ween the loci of 
g and l in the two sexes.

Table 1

O L jO L $(1 - c - c ' + c r / ) ) i ( l - r c ' )G L / d l * ( e + c ' - 2  cc ')  \

O L /g L $ (c+ c ' -2 cc ' )  )
J(2 - c  - c '  +  2 cc ')O J j/q l |(1 - c —c'+cc'H

G l lg L § c c ' )
g U g i * Jcc' ) i ( c  + c - ' - c c ' )
g P I g i i ( c + c #-2cc')  f

The expected frequency of gg  is therefore

x  =  \ (c-Fc'—cc') (1 )
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if the genotypes GG, Gy, and yy are equally viable. I later consider the clients expected 
when their viabilities are unequal. If GG is lethal, the expected frequency of yg is

x —
c + c' — cc 

2 +  cc' (2)

and this expression can also be used if GG and Gg can be distinguished with certainty. 
For the present I assume that gg is fully recessive and fully viable. The frequency of//// 
expected is \ if there is no lethal linked with g. Otherwise it is x, which is very nearly 
zero if c and c' are small, and tends to | as c and c' tend to \.

If the F 2 includes sufficiently few recessives at any locus a further search for a lethal 
is made. If it includes too many, it is discarded. Thus errors of two kinds (cf. Neymann & 
Pearson, 1933) are inevitable. We can calculate their probabilities if the search for lethals 
in an F 2 of n members is continued if, and only i f  it includes r or fewer recessives.

Let P(n, r, x) be the probability that, for a given value of x, an F 2 of n includes r or 
fewer recessives. The probability that there are no recessives is (1 — x)n, the probability 
that there is just one is nx( 1 — x)n~l, and so on. Thus

P(n, r,x) = II (?| a2(l —x)n~{
i — 0 \̂  /

=  ( i - x )n +  :r(l —x )n~l + ^  x 2{ \ — x )n~2.. .  + x r{ I — x )n~r. (*)

This is the fraction of those lethals whose x value is given by their ‘ map distances’ 
100c and 100c', which is expected to be detected in a large number of F 2 s. The probability

Table 2
n  20-27 28-34 35-41 43-47 48-53
r  0 1 2  3 4

of an error due to missing a lethal is 1 —P(n, r, x). The probability of an error of the other 
kind, namely suspecting a lethal which is not present, and thus wasting time and labour 
in trying to locate it, is

It is convenient, when calculating it, to remember that (2)a = 0*100113.
If, for a given value of n, we increase r, we increase the number of ‘ false Hues', but we 

also increase the probability of detecting a lethal at any given distance from the marker. 
Some compromise must be made. 1 here suggest choosing the values of r so I hat P ( n . r , ,}) 
never exceeds 3-^  for any locus. Even this iR fairly serious. If we wen' using nine 
markers, it would lead to false clues in about 3%  of all F 2 s. Table 2 gives values of r for 
given n calculated on this basis. However, the mean value of P(n, r, {) is well below 3 ‘)0. 
Thus for n =  34, r=  1, it is 0*000097, and the mean value for n = 28 to 34 is 0 001732, or 
1-56% for nine loci.

It must be emphasized that this set of values is quite arbitrary. In the early stages of 
a research higher values of r might be acceptable. But if, say, five lethals were detected 
in the first twenty F f  s, when only one was expected, the values of r might be lowered in 
future work. Further, the value of r adopted need not be the same for all loci. If no

P(n, r,\) =  3n~r4 -”|~3r + 3r~ln + 3r- 2Q )
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lethals had been detected on one chromosome, it might be desirable to search it more 
intensively, at the cost of more false clues. All that is needed is that the value ol r for 
a given n should be fixed before a given F 2 is examined, and not, for example, raised 
because two of the recessive markers were each appearing in rather low numbers, though 
greater than the number previously chosen for r. For this reason I have not extended 
Table 2 farther. It might well be desirable to draw up several such tables at different 
levels of error. It is clear that at the level adopted an F 2 of at least throe litters will 
usually be needed if n is to exceed 20. However, since the dominant and recessive lines 
will be almost unrelated, large F 2 litters may be expected.

Of course, other mutant types besides recessive lethals linked with markers will be 
found. The visible mutants will include some lethals acting at birth or later. These must 
of course be excluded in any estimate of the rate at which lethals are induced. Some 
translocations will be detected by semisterility. It is also possible that two markers in 
an F 2 may exhibit significant evidence of coupling. If the F 2 contains a double dominants,
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Table 3. The ‘probability P o f detection of a lethal as a function of its recombination
frequency c with a marker, i f  n = i 0, r — 2.

c 0 0-0151 0-0305 0-0461 0-0619 0-0780 0-0945 0 - 1 1 1 2 (► •1282
X 0 0-01 0-02 0-03 0-04 0-05 0-06 o(>7 O-OS
p l 0-0925 0-9543 0-8822 0-7855 0-6767 0-5665 O 1624 0-3694

c 0-1450 0-1033 0-2000 0-2384 0-2789 0-3210 0-3675 O-50O0
X 0-00 0-10 0-12 0-14 0-16 0-18 0-20 0-25
p 0-2894 0-2228 0-1261 0-06700 0-03448 0-01691 O-O06309 0-001016

6 single recessives, and d double recessives, the simplest efficient eslimate of linkage is 
that given by Haldane (1952). If y = (1 — c) (1 —c'), where c and c' are the recombination 
values of the two genes concerned, then the estimate of y is

2(c+ 1) (2a —b + 1)
4(a + l)  (c + l )T (« + c  + 2)"(6+ 'i)*

Its sampling variance is 2/ / ( l - y ) ( 2 +y) _  9o r - - -  if v = I* So the estimate will only exceed Urn * 4(1 + 2y) n
 ̂ by 3/4tt* in 2-275% of all cases in the absence of linkage. If a pair of linked markers 

were used, evidence of a similar kind would suggest the presence of an inversion. It is at 
least possible that in this way translocations or inversions might be found which caused 
little or no semisterility. These would assist greatly in the search for recessive lethals.

The logical basis of this method is essentially that of Carter & Falconer’s (1951) 
systematic search for linkages. They employ five stocks containing twenty-five markers in 
all, and choose a level of significance corresponding to two standard errors. The probability 
of a ‘ false clue’, that is to say the probability that a new mutant will appear to be linked 
with any particular marker, is therefore 0-02275. The probability that at least one of the 
twenty-five markers will give a false clue, is 1 —0-9772525, or 42-7%. However, this large 
risk is justifiable because if 500 progeny are scored, the probability of discovering a 
linkage is over 50 %.
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T h e  l e n g t h  o f  c h r o m o s o m e  s e a r c h e d

Given c and c', and hence by equation (1 ), x , we can readily calculate P(n , r, x), the 
probability of detecting a lethal at the map distances corresponding to x. Thus for n = 40, 
r =  2,

P{40, 2, x) =  (1 — x)*° +  40x( 1 -  z )39 + 780:c2( 1 -  z )38 

= ( l - £ ) 38(l+ 3 8 £  + 74l£2).

Table 3 shows P  as a function of x and of c when c = c', and Fig. 2 shows the same 
figures graphically. When c and c', are unequal, we have

x — + c' ~ i ( c + c ')2 +  i ( c - c ' ) 2],

so x is larger than the value corresponding to the mean map distance 50(c + c') if c and o' 
were equal. However, the error in taking c and c' as equal is generally small. Thus for 
c and p  Griineberg (1936) found c = 0-1610, c' =  0*1190. So £ = 0-08695. }(c + c') =0-1400, 
which would give x = 0-08680, while the approximation x =  J(c + c') would give x = 0-09333.

Table 3 shows that the majority of lethals are detected ifcis less than 0-1 ( 10cM.), while 
less than 13%  are detected if c exceeds 0-2.

It is not possible to determine the mean radius swept, in Carter & Falconer’s (1951) 
terminology, with any great accuracy, for the following reason. The loci of genes are by 
no means evenly distributed on the linkage map, even of Drosophila mclanogaster, where 
they tend to cluster at the free ends of chrofnosomes and near the centromeres, still less 
in organisms such as the Cyprinodont fishes, where chiasmata seem to be sharply localized. 
This means that if a mutation (e.g. the mutation to brown) has occurred at a given locus, 
another mutation (including a lethal) is more likely to occur at a map distance of 0-5  units 
than at a map distance of 30-35 units. Hence the mean map distances swept will be 
overestimated, but the number of lethals found will be more than proportional to the map 
distance swept. The same criticism applies to Carter & Falconer’s calculation. Hut in 
their case it is unimportant, as their concept of radius swept is mainly a guide to design, 
rather than estimation. Their evaluation of this radius could be made more precise by 
the method here developed, but this is probably not worth doing. Moreover, the linkage 
maps for mouse genes suggest that bunching may be less marked in the mouse than in 
Drosophila melanogaster. d and se are the only pair of genes known to me which give 
under 1 % recombination.

It is possible to determine the radius swept round the locus of each marker on the 
assumption, which is certainly somewhat incorrect, that mutable loci are evenly distri­
buted over the genetical map. I define the radius swept, or searched, s, as follows. If all 
the lethals within a map distance of 100s cM. on each side of the marker were, detected, 
and none beyond this distance, while the total number of lethals detected was the same 
as that found, then s is the radius swept. That is to say, if the abscissa in Fig. 2 were map 
distance instead of recombination frequency, the radius swept would be as shown. The 
area in the rectangle in this figure is equal to the area below the curve.

If then 7)i is the map distance, reckoned in morgans, not centimorgans,

rM
= P(n, r, x) din,

Jo
(5)
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where M is the maximum attainable value of m. The mean map distance of lcthals from 

I'M r>M
the marker is J mP(n, r, x) dm+- I P(n, r, x) dm. This is usually somewhat less than s.

In a preliminary statement as to this work I gave the mean map distance as an estimate, 
of the radius swept. This is not so good ail estimate as s, and slightly underestimate's the 
power of the method proposed.

J .  B .  S. H a l d a n e

Fig. 2 . The probability P  of detecting a recessive lethal as a function of c , its recombination frequency with 
a recessive marker, when n = 40, r = 2. The vertical lino at c=0-l 19 denotes the radius swept. The area to 
the left of it is equal to the area below the curve.

To evaluate (5) we must obtain a functional relation between m and x. For the rclat ion 
between m and c Carter & Falconer (1951) find

m = ! ( t anh_1 2c + tan- 1 2c)
16c5 256c9 

~ C+ 5 + 9 +

This means that the error in taking m = c  is less than 0*5% unless c exceeds 0*2. < )l her 
functional relations, such as Kosambi’s (1944) give somewhat larger errors, but would 
not, I think, lead to an increase of 1 % in the value of s unless n exceeded 60. As in what 
follows I shall be neglecting even the fourth power of c, 1 take m = c, t hat is to say I 
neglect double crossing over. I also take c = c', which, as we saw, introduces an error 
less than 0*2 % in the example here considered. So (5) becomes

s = J  P(n, r, x) dc. (6)
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The upper limit of \ corresponds to a very long map distance. If the marker is near the 
end of a chromosome a lower limit must be taken. Now from (l)

334 Mutation rate estimation in  mice

c = 1 — (1 —3a;)*

dc
dx = f ( l - 3 x ) - * .

Hence 3 f 1s = -  (1 — 3.x)- * P(n, r , x) dx.
o

( 7 )

We shall have to deal with several expressions of this type. On expanding (l — 3x)_i we 
obtain a series whose terms are of the form xkP(n, r, x) dx, multiplied by numerical 
constants, where k is zero or a positive integer. From (3)

f xkP(n, r, x) dx=  £  f xi+k(l — x)n-ldx 
Jo i= o W J o

= £  xt+*(l — x)n~*dx — £  ;/J+fr(l — x)n~l dx

y  M  (* + *
t=0 \V (ttd

(* + * ) ! ( » - » ) ! _  £

r
= £  

i

(n + * + l) !
(i + l ) ( i  + 2 ) . . . ( i  + k)

<=o \i/ i
— x)n~' dx

(n'r
- -  £

=o in d* 1) {n +  2) ... (n-\-k + 1) i^o W  * 1
xi+fc(l — x)n-idx

(r + k + 1 )! n ! nyr

(£ +  l ) r !  ( « + *  +  ! ) ! “  ^  vi
x*+,f(l — x)n~ld.r.

The first term may be written (r + l ) ( r  + 2 ) . . . ( r  + * + l)
{k + 1 ) (?& -4- 1) (n + 2) ... (n + k + 1)

The second term is

xkP(n, r, x) dx. Now r has been chosen so that P(n,r, J) is less than while

P{n, r, 0) = 1. Thus for the values of n and r considered, the integral, which is the 
contribution of the t ail of a distribution such as that of Table 3 beyond x ■= { to a moment 
ofx, is negligible. To take numerical examples, with the smallest values of?/, permitted 
by Table 2, if n = 20, r = 0,

j:(1 — x)ndx = 2j ,  (1 — x)ndx = 31i- (4)“'

Since (f)21 = 0-00238, the error is 0*24% .
Again with n = 32, r =  l,

(1 -  x)n dx = 3V, J  (:I -  x)n dx =  ̂ 3 (2)™ = 3V x ()• 7o x 10 - ’ ,

j >  - ,)n ' 1 J l i r 3 3 '  j [ x { l - x)’" 1,lx=w : : u y x 1 0 '•

Thus the error is less than 0-1 % . We may therefore take

f t  * p/ x j  (r + & + l) !?i !
Jo (fc + l ) r ! (w + fc + l)! ( 8 )

4 7 6



J . B . S. H a l d a n e 335

for example, f* , , r + 1
j  n n ,r ,x ) d x  = -— ,

V xP in  r x)dx = -(-n±i>-<,+ -2).
J ,  ^ ’ ’ )d  2(n +  l)(n + 2)’

with negligible error, and in fact take the upper limit of integral ion in such equations 
as (7) as unity. (7) may be written

3 f 1
" 2J 0s = 9 (1 + lx  + 2g-x2+^g-xi + ...) P(n,r,x)dx

3(r + 1) r  , 3(r + 2) 9(r + 2)(r +  3) , 135(r + 2) (r + 3) (r + 4)
A + t:—  ~  + —-----zr------ -7 +  7̂7— — r r _ —~ 71 +2(w + 1) \_

.3(r + l) f
2(rc + l) [_ 
3(r + l)

4(n + 2) 8(w + 2)(n + 3) 64(w + 2) (w + 3) (w + 4)
, 3 (r+ 2) 3(r + 2)(3r + 5) 3(r + 2) (45r2 + 195/+244)
1 H-----:------ 1-------- -----------H------------------ 7 . 0  +

-

4 n ' 8 n2 ' 64 n3
3(r + 2) 3(r +  2) (3r + 4) 3(r + 2) (18r2 + 99r + ICO)

2(w +  l)

= 6(r + l) U » -

4 n 16 n2 64?i3

- ]

]
-  V• • • I •

(3r + 2) - ^ ( 3r + 8 + 1̂ ±-1A^‘7C + ...j+0 (» - )] ‘ 14 n 4n
6(r + l)

4n — 3r — 2 , nearly.

((J )

For example, when n = 40, r = 2, the four terms given above yield

1 8 -(1 6 0  —8 —1-05 —0-220),

or 0-1194, while the simpler formula gives 0*1184. The error is somewhat greater for 
smaller values of n. However, an error of even 2 % would only become serious compared 
with the sampling errors when over 1000 lethals had been found! It is of course quite 
practicable to calculate (6) and (7) with any desired accuracy mechanically for a large 
range of values of 11 and r, making allowance for double crossing over if desired.

Assuming that the 7>, recessive is from irradiated ancestry on both sides, then, if the 
markers are not near the ends of chromosomes, the total map length swept per locus will 
be 2s, but it will only be swept in half the F 2’s. So if there are k recessive markers, the 
total length, in centimorgans, swept per F z is approximately

100 «0(̂ t i !|
4n — 3r — 2

( 10)

It must, however, be remembered that the values of n and r will not usually be the same 
for all markers. Some marker genes can be scored at birth, others not, perhaps, till after 
weaning. Table 4 gives some representative values of 100s, calculated from (9) for repre­
sentative values of n and r taken from Table 2. The last two rows give values calculated 
from (13) and (14).

It will be seen that 100s increases roughly with \n. However it falls while n increases 
with constant r, the lowest value being 5-7 when n = 27, r = 0. So since the number of 
animals used in the search for a lethal always exceeds the number in the b\, it will always 
be desirable to continue the breeding of an F 2 during the joint lives of the parents. This 
will inevitably cause some difficulties, since occasionally a search for a lethal will begin
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before an F 2 is completed. In such a case the radius swept should, 1 think, be calculated 
from the value of n when the search began, and not from its final value.

The mean map distance of genes from the marker is

J 'M rM
mP(n, r, x) dm 4- P(n, r, x) dm.

o Jo

M utation rate estimation in  mice

Making the same approximations as before, it can be shown that this is

3 (r+ 2) |̂ 4w — 3 r —
4 n 2 n

- i

This is somewhat less than s if r exceeds zero. For example, for n = 30, r = 1 , it is 0*080.

Table 4
n 23 30 38 45 51
r 0 1 2 3 4
1005 G-9 10-5 12-6 14-3 15-9
1005' 11-7 17-9 21*2 23-9 20-2
100a" 0-2 0-3 0-3 0-3 0-4

Lengths swept for representative values of n  and r. 
Third row, autosomal recessive marker.
Fourth row, non-crossover Icthals using a  and a 1. 
Fifth row, crossover lethals using a  and a*.

A l l o w a n c e  f o r  l o w  v i a b i l i t y  o f  r e c e s s i v e s

I have assumed that rccessives can always be distinguished from dominants. They may, 
however, appear with a frequency different from £ in control experiments, owing to 
lowered (or raised) viability. The various genes used may have unexpected reactions on 
viability or be linked with others which do so. Let us suppose then that the frequency 
of a recessive in control F 2 s is \p, where p  differs significantly from unify.

If so, the probability of a false clue is increased if p  is less than unity; for example, for 
n — 43, ju = 0*8, r must be zero if P(n, r, 0*2) is to be less than 5J 0 :

dc
x = lp (2c.-c2), so  c = ( 1  -?>p-l x)*y =

Hence (7) becomes

3 f 1
s =  J (1 — 3p~l x)~iP(n, r, x) dx

= -3ir± L ). I~1 3(r + 2) 9(r +  2) (r + 3) 1
2̂ (?i + l)|_ 4j?(n + 2) Sp2(n + 2) (n +  3j "  J

= 6(r 4-1) jjt pn — (3r + 6 — 4p) —  ̂ (^r +12 — 4 p -f-...) J  . (U )

It is not worth giving further terms, as the value of^ will be uncertain. Roughly speaking, 
then, for given values of n and r, s is increased by a factor p~l. This does not, on an 
average, make up for the loss of information due to the lowered value of r. But high 
values of p, due to relative inviability of a dominant, would be advantageous.
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Patent lethals as markers

I have, for many years, designated a gene such as T (Brachyury) or Av ( Yellow) as a patent 
lethal, as opposed to a latent, or fully recessive, lethal such as ch {congenital hydrocephalus) 
or $  {grey lethal). This avoids the ambiguous phrase ‘dominant lethal’. From (2) we see 
that to a first approximation x = c, so the radius swept is roughly (r + l)jn. This apparent 
disadvantage is outweighed by the fact that one can use much larger values of r without 
raising P(n, r, above its critical value. If this value is chosen, as before, at the 
highest permissible values of r are given in Table 4. It is convenient to remember that 
(f)17 =0-0010150.

Table 4
n 15-19 20-25 26-29 30-35 36-38 | 39-43
r 0 1 2 3 4 1 5

2c —r2
From (2) x = - — - ,  so c = (l + x )_1 [1 — (1 — 2x — 2x2)*]u ~Cr

= X + |x2+X3+ ^ X 4 + ... 

dc
^  = 1 + x 4-3x2 + ̂ x3 +  ....

Hence (1 + x  + 3x2+^-x3+ ...) P(ft, r, x) dx

r + l [\  r + 2 (r + 2)(r + 3) 13(r + 2)(r + 3)(r + 't) A

w + l L  + 2(n + 2) + (n + 2)(n + 3) + 8(n + 2) (n + 3) (n + 4) + ** J

= 2(r + 1) |̂2n —r
(r + 2)

2 n
(3 r+ 8 + 6r2+29r- ± 36
\ In

( 12)

Thus, if a = 30, r = 3, $ = 14-4, as compared with 10-5 from (9) if GG is not lethal. But 
with a = 35, r = 3, s = 12-2, as compared with 13-8 when GG is not lethal. Thus a patent 
lethal perhaps on the whole gives rather more information than an ordinary dominant, 
though not for all values of n. The advantage may well be offset by the smaller litter size 
in P 2. The main advantage of a patent lethal is that it makes it easier to detect suspected 
lethals, and very much easier to keep them once they are found.

T he use of multiple allelomorphs

If there are two recessive allels at a given locus, there is a slight advantage in using two 
different recessive stocks, one homozygous for each. Suppose the allels <>f (f arc g ] and //“, 
then one quarter of the P 2’s will be from Ggl x Gg1, and another quarter from Gy2 x Gy2. 
It should thus be possible to say with a fairly high probability from which parent in P2 
a lethal was derived. However the one locus where a considerable advantage may be 
gained is the a (non-agouti) locus.

It should be possible to make up two multiple recessive stocks, one being an c rh cfh ss . . . .  
and the other a ta tcrhcchss ... and to irradiate each of them, a1 is black-and-tu a, a is non-agoul 1, 
or black. The Pj recessive parent is then aa*. Half the F± are Aa, the other half Aal. These 
genotypes can be distinguished, since the latter has the lighter belly.
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Thus all F x matings can be A ax A a  or Aa1 x A a1. Now suppose the Px recessive was 

atL/ai, then the expected frequencies in F x will be:

|(1 — c)ALIa*Lt \cALjaL, \cAL/aH, \{\—c)ALjal.

So a fraction (1 — c)2 of the Aa x Aa F x matings will be ALjal x AL/al, and will segregate 
for the lethal. Another fraction c2 will segregate for any lethal linked with a 1. So if a 
lethal is present in the Px recessive a fraction |(1 — 2c + 2c2) of all F 2 s will segregate for it. 
This is substantially larger than J.

Consider first the lethals derived from the aa stock. The mean distance searched for 
them is approximately:

s = % j (1 —c)2P (n ,r,x )dc.

The factor 2 arises because both sides of the marker locus are searched in all F 2’s, instead
dc

of only half. (1 — c)2= 1 — 3ur, — =^(1 —3a?)- *. So approximately

Mutation rate estimation in  mice

= 3 j  (1 —3x)* P(n, r, x) dx

= 3 J* (1 — 2-c — a 2̂ — —...) P(n, r, x) dx

3(r + l ) f  3(r + 2H
1 L  4(M + r Uw + ■2)

r + 3 9(r + 3) (r + 4)
+ \ +

= 12(r+l)|jtw  + 3r + 10 +

2(n + 3) 16(n + 3) (n + 4c)

(•

|]
3(r + 2 ) / r 0 30r2 + 91r+ 80

1 or + 8 H--------- 7------------ H
4 n 4 n

(13)

A representative set of values is given in Table 4.
The mean distance searched for lethals derived from the a iat stock, due to two inde­

pendent crossovers in the gametogenesis of the P x recessive parent, is nearly

s = 2 f c2P (n ,r,x )dx  
Jo

=-?- ( (x2 + f ar* + + ...) P(w, r, x) dx
4  J o

_ 2 7  (r + l ) ( r  +  2 )(r + 3) p  9(r + 4) 9(r + 4 )(r + 5) "1
4 ' (n + 1 j (n +  2) («> + 3) |_3 + 16(» +  4 j +  8(”«  + 4) (n + 5 )+ " J

= 9(r+ 1) (r+ 2) (»' + :)) [4»(3 —|(9r+ 4) n2—yS(135r2 + 240r —1370) n — (14)

Table 4 shows that s never reaches 1 cM.
If both parents are about equally irradiated, this locus is nearly twice ns useful as any 

other. If, on the other hand, only one grandparent of the F x is irradiated, it is more than 
three times as useful as any other locus, since almost all the chromosomes derived from 
the irradiated grandparent can be tested, instead of only one quarter of them. It may 
prove possible to use similar devices at other loci. The advantage of using an incompletely 
recessive marker is particularly great when only one grandparent is irradiated.
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T h e  c o n f ir m a t io n  o f  s u s p e c t e d  l e t h a l s

Supposing a lethal linked with any marker is suspected, the F 2 should be continued as 
long as possible. This may give decisive evidence. For example, an F 2 of 50 containing 
only three recessives would only be expected once in 28,000 trials in tbe absence of a 
lethal. Meanwile the male parent of the F 2 should be mated to all his other sisters (or all 
those with the same allel at the a locus if a lethal near it is suspected). Half of tbe 
resulting F 2 s should segregate for the same lethal. They will also of course yield inlorma- 
tion about lethals in other chromosomes.

Table 1 shows that of the qq recessives in F 9, all but a fraction ,— or about ic,

should be heterozygous for the lethal. They can therefore be used to set up new inter­
crosses, preferably with a stock carrying G and one or more markers linked with it.

2( I 4-cc)
;l —c —c + 2cc' ’Among the dominants few of the GG mice will be LI. But of the Go mice

that is to say a fairly large majority, should be GLjgl. Unless GG and Gg differ pheno- 
typically, the dominants in F 2 should first be tested withgg mates, and those which prove 
to be Gg mated with their father or with one another. If, after all, the search yields 
negative results, it would perhaps be reasonable to abandon it when a lethal at a distance 
of 100s cM. would have been detected with about 99% probability. An allowance can 
then be made for lethals lost in this way. Meanwhile more information (positive or 
negative) as to lethals in other chromosomes will have been obtained. The computations 
involved are tedious but not difficult. Thus, if an F 1 male is mated with several sisters, 
half the F 2s are testing the same chromosome as in the original F 2, with an allowance for 
crossing over in 1 —c of all cases. The treatment is similar to that of (13).

A complication will of course arise from the induction of a certain number of genes 
which are sublethal w'hen recessive. Unless they produce visible effects, most of them 
will be missed. Suppose, for example, that the viability of a sublethal homozygote is ?>,

. ?; 4-3.r — 3u.r r ( l —-l.r)
then the expected Irequency of recessives is raised from x t o -----  ̂^ , or x -I-  ̂  ̂ -  .

Thus, if £ = 0, v = this frequency is \ , as with a fully lethal gene about 21 cM. from the 
marker. Such a gene would very seldom be detected.

Again, if the homozygote is fully lethal but the heterozygote somewhat invinble, the 
lethal gene will tend to disappear in the course of several generations. Hut it is easier to 
detect in F 2, since most of the gg mice which are not U are LI. 11- can be seen from 
Table 1 that the frequently of gg expected in F 2 is

v{c -\-c/ — 2cc') -fee'
T + 2 v

(1 — v) (e f  c' — 4cc')
or x “■ ’ v3(14-2?;)

So the map distance searched is somewhat increased. But the inert use is by a lac-tor of 
^

about 1 4 —o — which will seldom be very large. It may, however, he necessary to allow ov
for it in estimating mutation rates.
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D i s c u s s i o n

I do not try to prove that the method here given is the best possible method of searching 
for lethals. But I think any method must use equation (9) or (12) in some form. It is, 
however, easy to show that it is better than any method based on disturbances of a 1:1 
ratio. Suppose, for example, that the test matings were between the Pl recessive and its 
Fx progeny. Then if both P2 mice were irradiated or from irradiated slock, all such 
matings would search for lethals. In the absence of a lethal we should expect 1////, in 
presence of a lethal very close to g we should expect \gg. For example in a baekeross 
family of 30, we should expect 15 + 2*74^, and 10 + 2-58^ on the two hjTpotheses. Our 
only hope of detecting such lethals without too many false clues would be to take r about 
7 or 8, in which case we should only detect about a third of the lethals. Even with a back- 
cross of 60, detection would be harder than in an F 2 of 20.

A possible method would be the irradiation of mice heterozygous for several patent 
lethals, such as Yellow, Drachyury, Oligosyndactyly and Splotch, and breeding brothers 
and sisters together. The radius swept is given by (12), but the litter size would be 
drastically reduced. The same is true if any of the translocations so far discovered were 
used this way.

An obvious objection to the method here proposed is that the various families of mice 
from irradiated parents (seven in Fig. 1) are only used for the testing of one set of chromo­
somes, and that in only half the tests. If two F 2 s were bred from different P\ pairs, then 
only once in four trials would the same chromosome be tested twice. But if two Px 
recessives were mated to multiple dominants, this would happen less often. The experi­
ment will have to be designed to minimize the number of mice bred per unit of chromosome 
searched. If an experiment were done in which only the P2 mice, or one of them, was 
irradiated, then it would clearly be desirable to test as many of the P x mice as possible. 
All of them would carry different lethals, except when a lethal mutation had occurred 
early in the germ track and given rise to a number of gametes carrying the same lethal.

Any programme of research is likely to include the study of a group of mice irradiated 
moderately (say not receiving more than one roentgen per day) for many generat ions. 
They would presumably carry few chromosomal rearrangements, and their study would 
throw more light than that of heavily irradiated mice on human perils. Such a stock 
should be maximally outbred; but the neighbourhood of the same marker will certainly be 
searched repeatedly, and special calculations, similar to those of Woolf (1954) will be needed.

Finally some kind of sequential method may well be tried. One might reject any F2 of 
20 which contained four or more recessives at each marked locus. Such a procedure would 
save material, but it would need supplementary calculations. Unless a plan like that of 
Table 2 is laid down in advance and rigorously adhered to, accurate work will be impossible.

The tendency of loci to crowd together on the linkage map, noted above, will lead to 
an overestimate of the mutation rate. For if, as suggested below, 6 % of the linkage map 
is tested, this is likely to include more than 6 % of the loci. The median of i h e  number of 
lethals found near different loci may yield a better estimate than their mean. It is also 
probable that some of the markers used will turn out to be near the ends of chromosomes. 
A majority of those suggested happen to be terminal in existing linkage maps. This will 
lead to an underestimate of the mutation rate. But the correction to be made is smaller 
than in the search for linkage, since the radius swept is much smaller. If each lethal found
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is located fairly accurately on the chromosome map, it will be possible to find the mean 
radius swept from the observed location of the lethals found, as a cheek on the formulae 
here given. This will, however, entail so much extra work that it may not be considered 
worth while.

The total autosomal genetical map is about 1824 cM. (Slizynski, 1055) <>u oy to logical 
data and a little less (Carter, 1955) on genetical data, perhaps as a result oi the bunching 
effect. An F 2 of 30 mice segregating for a or a 1, T , and seven other autosomal loci would 
search 18*2 -l-14-4 + 7 x 10-5, or 106 cM. This is about 5-8% of the total map length. Thus, 
if a P l recessive were formed from gametes which between them carried k recessive 
lethals, an F 2 raised from it would have a probability of about O029/‘ of detec,ting a lethal. 
If both parents and all grandparents of the recessive had received a dose of 400 r., 
k would be about 5 on the basis of the guess made in the introduction. If so, about one 
lethal would be detected in seven F 2 s, or 210 mice examined, to which must be added 
perhaps 150 to allow for ancestors and mice used in the determination of the lethal. As 
was pointed out in the introduction, the value of k might be a good deal larger. Russell 
detected one visible mutation in every 889 mice examined. Thus it is at least possible that 
the method suggested would be more economical than Russell’s.

If, on the other hand, with the dosage suggested above, only two lethals were detected 
in 200 F 2 s , which would mean scoring about 6000 mice, we should have evidence that 
a given dosage of radiation produced only about a fifteenth as many lethal mutations in 
a given weight of mouse DNA as compared with the same weight of D ro so p hila  DNA. 
This would be very reassuring. I conclude then that a test even on as few as 200 F 2 h 
would be of real value.

I have considered the desirability of using linked markers. Dr C. Auerbach has kindly 
communicated to me a scheme for using them to detect sex-linked lethals, and Dr T. (1. 
Carter has raised the same possibility for autosomal loci. If the conclusions of this 
paper are accepted, 1 propose to investigate it. The dillieulty is as follows. If we are 
concerned with two linked markers a and b\ we have to base our criterion for search or 
rejection on three numbers, those of aa /I, A bb and aabb. The last gives a powerful test 
for lethals between the two loci, while the former two must be given more weight in the. 
case of lethals not between them. It is thus hard to find the most ellieient criterion. 
Nevertheless, l think that if a a p a p a  J i j i  and a 1 a 1 pa p a j i j i  storks were irradiated and 
crossed, and their hybrids crossed to lia / + , one could search about SO units of chromo­
some IV, one end in almost all F 2 s, the other in somewhat over half. In addition, 
segments of other chromosomes, for example round the loci of b and ,s* or .sc, could be 
searched. The fraction of lethals lost in the different segments would have t<» be calculated. 
This would, I think, best be done numerically once a scheme was agreed on. The total 
length searched would not, I think, greatly if at all exceed that searched by t he procedure 
suggested above.

Finally I would make the following plea. In addition to experiments on the effect of 
photons and particles of high energy, I believe that experiments should be instituted on 
the mutagenic effect of substances which are frequently added to human food as pre­
servatives or otherwise, or used as drugs over long periods. An investigation of the 
mutagenic effect on mice of substances which are mutagens for D ro so p h ila  would of 
course be of great interest. But it is clear that a substance mutagenic for one organism 
may not be so for another. It is entirely possible that ‘agene’, which was extensively
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used, to bleach flour, and altered the metliionine residues of the proteins in broad, may 
have been responsible for more human mutation than all the radioactive elements so far 
produced by atomic bombs. The methyl-purines, such as caffeine, may be mutagenic for 
mammals, as they are for some fungi. In such cases it would be even rasher to extrapolate 
from Drosophila to mammals than in that of X-rays.

The question of extrapolation from mice to men remains. Jt is possible, that human 
genetic material is as sensitive as that of mice, or more so. It is equally possible that in 
long-lived animals selection in favour of genes reducing mutability is much stronger than 
in shorter-lived ones. Research on long-lived mammals would be very expensive. But 
it might be possible to compare the mutability, in human and mouse tissue cultures, of 
genes responsible for the synthesis of particular antigens, which could probably be 
detected in single cells. It might be difficult to distinguish mutation from somatic 
crossing over (Pontecorvo, Gloor & Forbes, 1954) but such work should, 1 believe, form 
part of any comprehensive programme of research on human mutation.

Mutation rate estimation in  mice

S u m m a r y

A method is proposed for searching for recessive lethals in mice. A multiple recessive 
stock is irradiated, and members of it are crossed to a multiple dominant stock. Retinal 
genes are detected by deficiencies of rcccssives in h\. The length of chromosome searched 
is evaluated. It should be possible to search about 0% of the genctical map in each h\.

I have to thank Dr C. A. B. Smith, Mrs S. Maynard Smith and Dr Sewall Wright 
for helpful criticism, and Dr T. C. Carter for asking important questions, some of which 
I have tried to answer
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596 Recessive autosomal lethals in the mouse

A P P E N D IX

T h e  D e t e c t io n  o f  S u b l e t h a l  R e c e s s iv e s  b y  t h e  u s e  o f  L in k e d  M a r k e r

G e n e s  in  t h e  M o u s e

B y  J .  B .  S .  H a l d a n e  

Indian Statistical Institute, Calcutta

C a r t e r  h a s  s h o w n  t h a t  b y  t h e  u s e  o f  l i n k e d  m a r k e r  g e n e s  r e c e s s i v e  l e t h a l  m u t a t i o n s  
i n d u c e d  b y  h i g h  f r e q u e n c y  r a d i a t i o n  o r  o t h e r w i s e  c a n  b e  d e t e c t e d ,  a n d  w h a t  i s  m o r e  
i m p o r t a n t ,  t h e i r  f r e q u e n c y  c a n  b e  e s t i m a t e d .  I n  t h i s  n o t e  I  p o i n t  o u t  a  f u r t h e r  a d v a n t a g e  
o f  t h i s  m e t h o d .  I t  m a k e s  p o s s i b l e  t h e  d e t e c t i o n  o f  s u b l e t h a l  r e c e s s i v e  m u t a t i o n s .  T h e s e  
c a n n o t  b e  d e t e c t e d  w i t h  a n y  v e r y  h i g h  p r o b a b i l i t y  b y  t h e  m e t h o d  o f  H a l d a n e  ( 1 9 5 6 )  
w h e r e  u n l i n k e d  m a r k e r s  a r e  u s e d .  O n  t h e  o t h e r  h a n d ,  i t  d o e s  n o t  s e e m  t h a t  C a r t e r ’ s  
m e t h o d  w i l l  a l l o w  a n  a c c u r a t e  e n u m e r a t i o n  o f  s u b l e t h a l  m u t a t i o n s .

^  f i  4 *
Carter considers the results to be expected if a member of an irradiated ---------- ^—

Ra + + Sd + a pa n +
s t o c k  i s  c r o s s e d  w i t h  a  - - - +  +  + - - -  m o u s e ,  a n d  t h e  F, i n b r e d .  T h e  s v m b o l s  r e p r e s e n t

+ + + + + 1
t h e  l i n k e d  r e c e s s i v e s  non-agouti, pallid, fidget, a n d  t h e  p a t e n t  l e t h a l s  Ragged a n d  Danforth’s 
short-tail. T h e s e  a r e  ‘ d o m i n a n t s ’  l e t h a l  w h e n  h o m o z v g o u s .  I t  m a v  b e  r e m a r k e d  t h a t  t h e  
e f f i c i e n c y  o f  t h e  m e t h o d  w i l l  b e  v e r y  c o n s i d e r a b l y  i n c r e a s e d  i f  o n e  r e c e s s i v e  s t o c k  c o n ­
t a i n i n g  a a n d  o n e  c o n t a i n i n g  a* {tan) a r e  i r r a d i a t e d ,  a n d  t h e i r  F x c r o s s e d  t o  a  d o m i n a n t .
I f  t w o  —  m i c e  o r  t w o  m i c e  a r e  m a t e d ,  t h i s  w i l l  e n s u r e  t h a t  a t  l e a s t  t h e  a l o c u s  i n  e a c h  a a‘
o f  t h e m  i s  d e r i v e d  f r o m  t h e  s a m e  i r r a d i a t e d  g r a n d p a r e n t a l  c h r o m o s o m e .  T h i s  w i l l  d o u b l e  
t h e  c h a n c e  o f  f i n d i n g  a l e t h a l  v e r y  c l o s e  t o  a, a n d  p e r h a p s  i n c r e a s e  t h e  o v e r a l l  c h a n c e  b y  
a b o u t  5 0 % .

This involves finding a female anr) a male in the F , both of whieh are----------- or both
R a  +  S d  ~  +  a  +

 ̂ . The frequency of R a - r S d  gametes is about U - 2 8 .  being a little over one-quarter

owing t o  l i n k a g e .  T h o s e  o f  +  a +  a n d  +  a ‘  +  g a m e t e s  a r e  o n e - h a l f .  A s s u m i n g  a  s e x  
r a t i o  o f  e q u a l i t y  t h e  p r o b a b i l i t y  t h a t  a  f a m i l y  o f  n w i l l  c o n t a i n  a t  l e a * t  o n e  R a  S d  f e m a l e  
a n d  a t  l e a s t  o n e  R a  S d  m a l e  i s  1  —  *2 x  0 * 5 6 ' '  - f  0 - 7 2 " .  T h i s  i s  0 - 5 9 5 8  w h e n  n = 1 0 ,  a n d  
0 * 9 0 3 5  w h e n  n  =  2 0 .  T h u s  a n  F l  o f  2 0  s h o u l d  g e n e r a l l y  s u f f i c e .

Siniilarlv the frequenev of or ---- is 0*11. So the probahilitv of finding
1 - + a + -r a* + 1

at least one female and male is 1 — 1 \ 0-80" -r 1 x 0*79" —0*72". This is 0*1588 when
n = 10, and 0*8396 when n = 20. Again, an ir1 of 20 should generally suffice.

C a r t e r  b a s e s  h i s  s e a r c h  f o r  l e t h a l s  o n  t h e  e n u m e r a t i o n  o f  d o u b l e  r e c e s s i v e s .  s u c h  a s
Ji DJI
------. He nroposes. if I understand him eorrectlv, to go on breeding until either the number
a pa 1 r '
x  o f  d o u b l e  r e c e s s i v e s  d u e  t o  e a c h  a d j a c e n t  p a i r  o f  l o c i  e x c e e d s  x 1 }  w h e n  a  l e t h a l  i s  a s s u m e d  
t o  b e  a b s e n t ,  o r  u n t i l  f o r  o n e  p a i r  a t  l e a s t ,  t h e  v a l u e  o f  x  f a l l s  b e l o w  x . , .  i n  w h i c h  c a s e  a  l e t h a l  
i s  a s s u m e d  t o  b e  p r e s e n t  i n  t h e  s e g m e n t  i n  q u e s t i o n .  x l  a n d  x2 a r e  c a l c u l a t e d  f r o m  t h e
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597
number of F 2 mice observed and the recombination values so as to render the probabilities 
of falsely supposing a lethal to be present, or of missing one, both less than 1 %. I am not 
wholly convinced of the validity of Carter’s calculations, but they are clearly an approxi­
mation to the truth.

‘ When x  lies between x x and x2,’ Carter continues, ‘ the data fail to discriminate between 
the hypotheses, and the F 2 must be continued.’ In fact, if x y and x2 differ considerably, and 
x  lies between them, we should, I think, consider a third hypothesis, namely, that a 
sublethal gene is present in the segment and there is evidence against lethals in the seg­
ments on each side of it.

A concrete example will make the matter clear.
Suppose that an F 2 of twenty-five mice contains four + Raa, two a pa, three pa fi, 

five fi + Sd. Except for the a pa, these numbers do not seriously suggest a lethal. For 
a pa, in Carter’s terminology ^ = 0-263, r2 =  0-010. The expected number of a pa in 
absence of a lethal is 6-575, in presence of a lethal in the a pa segment 0-25 or less. The 
probability of finding two or less a pa is 0-023-4 in absence of a lethal, that of finding two 
or more is 0-0256 or less in presence of a lethal. If it were not for the figures for the other 
double recessives, the a pa figures could be explained by the presence of a lethal outside 
the a pa segment, but near it. If this were the case the number of double recessives in one 
of the adjoining segments would almost certainly be less than two. Now if there is a 
sublethal of which a fraction 5 of homozygotes survive the expected number of a pa is 
nearly w[$rx + (l — $) r2] or w(0-010+ 0-253$). This condition is satisfied if $ = 0-277. But 
even if s were as low as 0-1 the expected numbers of a pa could be as high as 0-8, and it 
would not be surprising to find 2.

Carter’s suggested programme of continuing the breeding of an F 2 as long as possible if 
x  lies between x 1 and x2 is therefore well adapted for the discovery of sublethal mutations. 
It is unlikely to find any where the survivorship is as high as 50%. and those whose 
survivorship is as low as 5% are likely to be reported as lethals. So it is not fully 
quantitative.

One further point which should be made is the following. A physiological disturbance 
which would be sublethal in the mouse would not necessarily be so in a monotocous species
such as man or cattle. In all mouse stocks there is a considerable loss of embrvos. and homo-•/ '

zygotes for a number of well-known genes have heightened prenatal mortality. A homo- 
zvgote in which the embryonic growth rate was sufficiently slowed down might be 
effectively almost lethal in large litters, and harmless in a species where most births were 
of single individuals. Thus, until the nature of the lethal or sublethal action of a gene in 
the mouse is discovered, it will not be quite safe to assume that a homologous or analogous 
mutation in man would have a similar effect, even though this is probably true for all the 
lethals so far known.

I have to thank Dr Carter for a valuable criticism.

C o n c l u s i o n

Carter’s proposed method is well adapted for the discovery of sublethal mutations.

T .  C . C a r t e r

4 8 6



R e p r i n t e d  f r o m  th e  J ournal of Genetics Vol. 57, No. 1, June 1960.
Pages 131— 136

THE INTERPRETATION OF CARTER’S RESULTS ON 
INDUCTION OF RECESSIVE LETHALS IN MICE

B y  J . B. S. HALDANE
Indian Statistical Institute, Calcutta-35

Carter (1959) using a method suggested by Haldane (1956) bred from 158 pairs of 
irradiated mice and as many controls. He concluded that two recessive lethals had 
appeared by mutation among the controls, and only one among the irradiated mice.
I give reasons why this conclusion seems to me questionable. It can be argued that 
three of Carter’s irradiated pairs showed evidence that each was heterozygous for a 
recessive lethal. If this is so his further conclusions require considerable modification.

Carter’s method was this. A stock of mice homozygous for six recessive markers 
(Counting d and sc as one) was irradiated. The total dose was 600 r to the father and 
both grandfathers of the mice whose gametes were tested. It is not stated whether 
X  or gamma rays were used, but the dose appears to have been fairly acute, and breeding 
began after the sterility following it had ceased. The progeny of an irradiated father 
and two irradiated grandfathers were mated to wild-type mice, and from each mating 
one Fj pair was mated. 158 pairs raised four litters each. 11 of these F2 contained 
so few of one or other of the six recessives as to “qualify for further investigation” . 
This took two forms. Further F2 litters were raised, where possible. And the Fj 
father was mated to daughters of “wild” phenotype (at the locus under investigation) 
previously shown to be heterozygous by a test mating. Full details are given in Carter’s 
Tables 3, 4, and 5.

Let us consider pair 126. The first four litters included only 3 a/a (non-agouti; 
mice out of 51. A fifth litter of 13 containing no a a confirmed the hypothesis of a 
lethal linked with a. The F x mother then died. A number (not stated' of “wild- 
t\pc” i.e. -L ’— or -j-'a daughters were tested by mating with a a males. Four were 
found to be heterozygous and mated with their father. They produced 8 a a out of 
43, 8 out of 48, 13 out of 46, and 6 out of 12. I now quote Carter. “ In pair 126 the 
female died after raising her fifth litter; her great fertility ;v64 young classified in 5 
litters; argues against the presence of a lethal, but if one were present, its recombination 
wi th a would be estimated to be 7-3 per cent. In that event the expected frequency of 
aa homozygotes, upon back-crossing to the F x male his — a daughters, would be 9-8 
per cent, or 14-6 among 149 classified young; the observed number, 35, is greatly in 
excess of this. It must be concluded that there was no linked lethal present.”

I believe that this argument is incorrect and misleading for several reasons. First, 
in such a case it is incorrect to choose, in order to test a hypothesis, the value of an 
unknown parameter given by a part only of the numerical data.

Let us ask two questions.
(1 ) What is the frequency with which a pair would give 3 or fewer recessives out of 

64 in the absence of a linked lethal, 16 recessives being expected ?
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132 Mutagenesis in mice
( 2 )  W h a t  i s  t h e  f r e q u e n c y  w i t h  w h i c h  o n e  s e t  o f  m a t i n g s  w o u l d  g i v e  3  r e c e s s i v e s  o u t  

o f  6 4  a n d  a n o t h e r  3 5  o u t  o f  1 4 9  w h e n  t h e  s a m e  f r e q u e n c y  w a s  e x p e c t e d  i n  e a c h  ?
T h e  a n s w e r  t o  t h e  f i r s t  q u e s t i o n  i s

P  =  4 - 6 4 x 3 6 1 ( 3 3 - 3 2 - 6 3  +  £ - 3 - 6 5 - 6 2 + £ - 6 3 - 6 2 - 6 1 )
=  4 -6 4  x  363  ̂ 13954

=  4 - 6 9 4  x  1 0 - 5 .
T h e  a n s w e r  t o  t h e  s e c o n d  i s  a p p r o x i m a t e l y  f o u n d  f r o m  t h e  2 x 2  t a b l e

|  6 1  3
1 1 4  3 5

which gives = 1 0 - 7 8 ,  P =  l - 0 3  X 1 0 - 3 .
T h u s  e v e n  i f  w e  s u p p o s e  t h a t  a l l  t h e  t e s t e d  d a u g h t e r s  h a d  t h e  s a m e  g e n o t y p e  a s  t h e i r  

m o t h e r ,  i t  s e e m s  t h a t  w e  s h o u l d  b e  j u s t i f i e d  i n  d e c i d i n g  i n  f a v o u r  o f  t h e  l e s s  u n l i k e l y  
h y p o t h e s i s ,  n a m e l y  t h a t  a  l i n k e d  l e t h a l  w a s  p r e s e n t .  I t  c a n  e a s i l y  b e  s e e n  t h a t  t h e  e s t i ­
m a t e  o f  t h e  r e c o m b i n a t i o n  f r e q u e n c y  i s  a b o u t  3 2 0 o .  H o w e v e r  i f  C a r t e r ’ s  a r g u m e n t  
w e r e  c o r r e c t ,  w e  s h o u l d  b e  f o r c e d  t o  c h o o s e  b e t w e e n  t w o  h y p o t h e s e s  b o t h  o f  w h i c h  a r e  
v e r y  i m p r o b a b l e .

W e  h a v e  n o w  t o  c o n s i d e r  C a r t e r ’ s  s e c o n d  a s s u m p t i o n .  T h i s  i s  t h a t  i f  w e  c a l c u l a t e  
t h e  e x p e c t e d  n u m b e r  o f  r e c e s s i v e s  i n  t h e  p r o g e n y  o f  a  g r o u p  o f  f a m i l i e s  p r o d u c e d  b y  
b a c k - c r o s s i n g  t o  d a u g h t e r s ,  w e  c a n  t h e n  t r e a t  t h i s  e s t i m a t e  a s  i f  i t  w e r e  o b t a i n e d  o n  t h e  

b a s i s  o f  M e n d e l i a n  e x p e c t a t i o n .  T h i s  i s  n o t  s o .  T h e  d a u g h t e r s  m a y  b e  o f  t h r e e  
d i f f e r e n t  g e n o t y p e s ,  a n d  i f ,  a s  i n  t h i s  c a s e ,  f o u r  d a u g h t e r s  a r e  u s e d ,  t h e r e  a r e  8 1  p o s s i b l e  
e x p e c t a t i o n s ,  a n d  i t  i s  n o t  a  s i m p l e  m a t t e r  t o  c a l c u l a t e  t h e  s t a n d a r d  e r r o r  o f  t h e i r  
w e i g h t e d  m e a n .  T o  e x p l a i n  t h e  c a l c u l a t i o n s  w h i c h  f o l l o w ,  i t  w i l l  b e  n e c e s s a r y  t o  r e p e a t  
s o m e  o f  t h e  a r g u m e n t  o f  H a l d a n e  ( 1 9 5 6 ) .  I  a s s u m e  a  r e c e s s i v e  m a r k e r  a  l i n k e d  w i t h  a  
r e c e s s i v e  l e t h a l  1 ,  t h e  f r e q u e n c y  o f  r e c o m b i n a t i o n  b e i n g  p .  I  h a v e  s h o w n  t h a t  t h e  
d i f f e r e n c e s  i n  r e c o m b i n a t i o n  f r e q u e n c y  b e t w e e n  t h e  t w o  s e x e s  m a y  b e  n e g l e c t e d  w i t h o u t
serious loss of accuracv. I n  a F „  or other familv from - ' X —- , , we expect thea  1  a 1  1

* (i - P r  
f  P ( \ -p )

f o l l o w i n g  f r e q u e n c i e s  o f  g e n o t v p e s :
~  +/ — 4 *

-r + / -  1 
+  -K'a 1 
4- -,/a -x 
a -f /— 1 
a -r/’ a —

J ( 1 -/>+/>-,

P (2 - p ;

i i . ; i  - P r
it />'.! ~ P ]
4 P~ 
h P~

a  - / a  1  f  p  ( 1  — p )

T h e  e x p e c t e d  f r e q u e n c y  o f  r e c e s s i v e s  i s  . v =  \ p { ~ — p ) -  T h e  t h r e e  
d a u g h t e r s  a r e  a l l  d e t e c t e d  w i t h  e q u a l  f r e q u e n c y  b y  m a t i n g s  w i t h  a — 
f r e q u e n c i e s ,  a m o n g  —  a d a u g h t e r s  a r e :

g e n o t y p e s  o f  ~- j a  
a 4 -  m a l e s .  T h e i r

n - p r  P<l~P>
1 - p - r p *  ‘ “  ’ 1 —p ~rp~

+ / a 4- > antl ! — h -:P~rp"
a -J-/ 4 - 1i / i A
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Mated with their father, the expected frequencies of recessive offspring are 2 —p)y 
£> and (̂1 —p + p 2). For example if p =  0*25, which we shall see is a plausible value, 
we should expect only of the daughters to be -j- + /a  1 like their mother. And 
the probability that all four daughters mated to the father were -1- -j-/a I is only -2297. 
Thus Carter’s results become a great deal more explicable, since one or two of the tested 
daughters were probably -f- -f-/a -f .

A rigorous calculation, either of the likelihood of a value of p  in a given neighbour­
hood, or of the probability of getting a worse fit to expectation than the observed, 
is extremely laborious. For each value of p it would be necessary to compute probabi­
lities for each of the 81 different sets of genotypes to which the four daughters might 
belong. I shall merely show that some values of p are quite likely, on the evidence 
given by Carter. This is all that is usually done in a F2 analysis.

■ ■ i i
Let p = - 2 5 ,  and suppose, first, that one daughter was and three were T . This

would occur in 30*6% of all cases. Further suppose that this daughter was the 
one which produced 6 recessives out of 12. We have the results of Table 1. X2 =  16-66,

5

P=-0054. If however throughout the expectation is one quarter recessives we have the 
results of Table 2. X2 =20-93, P =-00084. Let us now suppose that two daughters

TABLE 1

Mother of family Total 1
i

Recessives Expectation X"

Fx female 64 1I 3 9-333 ' 5-031

^2 „  1 43 ;
1

8 ! 6-271
f
j 0*558

>> 5» 2

00 8
i
! 7

j
j 0*167j

J> 5> 3
1

46 ! 13 6-708 | 6*908

12 6 3 ! 4*000

Total 213 1 38 32-312 * 16*664

X" table lor pair 126. assuming p = •25, and the daughter 4
- a . the other 3

a 1

TABLE 2

Mother of family Total Recessives Expectation •>
X"

F, female 64 3 16 14-083

f 2 1 43 3 10-75 0-937

» „  2 43 8 12 1-778

3 46 13 11-5 0-130

„  „  4 12 6 3 4-000

Total 213 38 63-25 20-928

X* table for pair 126, assuming no lethal present. '
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134 Mutagenesis in mice
+  4- -f -f

were - -  and two - - — This would be so in 15*3% of all cases. Further suppose

that the two +  + daughters were the mothers of 46 and 12 offspring respectively.

In Table 2 we have to substitute 0-130 for 6-908 in the X2 column. X2 is reduced to
6

9-886. P=-074, which is not significantly low. A similar calculation for />=• 20
gives X~ =  11*955. These values would be slightly lowered if the mother (4) of the family 

a 4 *of 12 were q—y-, in which case X2 is reduced by 1-964. I conclude that there is no

serious reason to doubt that the members of pair 126 were heterozygous for the same 
lethal, probably distant 20-25 cM from the locus of a.

Similarly let us consider pair 107. The recessive marker with which linkage was 
suspected is cch. I have used the symbol c for convenience. The numbers are un­
fortunately small. In Table 3 I give the expectations on the hypothesis that />=• 25,

T A B LE  3

Mother of family Total i
i

Recessives i Expectation X2

Ft female
i

42 1
I 3 6-125 1-870

Fs „ 3 31 | 10 7-75 0-871

1

00CO 11 9-5 0-316

)) 4 ; 30 | 7 4-375 0-820

» » 5 43 i
• | 
| j

7 ! 6-271 0-099

2 j 38 ! 4 5-542 0-502

Total 1 222 42 39-563 4-478

+ 4 + 4*y j  table for pair 107, assuming p = -25, and daughters 3 and 1 to b e ---- , the other three being
 ̂ t  a 1

and 3 daughters were - - while 2 were
1

bution, since the frequencies of

c 4-
This is the most probable distri-

4 - j-  -4- c  -j-
, and -— daughters are -L andc 1 ’ c -  ’ 4 - 1

- 4-  4"
I further assume that daughters 3 and 1 were t . X" =4-478, P =  -61. The

fit is excellent, Table 4 shows that with p —-o (no lethal) X” =  12-60, P =  *050. No 
doubt a better fit could be obtained by using a different value of p , and assuming that

daughter 3 was — , as she may have been. Moreover the value -05 is too high, 
4  1

for it w’ould probably be better not to consider daughters 3 and 1. We should then
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135
have X2 =  11*418, P =  -025. We cannot come to a verv firm conclusion, given the

small sizes of the families. But there is no ground for rejecting the hypothesis of a 
linked lethal, as Carter claims. And as a rule for decision has been laid down, this 
pair should, I think, be regarded as heterozygous for the same lethal.

The remaining suspected progenies from irradiated ancestries were regarded as 
false clues because in the fifth and later litters recessives appeared in such numbers as 
to lead to rejection on the criteria given in Carter’s Table 1.

I conclude then, that among 158 pairs from unirradiated ancestors there were two 
lethals; among 158 from irradiated ancestors, there were two lethals (in pairs 55 and

J. B. S. H a l d a n e

TABLE 4

Mother of family ! Total
I

Recessives Expectation X*

F t female
1

42 3 10*5 7-143

F* „ 3 31 10 7-75 j 0-871

99 yj 1 38 11 9-5 j 0-316

99 99 4
i

30 7 7-5 0-044

99 99
i

5 43 7 10-75 1-047

99 99 2 38 4 9-5
i

3-184

Total 222 42 55-5 ' 12-605

X2 table for pair 107, assuming no lethal present.

126) with very high probability and one more (in pair 107) with a moderately high 
probability, which must however be taken as present according to the criteria adopted, 
and therefore the length of chromosome scanned.

The length scanned in the irradiated series is only very slightly less than in the control 
svi'ies sec Carter's Table 6/. The number of lethals found according to my argument, 
namely 3, is of course not significantly greater than 2. It is quite consistent with the 
expectation calculated by Carter from Russell’s data, namely 2-3, the control value 
being unexpectedly high. On Haldane’s (1956) ‘‘guess’’ of one recessive lethal muta­
tion per gamete per 300 r, confirmed by Carter ,1957; we should have expected about 
14 lethals. This figure is therefore almost certainly too high. But a figure of 1 per 
600 r is quite possible.

One of the most surprising features of Carter’s work is the discovery of two recessive 
lethals in the controls. Carter states that his multiple recessive (PCA) stock was 
maintained with the minimum amount of inbreeding. This may perhaps be undesir­
able. We must reckon with the possibility that some lethal genes increase fitness in 
iieterozygotes, and will therefore spread in outbred populations.

If it is considered that my criticism of Carter’s conclusions is valid, I must accept 
a fair share of the blame, as I only dealt in a rather cursory manner with the
9
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136 Mutagenesis in mice
confirmation of suspected lethals. However it is to be noted that Carter did not use the 
principal method which I suggested, namely the use of the recessive mice appearing 
in F 2 to build up new stocks heterozygous for the lethal and the marker gene.

I do not know whether research on these lines is being continued at Harwell. Accord­
ing to Sugahara, Tutikawa, and Tanaka (1959) it is being continued at the National 
Institute of Genetics, Misima, Japan. It is, I think, clear from my discussion that 
each lethal believed to have been detected should be very thoroughly investigated. 
This is in any case desirable, since it is important to know at what stage in the life cycle 
a lethal acts; and if any extrapolation is made to man, this is very important (Haldane 
1956).

S u m m a r y

An analysis of Carter’s data on the induction by X-rays of autosomal recessive genes in 
mice leads to the conclusion that he almost certainly obtained two, and very probably 
three such lethals in his irradiated stock, whereas he only claims to have obtained one.
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Haldane's Rule
In 1922, Haldane formulated a law that later came to be called “Haldane’s Rule.” 

This was based on a large body of data, which he assembled, relating heterogametic 
sex in the progeny of interspecific crosses with sex-ratio and sterility. With a few rare 
exceptions this rule has been generally found to be valid in most situations so far 
studied. It is the only rule or law that is widely known to be associated with Haldane’s 
name.
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S E X  R A T I O  A N D  U N I S E X U A L  S T E R I L I T Y  

I N  H Y B R I D  A N I M A L S .

B y J. B. S. HALDANE, M.A.
Fellow o f  New College, Oxford.

Many observers have noted that the crossing of different animal 
species produces an offspring one sex of which is rare or absent, or if 
present sterile, whilst occasionally the missing sex is represented by 
intermediate forms. Doncaster(l) concluded that the missing sex was 
generally the female, but, as will be shown later, this is by no means 
always the case. I believe, however, that the following rule applies to 
all cases so far observed, with one certain, and a few doubtful ex­
ceptions :—

When in the F x offspring o f  two different animal races one sex is 
absent, rare, or sterile, that sex is the heterozygous sex.

By the. heterozygous sex is meant that sex which is known to be 
heterozygous for sex factors and sex-linked factors, to contain an odd 
pair or an odd number of chromosomes, and to produce two different 
classes of gametes, which normally determine the sex of the offspring. 
The heterozygous or digametic sex is in most groups the male, but in 
birds and Lepidoptera the female. Groups in .which the male sex is 
haploid are only extreme cases of the normal type, in that all the 
chromosomes here behave like the sex-chromosomes of other groups.

Disturbances of sex-ratio and unisexual sterilitv have been observed«/

as the result of crosses in Lepidoptera, Aves, Diptera, Mammalia, 
Anoplura, and Cladocera. I have here recorded all cases known to me 
in which (a) the animals were bred in captivity; (b) more than 10 
offspring wore raised, and (c) one sex was absent or sterile, or the sex- 
ratio was more than 2 : 1 . In the tables F  denotes fertility, S sterility 
established by testing several individuals. Of course the fertilit}r is 
often subnormal.

Table I summarizes the data for Lepidoptera. Goldschmidts results 
were each obtained with several different races. In the other crosses 
there were 24 cases where females were absent or rare, 10 where males 
were fertile and females sterile, and a number where there was an

Journ. of Gen. xii 7
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10*2 S ex  R atio ciml U nisexual St evil it// in H y b rid  A nim als

unstated excess of males; or else the males, though not known to have 
been fertile, were anatomicallv normal, whilst the females were clearlv 
sterile.

Of exceptions to the rule there is first the case described by 
Goldschmidt(20) when.1 crosses between two races of L y m m itn a  gave

TABLE I.
L e p i d o p t a r a .

M o th e r F a th e r O fFspring
O ffsp rin g  o f 

re c ip ro ca l cross R e fe re n c e

C e n tr a  e r m in e a C e n t r a  I ' in u la  . . . 9 * ,  1 S 2 — Guillemot (2 )
C lo s te r a  c u r ta in C lo s t e r a  a n a c b o r e t a 21 F * .  3 5 , 2 .S’ ? Excess S  2 ’s Tutt (3)
D e i l e p h i l a  y a l i i C h a e r o c a m p a  e lp e n o r  . . . > 2 0 ,}, 8 $ » — Castek (4)

S m e r in th u s  o c e l la ta M im a s  t i l i a e 20 *  , no 0
Grosse (5) 
Standfuss (0)

1 *  99 C a la s y m b o lu s  a s t y l u s  . . . 25 * ,  no O ' — Neumbgou (7)
A m o r p h a  jm p u l i S m e r in th u s  o c e l la ta 490*, IO9  and 2 :! 2 * .  no 9 Tutt (8)

9 9 9 9 ,, a t l a n t i c n s  . . . 9 0  : 1 9 > 2 0 * .  no 9
Standfuss (G, 9) 

„  (9)

,, a u s t a u t i „  o c e l la ta 93 *  : 7 2
Dannenbcrg (10) 

„  (10 )
9 9  *  99 ,, a t l a n t i c u s  . . . 4 5 * . 5 0 Excess * ’s Standfuss(9)

S a t u r n i a  s p i n i  . . . S a t u r n i a  p a v o n i a 113 F *  : 100.9$ Excess * ’s, S  ? ’s

Austaut (11) 
Dannenberg (10) 
Standfuss (G, 12) 

„ (0 , 1 2 )„  p y r i  . . . 9 9  99 1 0 G F *  : 100 S  ? No * ,  2 ?
M a la c o s o m a  f r a n c o n i c a  . M a la c o s o m a  n e u s t r ia  . . . 12  * ,  no ? 4 No * ,  1 9 „  (13)
N y s s i a  y r a c c a r i a L y c i a  h i r t a r i a  . . . Go S * ,  no ? — Harrison (14)

,, z o i ta r ia 99 9 9 • • • 208 S  * ,  no 9 181 F q  y 279 S Q * „ (1 «)
9 9 99 P o e c i lo p s i s  i s a b c l l a e  . . . 3 2 * , no O — (10 )
9 9 99 • • • ,, p o m o n a r ia  . . . 9 0 * , no 9 44 rj, 102 5 „  (1 0 )
9 9 9 9 • • • „  ,, (inbred) 71 * ,  7 ? — » (10 )
9 9 9 9 • • • ,, l a p p o n a r i a . . . 9 3 * , no 2 Excess $ ’s .. (1 0 )
9 9 9 9 * * * „  ,, (inbred) G2* ,  3 9 ' — M (1 0 )

L y c i a  h i r t a r i a  (English) ,, p o m o n a r ia  . . . 8GF * ,  7 5 5 9  
190 F * .  14 5  9

98 F $ ,  92F rr M (14)
„  (Scottish) 9 9 99 — .. (14)P o e c i l o p s i s  i s a b e l l a e L y c i a  h i r t a r i a  . . . 38 F * ,  32 S  9 — M (14)

,, l a p p o n a r i a . . . P o e c i lo p s i s  p o m o n a r i a  . . . 38 F * ,  1 ? , 39 SO — M (15)
O p o r a b ia  d i l u t a t a O p o r a b ia  a u t u m n a t a  . . . 6 * ,  no 9 ° o2 F  , 47 S  $ „  (17)
T e p h r o s ia  b i s t o r t a ta T e p h r o s ia  c r e p u s c u la r ia 378 F * ,  12 F  9 313 F 327 F Q .. (13)

L y m a n t r i a  d i s p a r L y m a n t r i a  d i s p a r F * ’s, S O >s I F * : 1 F 9
9 9 9 9 9 9 99 F * ’s, 2 ’s 9 9

99 9 t 9 9 9 9 F * ’s, no ? 9 9

F u m e a  ajffin is ................ F u m e a  n i t i d e l l a * ’s, no 9 7 * ’s, no 9 7
B a s i l a r c h i a  a r c h i p p u s . . . B a s i l a r c h i a  a r t h e m i s  . . . > 9 * ,  no 2 8 —

Tutt (19) 
Goldschmidt(20)

99

M
Standfuss (1 2 ) 
Field (2 1 )

1 Grosse obtained 20 ^ , 8 O , Castek a number of * ’s and no $ ’3.
2 20 chrysalides wintered over. Their sex was not recorded owing to the author’s 

death, so they may have been the missing $ ’s.
3 Out of about 500 imagines 98°/o were * ’s. the remainder $ s, never normally 

developed, often with *  appendages.
4 “  Ein reichliches Dutzend.”
5 I have described the male as fertile, though several males between them only 

fathered one egg which hatched.
0 6 out of 400 pupae, all * ,  survived.
7 “  Eino A nzahl.”
8 These 9 were bred in captivity. All the wild examples were also * .
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J .  B . S. H aldane 103
intersexual males, and an excess of males. This took place in two 
broods only. Goldschmidt’s other intersexual males occurred either 
sporadically or in generations later than F l} and are therefore not 
exceptions. It seems just possible that the intersexuality of the two 
aberrant broods may have been due to disease or other external con­
ditions, or to unsuspected heterozygosis of one parent. His theoretical 
explanation of them is not convincing, since he ascribes to the race 
“ Fukuoka” on p. 103 ( loc. cit) a formula which, according to the 
analysis on p. 60, is entirely inconsistent with its being a “ weak ” race 
as stated on p. 12 and borne out bv its behaviour in other crosses.

In two of Harrison’s reciprocal crosses noted in the table there was 
a moderate excess of females, though in one of them these females were 
sterile. Standfuss(6, 12) mentions five cases where a species-cross gave 
only females. In three of th^se the numbers of females recorded were 
two, one, and one, which are insignificant; one (Drepana fa lcataria  
J xD . curvatula </*) was subsequently shown by him to give both sexes 
in equal numbers. In the last (Malacosomci ccistrensis J  x n eu str ia j)  
Bacot(22) found that the males emerged a year after the females, but 
in only slightly smaller numbers.

Finally Fletcher(23) obtained a brood of 33 females and no males 
from a Cymatophora or J , supposed to have been fertilized by a 
C. ocularis </, but he was himself dubious of their paternity. There are 
thus no undoubted exceptions outside Lymantria.

The data for Avcs are summarized in Table II.

M o th e r  

T u r tu r  o r ie n ta l is t  
S t r e p t o p r l i a  r is to r ia

„  a l b a - r i s o r i a ‘: 
,, r i s o r i a
,, a l b a - r i s o r ia
„ a lb a  and (

hybrids2 )
G a l iu s  d o m e s t ic u s
P h a s ia n u s  r e e v e s i
T e tr a o  u r o g a l lu s

TABLE II.
A ves.

F a th e r  O ffsp r in g  R e fe re n c e

C o lu m b a  l i v i a  . . .  13 1 $  Whitman and lliddlc (24)
„ ... 38 F no $ 1 ,, ,, ,,
H ... H <J t 5 M II |l

Z e n a i d u r a  c a r o l in e n s is  16 5 ^ ,  no $ ,, ,, ,,
\ S t i g v u i to p e l i a  s e n e g a -  17 F A *  1 r? or )
{ le n s is  9 , 9 * ’ $ . f

E c t o p i s t e s  m ig r a to r iu s  1 0 S < $ ,  no $ ,, ,, ,,

P h a s i a n u s c o l c h i c . u a . . .  > 1 0 0 5 ^ , 1  ? ^ Lewis Jones (in litt.)
„  t o r q u a t u s [  i ( \ i  S  J  fi 5 9  ( Smith and Haig-Thomas
„ v e r s i c o l o r )  ̂ \  (25)

T e t r a o  t e t r i x  ... ... 40 <£, 8 $ Suchetct, cit. Guyer (26)

Besides these crosses many have been made, giving smaller numbers, 
or less aberrant sex-ratios. They are described by the authorities cited

1 One male begot a few living young, most were sterile. .
2 A lb a  and r i s o r ia  yield fertile hybrids with normal sex-ratio. It therefore seems legiti­

mate to include crosses of such hybrids along with crosses of pure species.

7— 2
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above, and Phillips(27). With regard to unisexual sterility the evidence 
is not clear. Whitman and Riddlc(24) report one case (Columbo 
livia $ x Turtur o r ien ta lis t)  which gave two fertile males and one 
sterile female with rudimentary ovaries, and four cases where the 
males were fertile, and the females not known to be so, though not 
apparently proved sterile. The only possible exception is the cross of 
Turtur orientalis $ x T. turtur t  > which gave 7 males and 14 females, 
all fertile. This may be compared with some of Harrison’s cases which 
gave a moderate excess of females.

In Diptera the male is heterozygous. The data for the only recorded 
cross arc given below, from Sturtcvant(28J.

Drosophila melanogaster }  x D. simulans t  gave 2 J ,  3 So 2 ? .  the 
reciprocal 588 171 J .

Drosophila melanogaster X X  Y $ x D. simulans </ gave 5 0 1 ,  128 $ .
All these hybrids were sterile. The males produced from L Y l r J ’s 

were shown genetically to contain a simulans X  like those of the 
reciprocal cross. These latter all die in some families, but all or 
almost all survive in others, the difference perhaps depending on the 
simulans parent. Thus, though one cross often gives an excess of males, 
there is a far greater excess of females in the reciprocal, the two 
recorded males being perhaps non-disjunctional exceptions.

The data with regard to mammals, where again the male is hetero- 
zygous, are given in Table III.

TABLE III.

M am m alia.

Mother Father Offspring Reference
C u r ia  p o r c e l l i t s  ... C u v ia  r n fe s c e n s 14S<J, 23 F O  

F ? ’s

Detlefsen (29)
B o s  in d ir .u s B ib o s  f r o n t a l i s K ulm 1

>* >> ,, s o n d a ic u s 99

,, t a u n t s ,, g r u n n ie n s F $ *s 9 9

9 9 99 B is o n  a m e r ic a n u s  ... 6 &'<?, 39 F  2 Boyd (30)
9 9 9 9 ,, b o n a s u s I S ,? ,  3 F $ Iwanow (31)

Here the males arc always sterile, and sometimes rare. This sterility 
and paucity may persist after one or more generations of back-crossing. 
Thus in the guinea-pig cross the F , females with porcellits males gave 
31$ cf, 52F  $ , and it was only in the next generation that a few of the 
males proved fertile. Similarly 19 yak-cow male hybrids containing 

and £ cow “ blood” were all sterile, and three out of four 
males containing j bison blood were sterile. Mammalian crosses some­
times give small excesses of males, not exceeding 30 °/0. Buffon (33)

1 Quoted by Detlefsen (2D) and Ackermann (32).
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J .  B. S. H aldane 105

states th at he obtained 7 males and 2 females from Ovis aries ?  x Capra 
hi reus </, but this has never been confirmed.

In  Anoplura the method of sex-d eterm ination  is unknown. K eilin  
and X u tta ll (3 4 )  found th at Pcdiculus coipotis % x  P. capitis</ gave  
o lO d ”, 12 9 ,  107 whilst the reciprocal cross gave 2 4 2  </> 187 £ .  
The normal sex rates for P. corporis is 1 4 4  J 1 : 100  ? .  Tin; increased  
excess of males suggests th at sex-d eterm ination  is here perhaps on 
avian and lepidopteran lines, the female being heterozygous.

In  Cladocera there seems to be no obvious cytological difference  
between the sexes. Daphnia obtusa J  x  D. pulex </ was found by 
A g u r(35 ) to give a g reat excess of sexual broods and m ales (all sterile) 
am ong the descendants by parthenogenesis of the single original female 
hybrid. As these disturbances did not occur in the first generation  
they are not really com parable with the oth er cases cited .

Thus, with the exception of G oldschm idt’s in tersexu al male families 
the rule always holds as regards sterility , while in the rare cases where 
an excess of the heterozygous sex is produced the reciprocal cross 
always gives a g reater excess of the homozygotes.

As pointed out by S tu rte v a n t(2 8 ) the excess of hom ozygotes m ay  
be due to two d istinct processes, a killing-off of the heterozygotes, or 
their transform ation into mem bers of the norm ally homozygous sex. 
In Drosophila the m issing males die as larvae, on the oth er hand both  
Goldschm idt and H arrison have shown th at in certain  m oth hybrids 
partial or com plete transform ation occurs. I f  the generalization  of this 
paper is more than a mere coincidence it m ust be shown how these  
two effects, and also sterility , may be explained as due to the sam e  
cause.

G oldschm idt and H arrison have shown th at m any of th eir results  
can be explained by difference of intensity of the sex factors carried  by  
the Z or X  chrom osom es in the two parental species. In  Drosophila a t  
least the oth er chrom osom es play a p art as well. In  the pure races  
these factors are balanced by the cytoplasm  or W chrom osom e, b ut in the  
hybrids there is a lack of balance. This will be m ost serious in the  
heterozygous sex, since in the homozygotes the effect of the two 
Z or X  chrom osom es will be the average of the p aren tal values. T he  
hetcrozygotes will tend to be pushed eith er towards the homozygous 
sex or towards an exaggeration  of their own sex. E ith e r  of these effects 
in m oderation m ay be expected  to cause sterility , as pointed out by 
H arrison. The form er m ay cause gynandrornorphism , sex-reversal, or 
death when pushed further, the la tte r  only death. T hus where both
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reciprocal crosses yield m ales only, as in Fiunea, we m ay suppose th a t  
in one case some of the m ales are transform ed fem ales as in Lynuin- 
tr ia , w hilst in the o th er the zygotes with an exag g erated  tendency to 
m aleness have died. T his hypothesis m ay be com pared with the dem on­
stra tio n  by B rid g e s (3 6 ) th a t in D rosop h ila  m elan ogaster  both super- 
m ales with one X  chrom osom e and 3 sets of autosom es and su p er­
fem ales with 3  A"s and 2 sets of autosom es are sterile and not very  
viable.

B u t since in some cases the heterozygotes are transform ed, in others  
killed otf, alteratio n  of sex-p o ten tial m ust have different effects in 
different anim als. T h a t this should be so is intelligible when we 
consider the g re a t difference betw een the effects of castratio n  or p ara­
biosis in different groups. In  L ep id op tera  these conditions have little  
or no effect on som atic developm ent, in m am m als a g re a t deal. T he  
case here is by no m eans parallel, since the som atic cells are affected  
d irectly  and not through an internal secretion , b u t the analogy shows 
th a t we need not exp ect the sam e effect from the sam e cause in 
different groups.

A lthough the exp lanation  in term s of sex factors is a ttra c tiv e  we 
have no satisfactory evidence of th eir existen ce. I f  sex is due sim ply to 
a double dose of a factor in the X  chrom osom e (or sex-linked factor 
group) we should exp ect this factor occasionally to m u tate  like its 
neighbours. T his would lead, if the factor were lost in m am m als or 
D iptera, to the production of males with two X  chrom osom es and two 
sets of sex-linked factors, which would now exh ib it p artial and not 
com plete sex-linkage. B u t such a condition has never been observed.

M oreover, upsets of the sex-ratio  sim ilar to those found in species 
crosses have been recorded in which factors which are certain ly  not sex  
factors are involved. E xam p les from D rosophila are given in Table IV .

T he m issing m ales are not transform ed, b u t die as em bryos. T he  
ch aracters concerned are all sex-linked rcccssives to the norm al, “ g lazed ” 
and “ rugose ” being m ultiple allelom orphs. T h ey ap pear in the norm al
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T A B L E  IV .

Mother
Fused melanogaster 
Fused A\YY melanogaster 
Rudimentary ,,

Rudimentary XX Y melanogaster 
Rugose virilis ...

Father
Normal melanogaster

»i >1 
) >

>1 M
Glazed virilis

Offspring
No (J, 823 F  $ 

9 <$, 744 F ?  
10<?, 923 F  $

93 647 F 0
N o 5 $ ’s

Offspring of 
reciprocal cross Observer

Lynch (37)

1 ^ : 1 $  Lynch (37) and 
Bridges (38) 

—  Lynch (37)
Nil Metz and

Bridges (39)
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sex-ratio  when the m other is a wild type heterozygote, b u t in each  
case the recessive female is alm ost wholly sterile. H ow ever “ rudi­
m entary ” females have given 7 $ and 13 </ offspring with ru d im en tary  
males, so the upset of the sex-ratio  is conditioned by crossing. T h e  
analogy with species crosses is striking, and may throw light on them . 
Two autosom al rcccssives in m elan ogaster , “ m o ru la ” and “ dwarf,” b e­
have sim ilarly, excep t th at with m orula and dw arf males the recessive  
females have given 2 $ and 7 $ respectively, with no males. F in ally  
according to D o n castcr(40 ) colour-blind men have an excess of d aughters  
by normal women. A lthough the d ata here are not so satisfactory, 
there is no sterility  in the recessives.

V

E n tia  non aunt m u ltip lican da p ra eter  necessitate ni, and if ordinary  
factors, eith er sex-linked, like “ rudim entary,” or autosom al like “ m orula,” 
can cause the disappearance of the heterozygous sex in crosses, we 
have no rig h t to postulate sex factors for this purpose. A  possible 
explanation of the phenom ena under discussion is then as follows. In  
the course of the evolution of a species factorial differences arise  
between it and its parent species. T hey are p erp etuated , probably 
by natural selection. Some of these factors, like “ ru d im en tary ,” cause  
the death (or transform ation) of the heterozygous sex when the new 
form is crossed with the ancestral. How this happens is quite obscure, 
but such factors do exist, whereas sex factors, though an a ttra c tiv e  
hypothesis, are nothing more. M oreover B rid ges’ (3 6 )  work on triploidy  
shows th at sex m ay be determ ined by other groups of factors than  
those which norm ally determ ine it. I t  seems possible then, th a t sex is 
norm ally determ ined, not by a specific factor, but by the sim ultaneous  
activ ity  of a fairly large group of factors, each of which has, or m ay  
have, oth er effects. The loss of any one m em ber of this group will 
not cause a change of sex, though it may cause partial sterility. I f  sex 
were determ ined by a single factor it is very difficult to see w hat 
advantage th ere could be in its being linked with oth er factors. I f  on 
the oth er hand a num ber of factors determ ine it, it is essential th at  
th ey should be linked. I f  in any anim als sex is determ ined by one 
factor, there is- probably no sex-linkage or chrom osom e difference be­
tw een the sexes. As soon as another factor becomes necessary, com plete  
linkage between the two m ust appear in the heterozygous sex, and the  
sam e m echanism  which prevents them  from crossing over m ay be 
expected  to hinder or prevent crossing over of all factors in th a t sex.

I  shall not a tte m p t here to discuss the phenom ena observed in the
F .j of the crosses considered. T h eir variability is p artly  explained by
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th e fact th a t the fertile F x m ay eith er be all hom ozygotes, or in p art  
transform ed h eterozvgotes, p artly  by failures in reduction.

I t  is w orth noticing th a t o th er d isturbing influences do not affect 
the heterozygous sex m ore than the homozygous. Thus late fertili­
zation tu rn s X X  frog zygotes into m ales, and the blood of th eir  
b roth ers converts X X  m am m alian em brvos into freem artins. On the  
o th er hand the distinction  betw een hom ozygous and heterozygous sex  
is m ore fundam ental than th a t betw een m ale and fem ale in d e te r­
m ining the in ten sity  of p artial linkage betw een factors. Obviously 
Sex-linked factors m ust be com pletely linked in the heterozygous sex, 
b u t linkage betw een autosom al factors is also always stron ger in th a t  
sex. In  Drosophila melanoyaster, simulans and virilis linkage is always 
com plete in the heterozygous male, in B om byx, as shown by T an ak a(-H ), 
in the heterozygous female. N ab o u rs(42 ) in Apotettix and H a ld a n e (4 o )  
in Paratettix found linkage m uch stron ger in the heterozygous male. 
A nd D u n n (4 4 )  showed th at in the ra t and mouse linkage is slightly  
stron ger in the heterozygous m ale. I f  these facts are  an yth in g  more 
than  a coincidence they m ay be due to a g re a te r  difficulty of fusion of 
chrom osom e pairs in the heterozygous sex, and this in turn  m ay be a 
con tribu tory  cause of its sterility . A  possible evolutionary explanation  
of this stron ger linkage has been suggested  above.

I  wish to record my thanks to th e Rev. E . Lew is Jo n es  for his 
inform ation concerning p heasan t-p ou ltry  hybrids.

S u m m a ry .

W h en  in the F x offspring of a cross betw een two anim al species or 
races one sex is absent, rare, or sterile, th a t sex is alw ays the h etero ­
zygous sex.
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Origins of Life
Throughout his life, Haldane was greatly interested in finding an adequate 

explanation to account for the origin of life on earth. In a series of papers he put 
forward novel ideas and hypotheses and preferred to use the plural “origins” to 
suggest the possibility of the independent appearance of systems with a quasi-vital 
degree of complexity. Haldane and A. I. Oparin independently suggested a plausible 
mechanism for the origin of life in an anaerobic prebiotic world. A summary of 
Haldane’s ideas first appeared in Nature.1 Both N.W. Pirie and A.I. Oparin have 
recognized the place that Haldane’s ideas occupy in studies of the origin of life.2

1. News and Views. Nature, 122: 9 3 3 -9 3 4 , 1928.

2. See Dronamraju, K.R.: (Ed.) Haldane and Modem Biology. Baltimore: Johns Hopkins 
University Press, 1968; pp. 2 5 1 -2 6 4 .



THE ORIGIN OF LIFE

1929

U n t i l  16 6 8  it was generally believed that living beings were 
constantly arising out o f  dead matter. M aggots were supposed 
to be generated spontaneously in decaying meat. In that year 
Redi showed that this did not happen provided insects 
were carefully excluded. And in i 860  Pasteur extended the 
proof to the bacteria which he had shown were the cause o f  
putrefaction. It seemed fairly clear that all the living beings 
known to us originate from  other living beings. A t the same 
time Darwin gave a new emotional interest to the problem. 
It had appeared unimportant that a few worms should origi­
nate from mud. But if man was descended from  worm s such 
spontaneous generation acquired a new significance. The 
origin o f  life on the earth would have been as casual an affair 
as the evolution o f monkeys into man. Even if  the latter 
stages o f  man’s history were due to natural causes, pride clung 
to a supernatural, or at least surprising, mode o f  origin for his 
ultimate ancestors. So it was with a sigh o f  relief that a good  
many men, w hom  Darwin’s arguments had convinced, 
accepted the conclusion o f Pasteur that life can originate only 
from life. It was possible either to suppose that life had been 
supernaturally created on earth some millions o f  years ago, 
or that it had been brought to earth by a meteorite or by 
micro-organisms floating through interstellar space. But a 
large number, perhaps the majority, o f  biologists believed, in 
spite o f Pasteur, that at some time in the rem ote past life had 
originated on earth from dead matter as the result o f  natural 
processes.

The more ardent materialists tried to fill in the details o f
1
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2 SCIENCE AND LIFE

this process, but w ithout com plete success. O ddly enough, 
the few scientific men w ho professed idealism agreed with  
them. For if one can find evidence o f  mind (in religious 
term inology the finger o f  God) in the most ordinary events, 
even those which go on in the chemical laboratory, one can 
w ithout too m uch difficulty believe in the origin o f  life from  
such processes. Pasteur’s w ork therefore appealed most 
strongly to those w ho desired to stress the contrast between  
mind and m atter. For a variety o f  obscure historical reasons, 
the Christian Churches have taken this latter point o f  view. 
B u t it should never be forgotten that the early Christians held 
many views which are now  regarded as materialistic. They  
believed in the resurrection o f  the body, not the im m ortality  
o f the soul. St Paul seems to have attributed consciousness 
and will to the body. He used a phrase translated in the re­
vised version as ‘the mind o f  the flesh’, and credited the flesh 
with a capacity for hatred, w rath, and other mental functions. 
M any m odern physiologists hold similar beliefs. But, perhaps 
fortunately for Christianity, the C hurch was captured by a 
group o f  very inferior Greek philosophers in the third and 
fourth centuries a d . Since that date views as to the relation 
between mind and body which St Paul, at least, did not hold 
have been regarded as part o f  Christianity, and have retarded 
the progress o f  science.

It is hard to believe that any lapse o f  time will dim the glory  
o f  Pasteur’s positive achievements. He published singularly 
few experimental results. It has even been suggested by a 
cynic that his entire w ork would not gain a D octorate o f  
Philosophy today! B u t every experim ent was final. I have 
never heard o f  anyone w ho has repeated any experim ent o f  
Pasteur’s with a result different from  that o f  the master. Y et 
his deductions from  these experiments were sometimes too  
sweeping. It is perhaps not quite irrelevant that he worked in 
his later years with half a brain. His right cerebral hemisphere 
had been extensively wrecked when he was only forty-five
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THE ORIGIN OF LIFE 3
years old; and the united brain power o f  the microbiologists 
who succeeded him has barely compensated for that accident. 
Even during his lifetime some o f the conclusions which he 
had drawn from  his experimental work were disproved. He 
had said that alcoholic fermentation was impossible without 
life. Buchner obtained it with a cell-free and dead extract o f  
yeast. And since his death the gap between life and m atter 
has been greatly narrowed.

W hen Darwin deduced the animal origin o f  man a search 
began for a ‘missing link’ between ourselves and the apes. 
W hen Dubois found the bones o f  Pithecanthropus some com ­
parative anatomists at once proclaimed that they were o f  
animal origin, while others were equally convinced that they 
were parts o f  a human skeleton. It is now  generally recog­
nized that either party was right, according to the definition 
o f humanity adopted. Pithecanthropus was a creature which 
might legitimately be described either as a man or an ape, 
and its existence showed that the distinction between the tw o  
was not absolute.

N ow  the recent study o f  ultra microscopic beings has 
brought up at least one parallel case, that o f  the bacteriophage, 
discovered by d’Herelle, who had been to some extent antici­
pated by T w ort. This is the cause o f  a disease or, at any rate, 
abnormality o f  bacteria. Before the size o f  the atom  was 
known there was no reason to doubt that

Big fleas have little fleas 
Upon their backs to bite 'em;
The little ones have lesser ones,
And so ad infinitum.

But we now know that this is impossible. Roughly speaking, 
from  the point o f  view o f  size, the bacillus is the flea’s flea, 
the bacteriophage the bacillus’ flea; but the bacteriophage’s 
flea would be o f  the dimensions o f  an atom , and atoms do not 
behave like fleas. In other words, there are only about as
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4 SCIENCE AN D LIFE

many atom s in a cell as cells in a man. The link between  
living and dead m atter is therefore somewhere between a cell 
and an atom .

D ’Herelle found that certain cultures o f  bacteria began to  
swell up and burst until all had disappeared. If  such cultures 
were passed through a filter fine enough to keep out all 
bacteria, the filtrate could infect fresh bacteria, and so on 
indefinitely. Though the infective agents cannot be seen with  
a m icroscope, they can be counted as follows. If  an active 
filtrate containing bacteriophage be poured over a colony o f  
bacteria on a jelly, the bacteria will all, or almost all, dis­
appear. If  it be diluted m any thousand times, a few islands o f  
living bacteria survive for some time. If  it be diluted about 
ten million fold, the bacteria are destroyed round only a 
few isolated spots, each representing a single particle o f  
bacteriophage.

Since the bacteriophage multiplies, d’Herelle believes it to 
be a living organism. B ordet and others have taken an oppo­
site view. It will survive heating and other insults which kill 
the large m ajority o f  organisms, and will multiply only in 
presence o f  living bacteria, though it can break up dead ones. 
Except perhaps in presence o f  bacteria, it does not use oxygen  
or display any other signs o f  life. B ordet and his school 
therefore regard it as a ferment which breaks up bacteria as 
our ow n digestive ferments break up our food, at the same 
time inducing the disintegrating bacteria to produce m ore o f  
the same ferment. This is not as fantastic as it sounds, for 
most cells while dying liberate or activate ferments which 
digest themselves. B u t these ferments are certainly feeble 
when com pared with the bacteriophage.

Clearly we are in doubt as to the proper criterion o f  life. 
D ’Herelle says that the bacteriophage is alive, because, like 
the flea or the tiger, it can multiply indefinitely at the cost o f  
living beings. His opponents say that it can multiply only as 
long as its food is alive, whereas the tiger certainly, and the
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THE ORIGIN OF LIFE 5
flea probably, can live on dead products o f life. They suggest 
that the bacteriophage is like a book or a w ork o f  art which is 
constantly being copied by living beings, and is therefore 
only metaphorically alive, its real life being in its copiers.

The American geneticist Muller has, however, suggested 
an intermediate view. He compares the bacteriophage to a 
gene— that is to say, one o f  the units concerned in heredity. 
A fully coloured and a spotted dog differ because the latter 
has in each o f  its cells one or tw o o f  a certain gene, which we 
know is too small for the microscope to see. Before a cell o f  a 
dog divides, this gene divides also, so that each o f  the daughter 
cells has one, tw o, or none according with the number in the 
parent cell. The ordinary spotted dog is healthy, but a gene 
com m on among German dogs causes a roan colour when one 
is present, while two make the dog nearly white, wall-eyed, 
and generally deaf, blind, or both. M ost o f  such dogs die 
young, and the analogy to the bacteriophage is fairly close. 
The main difference between such a lethal gene, o f  which  
many are known, and the bacteriophage is that the one is 
only known inside the cell, the other outside. In the present 
state o f  our ignorance we may regard the gene either as a tiny 
organism which can divide in the environment provided by 
the rest o f  the cell, or as a bit o f  machinery which the ‘living’ 
cell copies at each division. The truth is probably somewhere 
in between these tw o hypotheses.

Unless a living creature is a piece o f  dead m atter plus a 
soul (a view which finds little support in m odem  biology), 
something o f  the following kind must be true. A simple 
organism must consists o f  parts A , B , C , D , and so on, each 
o f  which can multiply only in presence o f  all, or almost all, 
o f the others. A m ong these parts are genes, and the bacterio­
phage is such a part which has got loose. This hypothesis 
becomes m ore plausible if we believe in the w ork o f  
Handuroy, who finds that the ultramicroscopic particles into 
which the bacteria have been broken up, and which pass
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through filters that can stop the bacteria, occasionally grow  up 
again into bacteria after a lapse o f  several months. He brings 
evidence to show that such fragments o f  bacteria m ay cause 
disease, and d’Herelle and Peyre claim to have found the 
ultramicroscopic form  o f  a com m on staphylococcus, along 
with bacteriophage, in cancers, and suspects that this com ­
bination m ay be the cause o f  that disease.

O n this view the bacteriophage is a cog, as it w ere, in the 
wheel o f  a life cycle o f  many bacteria. The same bacterio­
phage can act on different species, and is thus, so to say, a 
spare part which can be fitted into a num ber o f  different 
machines, just as a human diabetic can rem ain in health when 
provided with insulin manufactured by a pig. A great m any  
kinds o f  molecule have been got from  cells, and m any o f  
them are very efficient when rem oved from  it. O ne can 
separate from  yeast one o f  the m any tools which it uses in 
alcoholic fermentation, an enzyme called invertase, and this 
will break up six times its w eight o f  cane sugar per second for 
an indefinite time w ithout wearing out. As it does not form  
alcohol from  the sugar, but only a sticky m ixture o f  other 
sugars, its use is permitted in the U S in the manufacture o f  
confectionery and cake-icing. B u t such fragments do not 
reproduce themselves, though they take part in the assimila­
tion o f  food by the living cell. N o  one supposes that they are 
alive. The bacteriophage is a step beyond the enzyme on the 
road to life, but it is perhaps an exaggeration to call it fully 
alive. A t about the same stage on the road are the viruses 
which cause such diseases as smallpox, herpes, and hydro­
phobia. They can multiply only in living tissue, and pass 
through filters which stop bacteria.

W ith  these facts in mind we m ay, I think, legitimately 
speculate on the origin o f  life on this planet. W ithin  a few 
thousand years from  its origin it probably cooled down so far 
as to develop a fairly permanent solid crust. For a long time, 
how ever, this crust must have been above the boiling point o f

512



THE ORIGIN OF LIFE 7
water, which condensed only gradually. The primitive atm o­
sphere probably contained little or no oxygen, for our present 
supply o f that gas is only about enough to bum  all the coal 
and other organic remains found below and on the earth’s 
surface. O n the other hand, almost all the carbon now  com ­
bined in chalk, limestone, and dolomite were in the atm o­
sphere as carbon dioxide. Probably a good deal o f  the nitro­
gen now in the air was combined with metals as nitride in the 
earth’s crust, so that ammonia was constantly being formed by 
the action o f  water. The sun was perhaps slightly brighter 
than it is now, and as there was no oxygen in the atmosphere, 
the chemically active ultra-violet rays from  the sun were not, 
as they now  are, mainly stopped by ozone (a modified form  
o f oxygen) in the upper atmosphere, and oxygen itself lower 
down. They penetrated to the surface o f  the land and sea, or 
at least to the clouds.

N ow , when ultra-violet light acts on a mixture o f  water, 
carbon dioxide, and ammonia, a vast variety o f  organic sub­
stances are made, including sugars and apparently some o f  the 
materials from which proteins are built up. This fact has been 
demonstrated in the laboratory by Baly o f  Liverpool and his 
colleagues. In this present world such substances, if left 
about, decay— that is to say, they are destroyed by m icro­
organisms. But before the origin o f  life they must have 
accumulated till the primitive oceans reached the consistency 
o f hot dilute soup. Today an organism must trust to luck, 
skill, or strength to obtain its food. The first precursors o f  
life found food available in considerable quantities, and had no 
competitors in the struggle for existence. As the primitive 
atmosphere contained little or no oxygen, they must have 
obtained the energy which they needed for grow th by some 
other process than oxidation— in fact, by fermentation. For, 
as Pasteur put it, fermentation is life without oxygen. If this 
was so, we should expect that high organisms like ourselves 
would start life as anaerobic beings, just as we start as single
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cells. This is the case. Em bryo chicks for the first tw o or 
three days after fertilization use very little oxygen, but obtain 
the energy which they need for grow th by fermenting sugar 
into lactic acid, like the bacteria which turns milk sour. So do 
various em bryo mam mals, and in all probability you and I 
lived mainly by fermentation during the first week o f  our 
pre-natal life. The cancer cell behaves in the same w ay. 
W arb u rg  has shown that with its em bryonic habit o f  unre­
stricted grow th there goes an em bryonic habit o f  fermenta­
tion.

The first living or half-living things were probably large 
molecules synthesized under the influence o f  the sun’s radia­
tion, and only capable o f  reproduction in the particularly 
favourable medium in which they originated. Each pre­
sumably required a variety o f  highly specialized molecules 
before it could reproduce itself, and it depended on chance 
for a supply o f  them. This is the case today with most 
viruses, including the bacteriophage, which can grow  only in 
presence o f  the complicated assortment o f  molecules found in 
a living cell.

The unicellular organisms, including bacteria, which were 
the simplest living things know n a generation ago, are far 
m ore complicated. T h ey are organisms— that is to say, sys­
tems whose parts co-operate. Each part is specialized to a par­
ticular chem ical function, and prepares chemical molecules 
suitable for the grow th o f  the other parts. In consequence, the 
cell as a whole can usually subsist on a few types o f  molecule, 
which are transformed within it into the m ore com plex sub­
stances needed for the grow th o f  the parts.

The cell consists o f  numerous half-living chemical mole­
cules suspended in w ater and enclosed in an oily film. W h en  
the whole sea was a vast chemical laboratory the conditions 
for the form ation o f  such films must have been relatively 
favourable; but for all that life m ay have remained in the 
virus stage for m any millions o f  years before a suitable
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assemblage o f  elementary units was brought together in the 
first cell. There must have been many failures, but the first 
successful cell had plenty o f  food, and an immense advantage 
over its competitors.

It is probable that all organisms now  alive are descended 
from  one ancestor, for the following reason. M ost o f  our 
structural molecules are asymmetrical, as shown by the fact 
that they rotate the plane o f  polarized light, and often form  
asymmetrical crystals. B ut o f  the tw o possible types o f  any 
such molecule, related to one another like a right and left boot, 
only one is found throughout living nature. The apparent 
exceptions to this rule are all small molecules which are not 
used in the building o f  the large structures which display the 
phenomena o f  life. There is nothing, so far as we can see, in 
the nature o f  things to prevent the existence o f  looking-glass 
organisms built from  molecules which are, so to say, the 
m irror images in our own bodies. M any o f  the requisite mole­
cules have already been made in the laboratory. If life had 
originated independently on several occasions, such organisms 
would probably exist. As they do not, this event probably 
occurred only once or, m ore probably, the descendants o f  the 
first living organism rapidly evolved far enough to over­
whelm any later competitors when these arrived on the 
scene.

As the primitive organisms used up the foodstuffs available 
in the sea, some o f  them began to perform in their own bodies 
the synthesis formerly performed at haphazard by the sun­
light, thus ensuring a liberal supply o f  food. The first plants 
thus came into existence, living near the surface o f  the 
ocean, and making food with the aid o f  sunlight as do their 
descendants today. It is thought by many biologists that we 
animals are descended from  them. A m ong the molecules in 
our ow n bodies are a number whose structure resembles that 
o f chlorophyll, the green pigment with which the plants have 
harnessed the sunlight to their needs. W e  use them for other
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purposes than the plants— for exam ple, for carrying oxygen—  
and we do not, o f  course, know  w hether they are, so to speak, 
descendants o f  chlorophyll or merely cousins. B u t since the 
oxygen liberated by the first plants must have killed off most 
o f  the other organisms, the form er view is the m ore plausible.

The above conclusions are speculative. T hey will remain 
so until living creatures have been synthesized in the bio­
chemical laboratory. W e  are a long w ay from  that goal. 
It was in 19 2 8  that Pictel for the first time made cane sugar 
artificially. It is doubtful whether any enzyme has been ob­
tained quite pure. Nevertheless I hope to live to see one made 
artificially. I do not think I shall behold the synthesis o f  any­
thing so nearly alive as a bacteriophage or a virus, and I do 
not suppose that a self-contained organism will be made for 
centuries. U ntil that is done the origin o f  life will remain a 
subject for speculation. B ut such speculation is not idle, 
because it is susceptible o f  experimental p ro o f or disproof.

Some people will consider it a sufficient refutation o f  the 
above theories to say that they are materialistic, and that 
materialism can be refuted on philosophical grounds. They  
are no doubt compatible with materialism, but also with  
other philosophical tenets. The facts are, after all, fairly plain. 
Just as we know  o f  sight only in connection with a particular 
kind o f  material system called the eye, so we know  only o f  
life in connection with certain arrangements o f  m atter, o f  
which the biochemist can give a good, but far from  complete, 
account. The question at issue is: ‘H ow  did the first such 
system on this planet originate?’ This is a historical problem  
to which I have given a very tentative answer on the not un­
reasonable hypothesis that a thousand million years ago  
m atter obeyed the same laws that it does today.

This answer is compatible with, for exam ple, the view that 
pre-existent mind or spirit can associate itself with certain 
kinds o f  m atter. If  so, we are left with the m ystery as to w hy  
mind has so marked a preference for a particular type o f
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colloidal organic substances. Personally I regard all attempts 
to describe the relation o f  mind to matter as rather clumsy 
metaphors. The biochemist knows no m ore, and no less, 
about this question than anyone else. His ignorance dis­
qualifies him no more than the historian or the geologist from  
attempting to solve a historical problem.
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Systems of Predication
Haldane was greatly interested in systems of logic and predication, which can be 

widely applied to scientific results and their interpretation. In India, he explored 
both Hindu and Jaina philosophies— especially those aspects that seemed to him to 
offer systems of logic that can be applied to the classification and interpretation of 
scientific results. This is, of course, as relevant to genetic analyses as any other branch 
of science. The following paper is concerned with the logical system of Bhadrabahu, 
a Jaina philosopher of fourth century b . c .



Reprinted from Sankhya : The Indian Journal of Statistics, Vol. 18, Parts 1 & 2, 1957.

T H E  S Y A D V A D A  S Y S T E M  O F  P R E D IC A T IO N

B y  J .  B. S. H A LD A N E  

U n i v e r s i t y  C o lle g e , L o n d o n

The search for truth by the scientific method does not lead to complete certainty. 
Still less does it lead to complete uncertainty. Hence any logical system which allows of 
conclusions intermediate between certainty and uncertainty should interest scientists. The 
earliest such system known to me is the Sya.dva.da system of the Jain a philosopher Bhadra- 
bahu ( ?433-357 B .C.). Mahalanobis (1954) has commented on it. A central feature of this
system is the saptabhanginaya or list of seven types of predication. These are as follows.

(1) syadasti. May be it is.

(2) syatndsti. May be it is not.

(3) syadasti nasti ca. May be it is and is not.

(4) syddavaktavyah. May be it is indeterminate.

(5) syadasti ca avaktavyasca. May be it is and is indeterminate.

(6) syatndsti ca avaktavyahca. May be it is not and is indeterminate.

(7) syadasti nasti ca avaktavyahca. May be it is, is not, and is indeterminate.

Mahalanobis illustrated this from the throw of a coin, and held that it could serve 
as a foundation for statistics. However I wish to show that it arises naturally in simpler 
cases, including simple cases where the affirmative predication asti would be ‘‘This is hot” , 
or “This is a man” .

In any such case an uncertain judgement is usually somewhat quantitative, as in 
“ I think this is a man, though it may be a statu e.” I therefore begin with a very abstract 
field, th at of algebra. Here we may be certain of our answer. If  =  3, then x =  1. 
B u t if a:2 —3a:+ 2 = 0 ,  then x =  1 or 2. We cannot say that the probability th at x =  1 is 
greater than, less than, or equal to the probability that x =  2. Further data may lead to 
either of these judgements. Five hundred years ago one might perhaps have spoken of 

indeterminate solutions of equations. Thus if a4—xl -\-x— 1 =  0, a: =  1 or ± V —\. The 
last two solutions were avakta (incapable of being spoken) until the invention of complex 
numbers. Today we can find better examples in the field of finite arithmetic.

Consider the finite arithmetic modulo m. The only admissible values of a vari­
able are the m residues 0, 1, 2, ... m —2, m — 1, that is to say the possible remainders after 
division by m. For example modulo 5, 44*3 =  7 =  54 -2 , so we write 4 4 -3  =  2. And 4 x 3  
=  12 =  2 x 5 - ) -2 , so we write 4 x 3  =  2. Let us consider the theory of functions modulo 
m. W e can define any function f(x)  by a table of the values which it assumes for 
the different admissible values of x. Thus the function 3x (tnod.o) can be defined
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by the table 0, 3, 1, 4, 2. For example if x =  4, 3x =  2. Of course many other functions 
are identical with it. For example ‘A.r> =  x9-{-2x5 =  3x. A function which assumes all 
the admissible values unequivocally is called biunivocal1, and it is easy to show th at there 
are wt! biunivocal functions. However some functions are univocal, but their inverses are 
not. In this case some residues do not occur in the table, while others occur more than once. 
For example the table of 3a:2+ 1  {mod.5) is 1 , 4 ,  3, 3, 4. The number of univocal functions 
is mm, since each place in the table can be filled in m ways.

If  a function is not univocal, but its inverse is univocal, we obtain a table such as 
that for ad, namely 0, 1 or 4, 51, 51, 1 or 4. Here I introduce the symbol 51, for avakta, for an 
undefined number. There is no number whose square {mod. 5) is 2 or 3. 51 may occur in
a table as an alternative to a number. For example the function ex is never integral when 
a; is a residue other than zero. Nor is it integral for most values of x which are avakta , such 
as y/2.  But it is integral for such numbers as log 2. Hence the table of eT is 1; 51; 51; 51; 
51; and 0, 1 , 2 ,  3, 4, or 51. The last place in the table corresponds to x =  51. Similarly 
if we consider the function y defined bv yz—y2 =  a:2, then we find the table

0 or 1, 51, 2 or 51, 2 or 51, 51, 3 or 4 or 51.

For when x =  2 or 3, yz—y2—4 =  0, so y =  2 or 2 ± \ / 2 ,  the latter two roots being con­

gruent with A(— 1 ± V — 7). These quantities are inexpressible (avakta) modulo 5. And 
when x — 51, x2 =  2, 3, or 51, so y may be 3 or 4, as well as 51.

Thus for a full enumeration of functions modulo m we need a table with m + 1  places 
corresponding to the residues 0, 1, 2 ... ,  m — 1, and 51. In each place we can set one, or any

number, of these symbols, but we must set at least one. So each place can be filled in 2wl+1— 1 
ways, for each of the ra + 1  symbols can be present or absent, except th at all cannot be absent.

Thus the total number of functions modulo m is {2m+1 — l )m+1, for example 62, 523, 502, 209 
if m — 5, as compared with only 120 biunivocal functions, and 3125 univocal.

Now consider the simplest of the finite arithmetics, namely arithmetic modulo 2. 
There are only two elements, 0 and 1. Electronic calculators are based on this arithmetic. 
These machines are so designed that each unit, as the result of any instruction, will be active 
(1) or inactive (0) a t any given moment. And it is possible, in principle, to predict whether 
it will be active or inactive. That is to say ambiguity is avoided, and the machine is designed 
to operate in terms of univocal functions. Nevertheless it is possible to provide such a 
machine with an instruction to which it cannot give a definite answer. I t  is said th at some 
such machines, when given an instruction equivalent to one of the paradoxes of Principia 
Mathematica, come to no conclusion, but print 101010 ...indefinitely. Clearly a machine 
could be designed to print 51 in such a case. I t  is obviously possible to design a machine 
which would print “0 or 1” in response to the instruction x2—x =  0. . A machine with the 
further refinement suggested above would respond “0, l , o r  5l” to the instruction “{x2—x) 
cos x =  0 (mod 2 )” . Such a machine could give any of 7 responses, namely :

0, 1, 51, 0 or 1, 0 or 51, 1 or 51, 0 or 1 or 51.

These are the saptabhanghlnaya with the ommission of the syllable sydd.

* I have deliberately chosen a word with the same root (Latin v o x  =  Sanskrit v a k )  as a v a k ta .
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THE SYADVADA SYSTEM OF PREDICATIO N
I now pass to an example where the aaptabhanghlnaya is actually applied in scienti­

fic research, and which I suspect is not far from what was in Bhadrabahu’s mind. In the study 
of the physiology of the sense organs it is important to determine a threshold. For example 
a light cannot be seen below a certain intensity, or a solution of a substance which is tasted  
as bitter when concentrated cannot be distinguished from water when it is diluted. Some 
experimenters order their subjects to answer “yes” or “no” to the question “Is this illumi­
nated ?” , or “Is this bitter? ” . If the experimenter is interested in the psychology of per­
ception he will permit the subject also to answer “It  is uncertain” , or some equivalent phrase. 
The objection to this is that some subjects may do so over a wide range of intensities.

Now consider a subject who is shown a series of illuminated patches, some above 
his threshold of perception, some below it, and others very close to it, in a randomised series. 
We will suppose that he is in a steady state of sensory adaptation, that he replies in Sanskrit, 
and that he is aware that his answers will sometimes be incorrect. At any given trial he will 
answer ‘‘syddasti”, i:syddavaktavyah,\ or “syatnasti” . After the second trial of a light of an 
intensity near the threshold he may have given two of these answers, for example “syat- 
nasti ca avaktavyakca" . After the third he may have given all three, though this is not very 
probable. The possibilities may be schematised as follows:

First Second. Third. Fourth,
trial' trial trial trial

(Fig. 1)
Diagram showirg the possible sequences of predications. After the third trial no new possibilities arise.

I t  is clear that the seven possibilities are exhaustive. My only possible criticism 
of Bhadrabahu is this. If the subject has given two different answers he may be aware 
that there is a possibility that he will later give the third. Once he has given all three, no
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further possibility is open. It might 1Imefore be argued that the seventh type of predication 
should be “asti ndsti ca nvaktavynkca

On the hypothesis that the subject is in a steady physiological and psychological 
state, the probabilities of each of the three answers to any given stimulus are constant. Let 
the probabilities of answering syddasti. syddavaktavyah and syatnasti be p , q , and r , where 
p+q-j-r — ]. If, after n trials, the probabilities of the 7 types of predication are P 1>n, P 2,n> 

etc. where P Vn is the probability of s y d d a s t i ,  etc., then the vector [P1)W; P2lW; Pz,n’>
P 5>/1; PC)W; P 7)W] is transformed into the vector [P1>n+1: P i,n±i> ••• etc.] by multiplication 
by the matrix

I p  () o 0 0 0 0

/  0 r 0 0 0 0 0

I r p  2} ~rr 0 0 0 0

I 0 0 0 q 0 0 0

\ q 0 0 p  p-\-q 0 0

\ 0 q 0 r 0 q-\-r 0

\  0 0  q 0  r p  1

Evidently this could be made a little more symmetrical by transposing row and column 
(3) and (4).

The latent roots of this matrix are :

L P+<L p + r ,  p , q, r.

So P ln =  p n

P 'in  =  r"

P3w =  (p-\-r)n—p n— r n 

Pin =  qn

p 5» =  (p + q)n- p n— gn

Pen =  ( q + r ) n- q n- r n

P7„ =  1 - { q + r ) n — { r + p ) n — { q + r ) n+ p n+ q n-\-rn.
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Thus unless one of p, q, or r is zero the final predication will be syadasti ndsti ca 
avaktavyakca. In many cases when the stimulus is far from the threshold, p  or r will be unity. 
The subject will always, or never, say “this is bitter” , or “this is illuminated” . I t is un­
likely that q will ever be unity. So in this case syddavaktavyah will almost always be at best 
a provisional predication. It is however possible that p  or r (say r) should be small, but not 
zero. If so P 5 „ will reach a maximum for some value of n and then decline. For example 
if p =  .6, q =  .3, r =  .1, P 5 reaches its maximum value of .5184 when n =  4.

I have dealt with a case which arises when the question asked is as simple as possible. 
Human judgements are generally more complicated. We may attend to the data of several 
different senses, and of our memories. Thus we arrive at one conclusion from one set of data,
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THE SYADVADA SYSTEM O F PREDICATION
and another from another set. We say that wood is hard when compared with clay, soft 
when compared with iron, indeterminate when compared with similar wood.

The close analysis of vision with a dark adapted eye shows that in this case at least, 
Mahalanobis was correct in regarding the saptabhanglnaya as foreshadowing modern statistical 
theory. It appears that when dark adaptation is complete, about five quanta of radiation 
must arrive within a short time in a small area of the retina before light is reported. Whether 
they will do so with a given intensity of illumination can only be stated as a probability. 
It is probable, though not by any means certain, that more complicated judgements depend 
on similar probabilities of events within the central nervous system.

Whatever philosophers of other schools may think, a Jaina can hardly object to re­
garding human predication as a special kind of animal behaviour. In this he agrees with 
followers of Darwin, such as myself. Attempts at a logical classification of animal behaviours 
frequently lead to a separation of 2n— 1 types, where however n may exceed 3. Thus Haldane 
(1953) classified the possible results of learning in an animal as follows. In any situation an 
animal will, or will not, give a certain response R, say eating a particular type of food within 
a minute of its presentation, or lifting its leg within ten seconds after an auditory signal is 
given.

If we compare the set of possible situations in which an animal may be placed before 
and after an experience E, they fall into four categories, r r, rR, R r, and RR. A situation 
r r is one in which the response is not given before or after the experience. A situation r R 
is one which it is given after E, but not before E, and so on. All situations may be r r. For 
example no-one has taught a dog to write. Some may be r r and some rR. For example 
a dog which did not previously bring objects from the water to his master can learn to do so 
on command. In Pavlov’s experiments a dog which previously only salivated (R) when 
given food will do so when certain auditory or other stimuli are given. Thus for such a dog 
all situations fall into the classes r r, RR, and rR. It can easily be seen that the effect of any 
experience on an animal can be classified according as the situations in which it can be placed 
fall into one, two, three, or all four of these classes. There are thus 24 —1, or 15 qualitatively 
different results of an experiment in which an attempt is made to alter an animal’s behaviours. 
In this classification the animal is assumed never to give an indeterminate response. If it 
can do so, both before and after, there are, as I pointed out, 29—1, or 511 possible results. 
The same principles may be applied to the comparison of the behaviour of two different 
animals, or two different races or species.

It is foolish to pretend that ancient philosophers anticipated all modern intellectual 
developments. And I believe that we, today, can do more honour to their memories by 
thinking for ourselves, as they did, than by devoting our lives to commentaries on them. 
But if we do so it is our duty to point out cases where it turns out that our own thought has 
run parallel to theirs. I was unaware of Bhadrabahu’s existence when I wrote the paper 
to which I refer. The fact that I reached a conclusion so like his own suggests that we may 
both have seen the same facet of many-splendoured truth.

No doubt we reached it by very different methods, Bhadrabahu by meditation, I 
by thinking about the results of concrete experiments on animals. Such methods will often 
lead to different conclusions. This was the view of Warren Hastings in his introduction to 
Wilkins’ translation of the Bhagavad Gita.
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“But if we are told that there have been men who were successively, for ages past, 
in the daily habit of abstracted contemplation, begun in the earliest period of youth, and 
continued in many to the maturity of age, each adding some portion of knowledge to the store 
accumulated by his predecessors, it is not assuming too much to conclude, that as the mind 
ever gathers strength, like the body, with exercise, so in such exercise it may in each have 
acquired the faculty to which they aspired, and that their collective studies have led them 
to the discovery of new tracks and combinations of sentiment, totally different from the 
doctrines with which the learned of other nations are acquainted: doctrines, which however 
speculative and subtle, still, as they possess the advantage of being derived from a source 
so free from every adventitious mixture, may be equally founded on truth with the most 
simple of our own” .

If, on the other hand, the contemplation of one’s own mind, and that of the minds 
of animals, lead to similar results, such results are, perhaps, worthy of serious consideration.
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